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Let S be a Noetherian separated scheme of finite Krull dimension, and let 
SH(S) denote the motivic stable homotopy category of Morel and Voevodsky. In 
order to get a motivic version of the Postnikov tower, Voevodsky |25j constructs a 
filtered family of triangulated subcategories of SH(S): 

(1) • • • C H q T +1 SH eff (S) C E q T SH eff (S) C E^SH^^S) C • • • 

The work of Neeman |19j . |20j . shows that the inclusion: 

i q : Z q T SH eff {S) c ^SH{S) 

has a right adjoint r q , and that the following functors are exact: 

f q ,s q :SH(S) ^SH(S) 

where f q — i q r q , and for every T-spectrum X, s q (X) fits in the following distin- 
guished triangle: 

fq+lX 5- f q X ^ S q X ^ Y,T°f q+ lX 

We say that f q (X) is the (q — l)-connective cover of X and that s q (X) is the g-slice 
ofX. 

Let Spt^-M* be Jardine's model category of symmetric T-spectra |14j and 
iS7i s (S') its associated homotopy category. The symmetrization functor induces an 
equivalence of categories between SH(S) and STi^(S) (see 1141 theorem 4.31]), we 
will denote by /|% the functors on STi^iS) that correspond to f q , s q . 

We consider a cofibrant ring spectrum A with unit in Spt^A^*, such that the 
natural map f^(A) — > A is an isomorphism in STi^(S). Let Y, Y', Z, Z' be arbitrary 
symmetric T-spectra, and p,p',q,q' £ Z. Our main results (see theorems 13.6.191 
15X501 13.6.221 13.6.231 15X51 I5XT51 and are the following: 

(1) For every A-module M in SptyA^*, its g-slice s^(M) is again an A-module 
in Sptfi.M*. (see lemma 15 .6. 21( 11]) and theorem 13. 6.19p . This means that 
the g-slice of every ^4-module inherits an A-module structure which is 
defined not just up to homotopy, but in a very strict sense. 

(2) If the unit map u : 1 — > A becomes an isomorphism after applying the 
zero slice functor Sq in S7i (S), then s^(Y) has a natural structure of 
A-module in Spt^vVf* (see lemma l3~.6.21[| 4"]) and theorem |3.6.20[) . i.e. the 
g-slice of every symmetric T-spectrum is enriched with an ^4-module struc- 
ture which is defined not just up to homotopy, but in a very strict sense. 

(3) As a consequence, if the base scheme S is a perfect field, we are able to 
prove a conjecture of M. Levine (see |16( corollary 11.1.3]), which says 
that for every symmetric T-spectrum X, its q-slice (X) is naturally 
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equipped with a module structure in Spt^.M* over the motivic Eilenberg- 
MacLane spectrum HI (see theorem I3.6.22[) . Restricting the field even 
further to the case of characteristic zero, we get that all the slices (X) 
are big motives in the sense of Voevodsky (see theorem I3.6.23P . 

(4) The smash product of symmetric T-spectra induces the following natural 
external pairing in SH^(S) (i.e. up to homotopy): 

s f(Y)A S ^Z)^ S f +q (YAZ) 

(5) As a consequence, if B is a ring in SH^(S) (i.e. up to homotopy) and N 
is a B- module in STi^(S) (i.e. also up to homotopy) then: 

(a) The zero slice of B, s^(B) is a ring spectrum in STi^iS) (i.e. up to 
homotopy) . 

(b) The g-slice of N, s^(N) is a module in S7i E (S) (i.e up to homotopy) 
over Sq(B). 

(c) The direct sum of all the slices of B, s (B) = ©„ e zs^(-B) is a graded 
ring spectrum in STL (S) (i.e. up to homotopy). 

(d) The direct sum of all the slices of N, s s (iV) = @ n£ %s^(N) is a graded 
module in S7iP{S) (i.e. up to homotopy) over s s (B). 

(6) The smash product of symmetric T-spectra induces natural external pair- 
ings in the motivic Atiyah-Hirzebruch spectral sequence generated by the 
slice filtration (see definition 13.6. 15|) : 

E™{Y; Z) <g> EP'< q '(Y'; Z') *- E P+p '' q+q '(Y AY'; Z A Z') 

To prove the results mentioned above, we need to carry out a very detailed anal- 
ysis of the multiplicative properties (with respect to the smash product of spectra) 
of the filtration (JTJ) considered above. It turns out that the natural framework to 
do this, is provided by Jardine's category of motivic symmetric T-spectra [14 . Our 
approach consists basically of three steps: 

(1) First, we lift Voevodsky 's slice filtration to the usual category of T-spectra 
equipped with the Morel- Voevodsky motivic stable model structure (see 
section 13.21) . 

(2) Then, using the Quillcn equivalence given by the symmetrization and 
forgetful functors [14] , we are able to promote the previous lifting to the 
category of symmetric T-spectra (see section I575|) . 

(3) Finally, we describe the multiplicative properties of the slice filtration 
using the symmetric monoidal structure given by the smash product of 
symmetric T-spectra (see sections ET4l and l3~5l) . 

We use Hirschhorn's approach to localization of model categories for the con- 
struction of the lifting of the slice filtration to the model category setting. In order 
to apply Hirschhorn's techniques, it is necessary to show that the Morel- Voevodsky 
motivic stable model structure is cellular; for this we rely on Hovey's general ap- 
proach to spectra [11] and on an unpublished result of Hirschhorn (see theorem 
12.2.4ft . For the description of the multiplicative properties of the slice filtration in 
the model category setting, we use Hovey's results on symmetric monoidal model 
categories [10 /"chapter 4. 
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We now give an outline of this thesis. In chapter [IJ we just recall some stan- 
dard results about Quillcn model categories. The reader who is familiar with the 
terminology of model categories may skip this chapter. 

In chapter 03 we review the definitions of the Morel- Voevodsky stable model 
structure for simplicial presheaves and Jardine's stable model structure for symmet- 
ric T-spectra. We also show that these two model structures are cellular, therefore 
it is possible to apply Hirschhorn's technology to construct Bousfield localizations. 
In section l2~8"l we recall the construction of the model structures for the categories of 
A-modules and A-algebras, where A denotes a cofibrant ring spectrum with unit in 
Jardine's motivic symmetric stable model category. We verify that the category of 
A-modules equipped with this model structure also satisfies Hirschhorn's cellularity 
condition. The reader who is familiar with these model structures may either skip 
this chapter or simply look at sections 12.21 12.51 12.71 and !2.8l where we prove that the 
cellularity condition holds. 

Finally in chapter 02 we carry out the program sketched above. In section [37X1 
we review Voevodsky's construction for the slice filtration in the setting of simpli- 
cial presheaves. In section 13.21 we apply Hirschhorn's localizations techniques to 
the Morel- Voevodsky stable model structure in order to construct three families 
of model structures, namely R c « Spt r .M*, £< 9 Spt T .M* and S q Spt T M sr (q G Z). 
The first family, R c « Spt T .M* is constructed by a right Bousfield localization with 
respect to the Morel- Voevodsky stable model structure (see theorem 13. 2. and it 
provides a lifting of Voevodsky's slice filtration to the model category level (see the- 
orem l3.2.23|) . Moreover, this family has the property that the cofibrant replacement 
functor C q provides an alternative description for the functor f q ((<?— l)-connective 
cover) defined above (see theorem I3.2.20j) . In order to get a lifting for the slice 
functors s q to the model category level, we need to introduce the model structures 
L <q Spt T M* and S q Spt T M*. The model category L <q Spt T M* is defined as a left 
Bousfield localization with respect to the Morel- Voevodsky stable model structure 
(see theorem 13. 2.29|) ; its main property is that its fibrant replacement functor W q 
gives an alternative description for the cone of the natural map f q X — » X (see 
theorems 13.1.181 and 13.2.52)) . On the other hand, the model structure S q Spt T A4* 
is constructed using right Bousfield localization with respect to the model category 
i< 9+ iSpt T A / (* (see theorem I3.2.59[) . and it gives the desired lifting for the slice 
functor s q to the model category level (see theorem 13.2. 80p . 

In section l3~3| we promote the model structures defined above (section [3.2jl to 
the setting of symmetric T-spectra. In this case, Hirschhorn's localization technol- 
ogy applied to Jardine's stable model structure for symmetric T-spectra allows us 
to introduce three families of model structures which we denote by R c i Spt^.M*, 

L <g Spt|i.A/(* and S'^Spt^.M*; where the underlying category is given by symmetric 
T-spectra (see theorems 13.3.91 13.3.261 and I3.3.50[) . Using the Quillen equivalence 
[14] given by the symmetrization and the forgetful functors, we are then able to 
show that these new families of model structures are also Quillen equivalent to the 
ones introduced in section [3721 (see theorems 13.3.191 13.3.421 and I3.3.64j) . Therefore, 
these model structures give liftings for the functors f q and s q to the model cate- 
gory level (see corollary 13.3.51 and theorems I3.3.22t [3|), I3.3.681f 3j)). with the great 
technical advantage that the underlying categories are now symmetric monoidal. 
Hence, we have a natural framework for the study of the multiplicative properties 
of Voevodsky's slice filtration. 
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In section [3. 41 we show that the smash product of symmetric T-spectra 
R C p ff Spt%M* x R c , ff Spt%,M* — ^ R CP+q Spt% M* 

is in both cases a Quillen bifunctor in the sense of Hovey (see theorems 13.4.51 and 
13.4.131) . 

In section [3.51 we will promote (using the free A- module functor A A — ) the 
model structures constructed in section 13.31 to the category of ^4-modules, where A 
is a cofibrant ring spectrum with unit in Sptfi.M*. We will denote these new model 
structures by R c i ff A-mod(M*), L< 9 ^4-mod(.M*) and S q A-mod(M*). These new 
model structures will be used as an analogue of the slice filtration for the motivic 
stable homotopy category of yl-modules, as well as a tool to describe the behavior 
of the slice functors when they are restricted to the category of A-modules. We 
will see that if one imposes some natural additonal conditions on the ring spectrum 
A, then the free A-module functor A A — induces a strict compatibility between 
the slice filtration in the categories of symmetric T-spectra and A-modules (see 
theorems 13.5.221 13.5.441 KUM\ and l3.5.67|) . 

In section 13.61 we will rely in all the previous results to show that if we have a 
cofibrant ring spectrum A with unit in Spt|i.A/f* which also satisfies some additional 
hypothesis, then for every q s Z and for every A-module M in Spt T .M* (see theorem 

MM - 

(1) f^(M) is again an A-module in Spt^TW* (not just up to homotopy, but 
in a very strict sense). 

(2) (M) is again an A-module in Sptfi.M, (not just up to homotopy, but 
in a very strict sense). 

Furthermore, if the unit map u : 1 — > A fulfills some mild conditions, then the free 
A-module functor A A — induces for every symmetric T-spectrum X (see theorem 
13.6. 20[) . a natural structure of A-module in Spt T 7W* (i.e. not just up to homotopy, 
but in a very strict sense) on its g-slice s^(X). 

Finally, we will be able to prove a conjecture of M. Levine (see |161 corollary 
11.1.3]), which says that if the base scheme S is a perfect field, then for every q 6 Z 
and for every symmetric T-spectrum X, its g-slice s^(X) is naturally equipped 
with a module structure in Spt^yVf* over the motivic Eilenberg-MacLane spectrum 
HZ (see theorem 13.6.221) . If we restrict the field even further, considering a field 
of characteristic zero, then as a consequence we will prove that all the slices (X) 
are big motives in the sense of Voevodsky (see theorem 13.6. 23[) . 

We will also show that for every p, q G Z, the smash product of symmetric 
T-spectra induces up to homotopy natural pairings (see theorem 13.6. 9|) : 

fZ { x)Aff(Y)^fZ +q (XAY) 

s*(X)As*{Y)^ S * +q (XAY) 

As a consequence, if A is a ring spectrum in SH^(S) (i.e. up to homotopy) and M 
is an A-module in STi^(S), then (see theorem 13.6.131) : 
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(1) The (— l)-connective cover of A, /^(A) is a ring spectrum (up to homo- 
topy) in SH^{S). 

(2) For every q S Z, the (q — l)-connective cover of M, ff{M) is a module 
(up to homotopy) over f$ (A). 

(3) The direct sum of all the connective covers of A, f^(A) = ® ne %f^{A) is 
a graded ring (up to homotopy) in SH^(S). 

(4) The direct sum of all the connective covers of M, / S (M) = ©„ eZ /^(M) 
is a graded module (up to homotopy) over / E (A). 

(5) The zero slice of A, s s (A) is a ring spectrum (up to homotopy) in SH 12 (S). 

(6) For every q 6 Z, the g-slice of M, s^(M) is a module (up to homotopy) 
over s s (A). 

(7) The direct sum of all the slices of A, s^(A) = (Bnezs^iA) is a graded ring 
(up to homotopy) in STi^(S). 

(8) The direct sum of all the slices of M, s s (M) = ©„ eZ s^(M) is a graded 
module (up to homotopy) over s' s (A). 

We will also see that the smash product of symmetric T-spectra induces (via 
the external pairings U c and U s ) natural external pairings in the motivic Atiyah- 
Hirzebruch spectral sequence (see definition 13.6.151 and theorem 13.6.161) : 

EP'i(Y; X) ® Ep'>i' (Y'; X') >■ EP+p'^+i' (Y AY'; X A X 1 ) 

(a, (3) I ^ a — (3 
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CHAPTER 1 



Preliminaries 

All the results in this chapter are classical (see |21j . |10j . [7], [5], [4]) and are 
included here just to fix notation and to make this note self contained. 

1.1. Model Categories 

Model categories were first introduced by Quillen in [21] , his original definition 
has been slightly modified along the years, we will use the definition introduced in 

®- 

Definition 1.1.1. A model category A is a category equipped with three classes 
of maps (yV,C,T) called weak equivalences, cofibrations and fibrations, such that 
the following axioms hold: 

MCI: A is closed under small limits and colimits. 

MC2: If f,g are two composable maps in A and two out of f,g,g o f are 

weak equivalences then so is the third one. 
MC3: The classes of weak equivalences, cofibrations and fibrations are closed 

under retracts. 
MC4: Suppose we have a solid commutative diagram: 

A »- X 

\/ f 
B >~Y 

where i is a cofibration, p is a fibration, and either i or p is a weak 
equivalence, then the dotted arrow making the diagram commutative exists. 
MC5: Given any arrow f : A —> B in A, there exist two functorial fac- 
torizations, f — p o i and f = q o j , where p is a fibration and a weak 
equivalence, i is a cofibration, q is a fibration and j is a cofibration and a 
weak equivalence. 

A map j : A — > B will be called a trivial cofibration (respectively trivial fibra- 
tion) if it is both a cofibration and a weak equivalence (respectively a fibration and 
a weak equivalence). 

If a given category A has a model structure, then we get immediately the 
following consequences: 

Remark 1.1.2. (1) The limit axiom MCI implies that there is an initial 

and a final object in A, which we will denote by and * respectively. 
We say that the category A is pointed if the canonical map — > * is an 
isomorphism. 
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(2) The axioms for a model category are self dual, therefore the opposite cat- 
egory A op has also a model structure, where a map i : A — > B in A op is a 
weak equivalence, cofibration or fibration if its dual i : B — > A is a weak 
equivalence, fibration or cofibration in A. This implies in particular that 
any result we prove about model categories will have a dual version. 

(3) Let X be an object in A. Then the category [A I X) of objects in A over 
X has also a model structure, where the weak equivalences, cofibrations 
and fibrations are maps which become weak equivalences, cofibrations and 
fibrations after applying the forgetful functor (A j X) — » A. 

(4) Similarly the category (X J, .4) has a model structure induced from the 
one in A. We will denote by A* the category (* J. .4) of objects under the 
final object of A. 

(5) Let A, X be two objects in A, then the category (A | A I X) of objects 
which are simultaneously under A and over X has also a model structure 
induced from the one in A. 

Let X be an object in A. We say that X is cofibrant if the natural map — > X 
is a cofibration. Similarly, we say that X is fibrant if the natural map X — > * is a 
fibration. 

Consider two objects A, X in A. We say that A is a cofibrant replacement for 
X , if A is cofibrant and there is a map A — > X which is a weak equivalence in A. 
Dually, we say that X is a fibrant replacement for A, if X is fibrant and there is a 
map A — > X which is a weak equivalence in A. 

Let i : A — > B, p : X — > Y be two maps in A. We say that i has the left lifting 
property with respect to p (or that p has the right lifting property with respect to i) 
if for every solid commutative diagram: 




the dotted arrow making the diagram commutative exists. 

The following are two elementary but extremely useful results about model 
categories. 

Proposition 1.1.3 (Retract Argument, |10]L Let A be a model category and 
f = poi a factorization of f such that f has the left lifting property with respect to 
p (respectively f has the right lifting property with respect to i). Then f is a retract 
of i (respectively f is a retract of p). 

Proof. By duality it is enough to show the case where / has the left lifting 
property with respect to p. 

Consider the following solid commutative diagram: 
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By hypothesis the dotted arrow j making the diagram commutative exists. But 
then the following commutative diagram shows that / is a retract of i. 




□ 

Lemma 1.1.4 (Ken Brown's lemma, [10] ). Let F : A — > T> be a functor, where 
A is a model category. Assume that there exists a class V of maps in T> which has 
the two out of three property, and that F(i) £ V for all trivial cofibrations i : A — » B 
between cofibrant objects A and B in A. Then F{g) £ V for all weak equivalences 
g : A — > B between cofibrant objects A and B in A. 

Proof. Consider the following commutative diagram: 

**A. 




where we have a factorization of (g, id) = p o i, with i a cofibration and p a trivial 
fibration. 

Since A and B are cofibrant, it follows that iA and is are cofibrations. This 
implies that i oia, i°iB are both cofibrations, and hence C is a cofibrant object in 
A. 

By the two out of three property in A., i o and i o i B are weak equivalences, 
since g, p and ids are weak equivalences. Therefore i o i^ and i o i B are both 
trivial cofibrations. It follows that F(i o i^) and F(i o ig) are both in V. But then 
F(p) o F(i oi B ) = F(p o i oi B ) = F(id) — id, and since V has the two out of three 
property, we have that F{p) is in V. Then the two out of three property for V 
implies that F(g) = F(p) o F(i o i^) is also in V. □ 

By duality we get immediately the following lemma: 

Lemma 1.1.5. Let F : A — > T> be a functor, where A is a model category. 
Assume that there exists a class V of maps in T> which has the two out of three 
property, and that F(p) £ V for all trivial fibrations p : X — > Y between fibrant 
objects X , Y in A. Then F(g) G V for all weak equivalences g : X — > Y between 
fibrant objects X and Y in A. 

□ 

The retract argument has the following consequences, which give nice charac- 
terizations for the cofibrations and trivial cofibrations (respectively fibrations and 
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trivial fibrations) in terms of a left lifting property (respectively right lifting prop- 
erty). 

Corollary 1.1.6. The class of cofibrations (respectively trivial cofibrations) 
in a model category A is equal to the class of maps having the left lifting property 
with respect to any trivial fibration in A (respectively any fibration in A). The class 
of fibrations ( respectively trivial fibrations ) in a model category A is equal to the 
class of maps having the right lifting property with respect to any trivial cofibration 
in A (respectively any cofibration in A). 

Proof. By duality it is enough to prove the case of cofibrations and trivial 
cofibrations. Suppose that i : A — > B is a cofibration in A, then the lifting axiom 
MC4 implies that i has the left lifting property with respect to any trivial fibration 
in A. Conversely, if i : A — > B has the left lifting property with respect to any 
trivial fibration in A, then the factorization axiom MC5 implies that i = ql where 
I is a cofibration in A and q is a trivial fibration in A. Since i has the left lifting 
property with respect to q, the retract argument (see proposition 11.1. 3[) implies 
that i is a retract of I. Therefore, the retract axiom MC3 implies that i is also a 
cofibration. The case for trivial cofibrations is similar. □ 

Corollary 1.1.7. Any isomorphism in a model category A is a cofibration, a 
fibration, and a weak equivalence. The class of cofibrations and the class of trivial 
cofibrations in A are closed under retracts and pushouts. The class of fibrations 
and the class of trivial fibrations in A are closed under retracts and pullbacks. 

Proof. Follows immediately from the lifting property characterization (corol- 
larv ll.l.6|) for cofibrations, trivial cofibrations, fibrations and trivial fibrations. □ 

Remark 1.1.8. Let A be a model category. Given any object X in A, we can 
apply the factorization axiom MC5 to the natural map — > X to get a cofibrant 
replacement for X : 

Q x 

^ QX X 

where QX is cofibrant and Q x is a trivial fibration. We also get fibrant replacements 
for X when we factor the natural map X — > * : 

R x 

X RX *- * 

where RX is fibrant and R x is a trivial cofibration. The factorization axiom MC5 
implies also that these two constructions are functorial. 

Definition 1.1.9. Let A, B be two model categories. A functor F : ,4. — > B is 
called a left Quillen functor if it has a right adjoint G : B — > A, and satisfies the 
following conditions: 

(1) If i is a cofibration in A, then F(i) is also a cofibration in B. 

(2) If j is a trivial cofibration in A, then F(j) is also a trivial cofibration in 
B. 

The right adjoint G is called a right Quillen functor, and the adjunction 

(F, G,tp):A *■ B 



is called a Quillen adjunction. 
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Definition 1.1.10. Let (F,G,tp) : A — > B be a Quillen adjunction. We say 
that F is a left Quillen equivalence if for every cofibrant object X in A and every 
fibrant object Y in B the following condition holds: 

• A map f : X — > GY is a weak equivalence in A if and only if its adjoint 
/" : FX — > Y is a weak equivalence in B. 

In this case G will be called a right Quillen equivalence, and (F, G, ip) a Quillen 
equivalence. 

Definition 1.1.11. Let A be a model category, and let X be an object of A. 
We say that X is a cylinder object for X , if we have a factorization of the fold 
map 



X 

where i is a cofibration and s is a weak equivalence. 

Definition 1.1.12. Let A be a model category, and let X be an object of A. 
We say that X is a path object for X, if we have a factorization of the diagonal 
map 

X^^-X x X 



X 

where p is a fibration and r is a weak equivalence. 

Definition 1.1.13. Let A be a model category and consider two maps f,g : 
X — > Y. We say that f is left homotopic to g (f ~ g) if there exists a cylinder 
object X for X , together with the following factorization: 



X]\X 



(/,<?) 




^Y 



X 

The map H is called a left homotopy from f to g. 

Definition 1.1.14. Let A be a model category and consider two maps f,g : 
X — > Y. We say that f is right homotopic to g (f ~g) if there exists a path object 
Y for Y , together with the following factorization: 

(f,g) 



X 



H 




The map H is called a right homotopy from f to g. 
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Definition 1.1.15. Let A be a model category and consider two maps f,g : 
A — > B. We say that f is homotopic to g (f ~ g) if f and g are both left and right 
homotopic. 

Definition 1.1.16 (cf. [21 [). Let A be an arbitrary category and W a class 
of maps in A. The localization of A with respect to W will be a category W~ 1 A 
together with a functor 

7 : A *W- l A 

having the following universal property: for every w G W, j(w) is an isomorphism, 
and given any functor F : A T> such that F(w) is an isomorphism for every 
w G W, there is a unique functor 6 : W _1 ,4 — > T>, such that 6 o j = F, i.e. the 
following diagram commutes: 



7 / 

/ e 

YJ- X A 

Theorem 1.1.17 (Quillen). Let A be a model category. Then there exists a 
category Ho„4, which is the localization of A with respect to the class W of weak 
equivalences, and is called the homotopy category of A. HoA is defined as follows: 

(1) The objects of HoA are just the objects in A. 

(2) The set of maps in HoA between two objects X, Y is given by the set of 
homotopy classes between cofibrant-fibrant replacements for X and Y : 

Hom HoA (X, Y) = tt a (RQX, RQY) 

and the composition law is induced by the composition in A. 

Let Ho.4 c , HoAf , HoAcj be the full subcategories of HoA generated by the cofibrant, 
fibrant and cofibrant-fibrant objects of A respectively. In the following diagram, all 
the functors are equivalences of categories: 




where the adjoints to the equivalences given above are constructed taking cofibrant, 
fibrant and cofibrant-fibrant replacements. 

PROOF. We refer the reader to [H] 1.1 theorem 1]. □ 

Theorem 1.1.18 (Quillen). Let (F,G,(p) : A — > B be a Quillen adjunction. 
Then the adjunction (F,G,<p) descends to the homotopy categories, i.e. we get an 
adjuntion: 

{QF, RG, tp) : HoA ^ HoB 

Furthermore, if (F, G, tp) is a Quillen equivalence, then (QF, RG, if) is an equiva- 
lence of categories. 
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PROOF. We refer the reader to [HI 1.4 theorem 3]. 



□ 



1.2. Cofibrantly Generated Model Categories 



In this section we recall the definition of a cofibrantly generated model category 
In order to get the functorial factorizations required in axiom MC5, we need 
to introduce ordinals, cardinals, and regular cardinals. For a definition of these, see 
O chapter 10]. It will be convenient in some situations to consider an ordinal A as 
a small category, with objects equal to the elements of A, and a unique map from 
a to b if a < b. 

Definition 1.2.1. Let C be a category that is closed under small colimits, and 
let V be a class of maps in C. If X is an ordinal, then a A-sequence in C is a functor 
A : X — » C , i.e. a diagram 



is an isomorphism. 

The composition of the X-sequence is the map Aq — > colim^^A^. 

If Ap — > Ap + \ is in V for any < X, we say that the X-sequence is a X- 
sequence of maps in V, and the transfinite composition Aq — > co\imp < \Ap is called 
a transfinite composition of maps in V. 

Proposition 1.2.2. Let A be a model category, then the cofibrations and trivial 
cofibrations in A are both closed under transfinite composition. 

Proof. The cofibrations and trivial cofibrations in A are characterized by a 
left lifting property. But the universal property of the colimit clearly preserves this 
lifting property under transfinite composition. □ 

Definition 1.2.3. Let C be a category closed under small colimits, and let V 
be a class of maps in C. 

(1) If k is a cardinal, then an object D in C is K-small relative to V, if for 
every regular cardinal X > n and every X-sequence 



of maps in V, we have a bijection of sets: 

colim l g<xHomc(£), Ap) — > Rom c (D,co\imp < xAp) 

(2) An object D in C is small relative to V if it is n-small relative to V for 
some cardinal k, and it is small if it is small relative to the class of all 
maps in C. 

Definition 1.2.4. Let C be a category, and let I be a set of maps in C. 

(1) We define I-inj as the class of maps in C that have the right lifting property 
with respect to every map in I . 

(2) We define I-cof as the class of maps in C that have the left lifting property 
with respect to every map in I-inj. 



A - Ax -» > A p -> • • • (0 < A) 

such that for every limit ordinal 7 < A the induced map 

colim^ <7 A^ — > Ary 




Ap^-.. (0<X) 



Definition 1.2.5. Let C be a category closed under small colimits, and let I 
be a set of maps in C, then 



s 
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(1) The relative /-cell complexes are the maps that can be constructed as a 
transfinite composition of pushouts of elements of I . 

(2) An object A of C is an /-cell complex, if the map — > A is a relative 
I-cell complex. 

(3) A map is an inclusion of /-cell complexes if it is a relative I-cell complex 
whose domain is an I-cell complex. 

We will denote the class of relative /-cell complexes as I-cells. 

Remark 1.2.6. Since the left lifting property is preserved under pushouts and 
transfinite compositions we have that I-cells C I-cof. 

Theorem 1.2.7 (Quillen's small object argument). Let C be a category closed 
under small colimits, and let I be a set of maps in C. Assume that the domains of 
all the maps in I are small with respect to I-cells. Then for every map f : X — > Y 
in C, there is a functorial factorization 

X — U E{ Y 

where i is in I-cells, and p is in I-inj. 

PROOF. We refer the reader to [21], [7J, or [10]. □ 

Definition 1.2.8. A model category A is cofibrantly generated if there exist 
sets / and J of maps in A, such that: 

(1) The domains of all the maps in I are small with respect to the I-cells. 

(2) The domains of all the maps in J are small with respect to the J -cells. 

(3) The class T flW of trivial fibrations in A is equal to I-inj. 

(4) The class T of fibrations in A is equal to J-inj. 

In this situation, I will be called the set of generating cofibrations, and J will be 
called the set of generating trivial cofibrations. 

To work with spectra, we need to start with a pointed model category. The 
following result will allow us to go from an unpointed cofibrantly generated model 
category to a pointed one. 

Theorem 1.2.9 (Hirschhorn) . Let A be a cofibrantly generated model category 
with set of generating cofibrations I and set of generating trivial cofibrations J . 
Then the associated pointed model category A* ( see remark \1.1.3fy is also a cofi- 
brantly generated model category, with set of generating cofibrations F(I) = /+ and 
set of generating trivial cofibrations F(J) = J+, where F is the functor F : A — > A* 
defined on objects A in A as the pushout in the commutative diagram: 

*• A 



* ^ F(A) = A+ 

and on maps i : A — > B in A as: 

F(A)=AU* F(%)Utd > BU* = F{B) 
PROOF. We refer the reader to [BJ theorem 2.7]. □ 



1.3. CELLULAR MODEL CATEGORIES 



9 



1.3. Cellular Model Categories 

In this section we review Hirschhorn's cellularity, which is the main property 
that a model category has to satisfy if we want to construct Bousfield localizations. 

Definition 1.3.1. Let C be a category closed under small colimits, and let I be 
a set of maps in C. If i : A — > B is a relative I-cell complex, then a presentation 
of i is a pair consisting of a X-sequence 

Ao^A^ >A ^--- (/3<A) 

for some ordinal X, and a sequence of ordered triples 

such that: 

(1) The composition of the X-sequence is isomorphic to i 

(2) For every (3 < X 

(a) T@ is a set. 

(b) e@ is a function e@ : T' 3 — > /. 

(c) If i £ T 13 and ef is the element C\ — ► Di of I, then /if is a map 
ft,f : d — > Ap, such that there is a pushout diagram 

II " 11", 




Afj ^ Ap +1 

Definition 1.3.2. Let C be a category closed under small colimits, and let I 
be a set of maps in C. If 

i : A—> B, A = A —> Ai —> ► A -> • • • (/3 < A), {T 13 , e 13 , h^} 0< \ 

is a presented relative I-cell complex, then 

(1) The presentation ordinal of i is X. 

(2) The set of cells of i is U (3<A T /3 . 

(3) The size of i is the cardinal of the set of cells of i. 

(4) If e is a cell of i, the presentation ordinal of e is the ordinal (3 such that 
eeTl 3 . 

(5) If 13 < X, then the /3-skeleton of i is Ap. 

The next remark follows directly from the previous definitions. 

Remark 1.3.3. If C is a category closed under small colimits, and I is a set 
of maps in C, then a presented relative I-cell complex is entirely determined by its 
presentation ordinal X, and its sequence of triples {(T@, e' 3 , h t3 )}p < \. 

Definition 1.3.4. Let C be a category closed under small colimits, and I a set 
of maps in C. If 

i:A^B, A = A O ^A 1 ^---^A ^---((3<X), {T^e^h^^x 

is a presented relative I-cell complex, then a subcomplex of i consists of a presented 
relative I-cell complex 

i : A —> B, A = A —> Ai Ap (f3 < X), {f *>, ~e? , ¥} 0<x 
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such that 

(1) For every (3 < X, T 13 C T 13 and er is the restriction of e 13 to T@ . 

(2) There is a map of X-sequences 

A — ^ Aq ^ Ai " A 2 ' 

id 

A —p~ A ^ A 1 A 2 • • • 

such that, for every (3 < X and every i € , the map : C% — > Ap is a 
factorization of the map /if : Cj — > Ap through the map Ap — > Ap. 

Proposition 1.3.5. Let C be a category closed under small colimits, and I a 
set of maps in C such that the relative I -cell complexes are monomorphisms, then 
a subcomplex of a presented relative I-cell complex is entirely determined by its set 
of cells {f /3 }p <x . 

Proof. The definition of a subcomplex implies that the maps Ap — > Ap are 
all inclusions of subcomplexes (see definition 1 1 . 2 . 5t f5]) ) . Since inclusions of subcom- 
plexes are monomorphisms, there is at most one possible factorization /if of each 
/if through Ap — > Ap □ 

Proposition 1.3.6. Let C be a category closed under small colimits, and let I 
be a set of maps in C such that the relative I-cell complexes are monomorphisms. 
If 

i : A — ► B, A = A —> A-l^> > Ap ^ ■■■([3 <X), {T^e^h^p <x 

is a presented relative I-cell complex, then an arbitrary subcomplex of i can be 
constructed by the following inductive procedure: 

(1) Choose an arbitrary subset T° of T . 

(2) If p < X and we have defined {T 1 } J< p, then we have determined the object 
Ap and the map Ap — ► Ap. Consider the set 

{i E T^l/if : d — ► Ap factors through Ap — » Ap} 

Choose an arbitrary subset T 13 of this set. For every i £ T 13 there is a 
unique map hf : Cj — > Ap that makes the diagram 



C, 




Ap >Ap 

commute. Let Ap+\ be defined by the pushout diagram 



II <* 






ieT' 3 






• 




A 





^ A3+1 
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Proof. Follows immediately from the definitions and proposition 11.3.51 □ 

Corollary 1.3.7. Let C be a category closed under small colimits, and let I 
be a set of maps in C such that the relative I -cell complexes are monomorphisms. 
Consider an arbitrary 

i:A^B,A = A ^A 1 ^---^A p ^---([3<\), {T^e^h^} p<x 

presented cell complex. Assume that S is a set and take an arbitrary family {A s } se s 
of subcomplexes of i : A —> B, then there exists a subcomplex U s6 s^4s which repre- 
sents the union of the given family. 

Proof. Follows immediately from proposition ll.3.6l □ 

Definition 1.3.8. Let C be a category closed under small colimits, and let I 
be a set of maps in C . 

(1) If 7 is a cardinal, then an object A of C is 7-compact relative to / if, for 
every presented relative I-cell complex i : X — > Y , every map from A to 
Y factors through a subcomplex of i of size at most 7. 

(2) An object A of C is compact relative to I if it is ^-compact relative to I 
for some cardinal 7. 

Definition 1.3.9. Let A be a cofibrantly generated model category with set of 
generating cofibrations I . 

(1) If j is a cardinal, then an object X of A is 7-compact if it is ^-compact 
relative to I (see definition ] 1.3.8]) . 

(2) An object X of A is compact if there is a cardinal 7 for which it is 7- 
compact. 

To complete the definition of a cellular model category, we need to introduce 
the concept of effective monomorphism. 

Definition 1.3.10. Let C be a category that is closed under pushouts. The map 
i : A — > B is an effective monomorphism if i is the equalizer of the pair of natural 
inclusions B =4 B \Ja B- 

Remark 1.3.11. In the category of sets, the class of effective monomorphisms 
is just the class of injective maps. 

Definition 1.3.12 (cf. [7J). Let A be a model category. We say that A is 
cellular if it satisfies the following conditions: 

(1) A is cofibrantly generated (see definition ] 1.2.8]) with set of generating cofi- 
brations I and set of generating trivial cofibrations J . 

(2) Both the domains and codomains of the maps in I are compact (see defi- 
nition [Ljn]) . 

(3) The domains of the maps in J are small relative to I (see definition ] 1.2.3] ). 

(4) The cofibrations in A are effective monomorphisms (see definition ] 1.3. 1(H ). 

When we have a cellular model category A with set of generating cofibrations 
/, the relative /-cell complexes will be called relative cell complexes. 

Theorem 1.3.13 (Hirschhorn) . Let A be a cellular model category. Then the 
associated pointed model category A* equipped with the model structure considered 
in theorem ]1.2.9] is also cellular. 

PROOF. We refer the reader to [BJ theorem 2.8]. □ 
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1.4. Proper Model Categories 

In this section we just recall the definition of proper model categories. 

Definition 1.4.1. Let A be a model category. We say that A is left proper if 
the class of weak equivalences is closed under pushouts along cofibrations, i.e. in 
any pushout diagram 

h 




where i is a cofibration and h is a weak equivalence, we then have that h* is also a 
weak equivalence. 

Definition 1.4.2. Let A be a model category. We say that A is right proper 
if the class of weak equivalences is closed under pullbacks along fibrations, i.e. in 
any pullback diagram 

A^X 

p 

where p is a fihration and h is a weak equivalence, we then have that h* is also a 
weak equivalence. 

Definition 1.4.3. Let A be a model category. We say that A is proper if it is 
both left and right proper. 

Theorem 1.4.4 (Hirschhorn) . Let A be a left proper, right proper, or proper 
model category. Then the associated pointed model category A* (see remark Yl . 1 . gj) 
is also left proper, right proper, or proper. 

PROOF. We refer the reader to [6j theorem 2.8]. □ 

1.5. Simplicial Sets 

Let A denote the category of well ordered finite sets, i.e. the category with 
objets: 

n = {0 < 1 < • • • < n} 

where n > 0; and maps the weakly order preserving functions, i.e.: 

Hom A (m,n) = {/ : m -> n|i < j : ^ f(i) < f(j)} 

There exists a canonical set of generators for the maps in A, called cofaces 
(S l : n — > n + 1), and codegenerac: 



a 1 




1 -> n) 


j, 




if j < i 


i + 


1. 


if j > i 


j, 




if j < i 




1, 


if j > i 
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The cofaces and degeneracies satisfy a list of relations called the cosimplicial 
identities: 

5 j 8 l = S'Si- 1 for i < j 
a j 5 i = 5 i a j ~ 1 for i < j 



a 



l 5 l = id 



didj 


= dj-idi 


for i < j 


diSj 


= Sj-idi 


for i < j 


diSi 


= id 




di+iSi 


= id 




d lS] 


= Sjdi-i 


for i > j + 1 


SiSj 


= Sj+lSi 


for i < j 



(2) a l S l+1 = id 

a j S i = 5 i-i a j for i > j + i 

a j a l = cr l cr j+1 for i < j 

Definition 1.5.1. A simplicial set X is a contravariant functor from the cat- 
egory A to the category of sets. 

We will denote the category of simplicial sets by SSets, where the maps between 
to simplicial sets X and Y are just the natural transformations 77 : X — > Y. 

It follows from the cosimplicial identities that to specify a simplicial set X, it is 
enough to give sets Xq, Xi, . . . , X n , . . .; where X; t — X(i) together with face maps 
di : X n — > X n _i (di = X(S t )) and degeneracy maps Sj : X n — > X„ +1 (sj = 
satisfying the following relations which are called simplicial identities (these are 
just the duals with respect to the cosimplicial identities): 



(3) 



There exist three particular interesting families of simplicial sets: A™, dA n and 
they are defined in the following way: 

(4) A"=Hom A (-,n) 
<9A" is the subobject of A™ characterized by: 

(5) (<9A") m = {/ : m — > n|/ is not surjective} 
and finally is the subobject of dA n given by: 

(6) K) m = {/ : m -> n|{0 < 1< • • • < k < ■ ■ ■ < n} £ im(f)} 

where {0<l<---<fc<---<n} denotes the well ordered set n with the k 
element removed. 

We also have the dual notion of cosimplicial set: 

Definition 1.5.2. A cosimplicial setX is a covariant functor from the category 
A to the category of sets. 

Given any category C, we can also define simplical and cosimplicial objects in 
C, where a simplicial (respectively cosimplicial) object X in C is just a contravariant 
(respectively covariant) functor from A to C. 

Let Top be the category of compactly generated Hausdorff topological spaces. 
Consider the following family of objects in Top: 



|A"| = {(t ,h,...,t n )\ti > 0,^t 4 = 1} C 



pn+l 
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We get a cosimplicial object |A"| in Top if we define the coface and codegen- 
eracy maps for |A™| as: 

§i . | A n| _ | A n+l| 

(7) 

(to, ti, . . . , t n ) i s- (to, . . . , ti-i, 0,U, . . . , t n ) 

and 

a 1 : |A n+1 | ^ I A" I 

(8) 

(to, t\, . . . , t n+ i) I >■ (to, . . . , tj_i,ij + ti + i, ti + 2, ■ ■ ■ , tn+l) 

Now we are ready to define the geometric realization functor: 

| - | : SSets -> Top 

Let X be a simplicial set, then its geometric realization |X| is the following 
topological space: 

(9) \X\ = lim |A™| 

where the indexing category to compute the colimit has objects given by the sim- 
plices over X, i.e. maps of simplicial sets A™ — > X; and morphisms given by 
commutative triangles: 

e, 

A™ s- A™ 



X 

for : n * in 

The geometric realization functor | — | has a right adjoint: 

Sing : Top -> SSets 
called the singular functor and defined in the following way: 

, Sing(T) : A°p ^ Sets 

10 

n I ^ Hom Top ( | A" | , T) 

with faces and degeneracies induced by the cofaces and codegeneracies of the cosim- 
plical object |A'|. 

We say that a map of simplicial sets 6 : X — > Y is a weak equivalence if its 
geometric realization \8\ : \X\ — > \Y\ is a weak equivalence of topological spaces, 
i.e. 7Ti(|0|, *) is an isomorphism for any i > 0, and for every choice of base point 

*e\X\. 

With all the previous definitions, we are ready to give a cofibrantly generated 
model category structure on the category of simplicial sets. Take / = {dA n A"} 
and J = {/\™ <-> A™}. 

Theorem 1.5.3 (Quillcn). The category of simplicial sets SSets has a cofi- 
brantly generated model category structure, where the weak equivalences, the set of 
generating cofibrations I and the set of generating trivial cofibrations J are defined 
as above. 

Proof. The proof is probably one of the most difficult ones in abstract homo- 
topy theory. We refer the reader to [211 II. 3 theorem 3], [5] or [lOj . □ 
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1.6. Simplicial Model Categories 



Simplicial model categeries were defined by Quillen in [21] . we will follow the 
approach in [5j chapter 2] and chapter 9]. 

Definition 1.6.1. Let A be a category. We say that A is simplicial if it satisfies 
the following axioms: 

(1) There exists a functor 

A°p x A >- SSets 

X, Y i Map(X, Y) 

such that 

(2) The set of O-simplices in Map(X, Y) is equal to the set of maps in A from 
X to Y, i.e. Map(X,Y) = Rom A (X,Y). 

(3) For every triple X, Y, Z of objects in A, there exists a map of simplicial 
sets called composition law 

°x.y,z ■ Map(Y, Z) x Map[X, Y) ^ Map(X, Z) 

which is compatible with the composition in A. 

(4) There exists a map of simplicial sets ix '■ * — ► Map(X, X) , for every 
object X e A. 

(5) There exists three commutative diagrams (see O definition 9.1.2]/, which 
give the associativity of the composition law, and right and left unit prop- 
erties for the map ix ■ 

Definition 1.6.2. Let A be a model category, we say that A is a simplicial 
model category if it is a simplicial category ( see definition \1.6.1\) and satisfies the 
following two axioms: 

SMO: (1) For every X € A, the functor 

Map(X, -) : A ^ SSets 

Y i Map(X, Y) 

has a left adjoint 

X ® - : SSets A 

K\ ^X®K 

such that the adjuntion is compatible with the simpicial structure on 
A, i.e. Map(X®K,Y) = Map(K, Map(X, Y)), where the simplicial 
set on the right hand side is the one defined in remark \l . 6. 3]H ]) . 
(2) For every Y £ A, the functor 

Map{-,Y) : A op ^ SSets 

X l > Map(X, Y) 

has a left adjoint 

Y~ : SSets *- A op 

K\ ^Y K 
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such that the adjunction is compatible with the simplicial structure on 
A, i.e. Map(X,Y K ) = Map(K, Map(X,Y)), where the simplicial 
set on the right hand side is the one defined in remark \1 . 6. fflf l]) . 
SM7: For any cofibration i : A — > B in A and fibration p : X — > Y in A, 
the map 

Map(B, X) (l ' P ' ] Map(A, X) x Map{AX) Map(B, Y) 

is a fibration of simplicial sets, which is trivial if either i or p is a weak 
equivalence. 

Remark 1.6.3. (1) The category of simplicial sets SSets has a canonical 

simplicial model category structure where Map(X, Y) is the simplicial set 
having n-simplices 

Map(X,Y) n = Homssetspf x A n ,Y) 

with faces and degeneracies induced from the cosimplicial object A* . 
(2) The associated category of pointed simplicial sets SSets* equipped with 
the induced model structure from SSets (see remark l 1.1.2]) has a natural 
simplicial model category structure. 

Lemma 1.6.4. Let A be a simplicial model category. Suppose that i : A — > B, 
p : X — » Y are maps in A and j : L — > K is a map of simplicial sets. Then the 
following are equivalent: 

(1) For every solid commutative diagram of simplicial sets 



Map(B,X) 

(**,p») 

K — *- Map(A, X) X Map (A,Y) Map(B, Y) 

the dotted arrow making the diagram commutative exists. 

(2) For every solid commutative diagram in A 

A®K\1 A9L B®L -+x 

B<Z)K ^Y 

the dotted arrow making the diagram commutative exists. 

(3) For every solid commutative diagram in A 

A *X K 

(j*.p») 

B- ^X L Xyl Y K 

the dotted arrow making the diagram commutative exists. 

Proof. Follows directly from the existence of the adjunctions in axiom SMO. 

□ 

The following is a useful criterion to check axiom SM7. 
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Proposition 1.6.5. Let A be a model category with a simplicial structure (see 
definition \1.6. satisfying axiom SMO, then the following are equivalent: 

(1) A satisfies axiom SM7. 

(2) Suppose that i : A — > B is a cofibration in A, and j : L — > K is a 
cofibration of simplicial sets, then the map 



A®K]l A „ L B®L 



iUj 



B®K 



is a cofibration in A, which is trivial if either i or j is a weak equivalence. 
(3) Suppose that p : X — > Y is a fibration in A, and j : L — > K is a cofibration 
of simplicial sets, then the map 



X 



K 



■X L x Y l Y 



K 



is a fibration in A, which is trivial if either p or j is a weak equivalence. 

Proof. Follows from lemma ll.6.4l and corollary [LI. 61 □ 

These characterizations of axiom SM7, allow to construct "simplicial" cylinder 
(respectively path) objects for any cofibrant (respectively fibrant) object A of A. 

Proposition 1.6.6. Let A be a simplicial model category, and let A be a cofi- 
brant object in A. Then the following diagram represents a cylinder object for A 

A&OA 1 s A]JA 



A® A 1 




.4 



Proof. Proposition 1 1 . 6 . 51 implies that i is a cofibration. In the following com- 
mutative diagram 

A ® * = A 



* = A 




proposition 11.6.51 implies that t is a trivial cofibration, so by the two out of three 
property for weak equivalences we have that s is a weak equivalence. It only remains 
to show that A ® dA 1 — > A <g> * is the fold map A ]J A — > A, but this follows from 
the next commutative diagram: 



A®* 




A (g> * 



□ 



The dual statement for path objects is the following. 
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Proposition 1.6.7. Let A be a simplicial model category, and let X be afibrant 
object in A. Then the following diagram represents a path object for X 



One of the interesting consequences we get when we have a simplicial model 
category A, is that we can compute the maps in the homotopy category Ho.4 
simplicially. 

Proposition 1.6.8. Let X,Y be a pair of objects in A, where X is cofibrant 
and Y is fibrant. Then [X,Y] — ■KaMap{X,Y), where [X, Y] — HoTan _^(X,Y) . 

Proof. Since X is cofibrant and Y is fibrant, we have that [X, Y] is just the 
set of homotopy classes of maps between X and Y. On the other hand, axiom SM7 
implies that Map(X,Y) is a fibrant simplicial set (Kan complex), so TToMap(X, Y) 
is computed using the simplicial homotopies given by A 1 -> Map(X, Y), which by 
the adjunction are in bijection with the homotopies given by X <E> A 1 — > Y. But 
these are just homotopies between X and Y , since proposition 11.6.61 implies that 
X eg) A 1 is a cylinder object for X. □ 

Corollary 1.6.9. Let A be a simplicial model category, and consider a couple 
of objects X, Y in A. Then [X, Y] = ir a Map(RQX, RQY). 

Proof. By construction [X, Y] is equal to set of homotopy classes of maps 
between RQX and RQY. But RQX, RQY are both cofibrant and fibrant objects 
in A, so proposition 1 1 .6 . 8l implies that this set of homotopy classes of maps is equal 
to ir Map(RQX,RQY). □ 

Another simple but very useful consequence of having a simplicial model cate- 
gory A, is that we can also detect weak equivalences in A at the level of simplicial 
sets. 

Proposition 1.6.10. Let A be a simplicial model category, and let h : A — > B 
be a map between two cofibrant (respectively fibrant) objects in A. Then h is a weak 
equivalence if and only if for every fibrant (respectively cofibrant) object X in A, 
h* : Map(B,X) -> Map{A,X) (respectively K : Map(X,A) ->■ Map(X,B)) is a 
weak equivalence of simplicial sets. 

Proof. By duality, it is enough to consider the case in which A, B are cofibrant 
objects in A. Assume that h is a weak equivalence. Since weak equivalences of 
simplicial sets have the two out of three property, then by Ken Brown's lemma (see 
lemma 11.1 .4[) we can assume that h is a trivial cofibration. The conclusion then 
follows from axiom SM7 which implies that for any fibrant object X in A, h* : 
Map(B,X) — + Map(A, X) is a trivial fibration of simplicial sets, so in particular 
h* is a weak equivalence. 

For the converse, it is enough to show that h* : [B,X] — > [A, X] is a bijection 
for every fibrant object X in A. But since for every fibrant object X in A, h* : 
Map(B, X) — > Map(A, X) is a weak equivalence of simplicial sets, in particular we 
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have that h* : noMap(B, X) — > 7i"o-Map(A, X) is a bijection, and the result follows 
from proposition 11.6.81 since A, B are cofibrant in A and X is fibrant in A. □ 

Corollary 1.6.11. Let A be a simplicial model category and consider a couple 
of objects A, B in A, and a map h : A — ► B between them. Then the following 
conditions are equivalent: 

(1) h is a weak equivalence in A. 

(2) For every fibrant object X in A, (Qh)* : Map(QB, X) -> Map(QA, X) is 
a weak equivalence of simplicial sets. 

(3) For every cofibrant object C in A, (Rh)* : Map(C,RA) -> Map(C,RB) 
is a weak equivalence of simplicial sets. 

Proof. (ft} ([2]). We have that h is a weak equivalence if and only if every 
(or some) cofibrant approximation Qh : QA — > QB is also a weak equivalence. 
Since QA, QB are cofibrant the result follows from proposition II. 6.101 

([I]) -O- (J3j> . We know that h is a weak equivalence if and only if every (or some) 
fibrant approximation Rh : RA — > RB is also a weak equivalence. But RA, RB are 
fibrant, so the result follows from proposition II. 6.101 □ 

1.7. Symmetric Monoidal Model Categories 

Symmetric monoidal model categories were introduced by Hovey in |10| chapter 
4]. In this section we just recall some of his definitions and results without proof. 
This is the language that we will use in section 13.61 to construct external pairings 
for the slice filtration. 

Definition 1.7.1. Let C be a monoidal category. We say that a category T> is 
a left C-module if the following conditions are satisfied: 

(1) There exists a bifunctor >S> '■ C x D — > "D 

(2) For every pair of objects X,Y in C and every object A inT> there exists a 
natural isomorphism a : (X (g) Y) <g> A — > X (g) (Y ® A). 

(3) For every object A inT> there exists a natural isomorphism I : 1® A — * A, 
where 1 denotes the unit for the monoidal structure on C. 

(4) Three coherence diagrams commute (see |10[ definition 4.1.6]j. 

We also have right modules over a given monoidal category. 

Definition 1.7.2. Given three categories C,T>,£, we define an adjunction of 
two variables as a bifunctor (8) : C x T> — > £ together with two extra functors Hom r : 
V op x £ — > C and Horn; : C op x £ — > V, such that there exist the following two 
adjunctions: 

(1) Uom £ (X <g> Y, Z) — ^ Hom c (X,Hom r (r, Z)) 

(2) Hom £ pf <g y, Z) — ^ Hornby, Hormpf, Z)) 

Definition 1.7.3. W^e say that a category C is closed monoidal if it is a 
monoidal category such that the bifunctor ® : C x C — > C giving the monoidal 
structure is an adjunction of two variables. 

Definition 1.7.4. Given model categories A, B, T> an adjunction of two vari- 
ables <g> : A x B — > V is called a Quillen adjunction of two variables, if given a 
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cofibration i : A — > B in A and a cofibration j : C — > D in B, the induced map 
iUj : A®D Ua®c B ® C B <g D 

is a cofibration in T> which is trivial if either i or j is a weak equivalence. In this 
case, we will refer to the functor (£> as a Quillen bifunctor. 

Lemma 1.7.5 (Hovey). Let A, B, T> be three model categories and let ® : 
A x B — > T> be an adjunction of two variables. Then the following conditions are 
equivalent: 

(1) (8> is a Quillen bifunctor. 

(2) Given a cofibration j : C — > D in B and a fibration p : X — > Y in T>, the 
induced map 

(j*,p*) : Rom r (D,X) ^Rom r (C,X) x Ho m r (c,y) Hom r (D,F) 

is a fibration in A which is trivial if either j or p is a weak equivalence. 

(3) Given a cofibration i : A — > B in A and a fibration p : X — > Y in T>, the 
induced map 

(i*,p«) : Hom ; (B,X) ^Romi(A,X) x Romi{A , Y) Eomi(B,Y) 

is a fibration in B which is trivial if either i or p is a weak equivalence. 

Proof. Follows immediately from the adjunctions that appear in the defini- 
tion of an adjunction of two variables (see definition ll.7.2[) . and the lifting property 
characterization for cofibrations, fibrations, trivial cofibrations and trivial fibra- 
tions. □ 

Remark 1.7.6 (cf. [10]). Let ® : Ax B — > D be a Quillen bifunctor. Then if 
A is a cofibrant object in A, the functor A® — : B — > T> is a Quillen functor with 
right adjoint Honi/(A, — ) : T> — * B. Similarly if B is a cofibrant object in B, we get 
a Quillen functor — ® B : A — > T> with right adjoint Hom r (B, —). Finally, if X is 
a fibrant object in T>, we get a Quillen functor Hom r (— , X) : B — > A op with right 
adjoint Hom/(-,X) : A op -> B. 

Definition 1.7.7. A monoidal model category A is a closed monoidal category 
with a model category structure, such that the following conditions are satisfied: 

(1) The bifunctor ® : A x A — > A giving the monoidal structure is a Quillen 
bifunctor. 

(2) Let q : Ql — > 1 be a cofibrant replacement for the unit 1. Then the 
natural maps q®id : Ql (g> A — > 1 ® A, id®q:A® Ql — > A (8 1 are weak 
equivalences for any cofibrant object A in A. 

We have an analogous definition for symmetric monoidal categories. 

Proposition 1.7.8 (Quillen). The category of simplicial sets SSets is a sym- 
metric monoidal model category. 

PROOF. We refer the reader to [2TJ II.3 theorem 3]. □ 

Proposition 1.7.9 (Hovey). Let A be a monoidal model category, with unit 
1 equal to the terminal object * } and assume that * is cofibrant. Then the associ- 
ated pointed category A* (equipped with the monoidal structure described in remark 
\1.1.2\) is also a monoidal model category, which is symmetric if A is. 
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PROOF. We refer the reader to [lOl proposition 4.2.9]. □ 

Corollary 1.7.10. The category of pointed simplicial sets SSets* is a sym- 
metric monoidal model category. 

Proof. Follows immediately from propositions [T77TB1 and [1 . 7. 91 □ 



Definition 1.7.11. Let (F,G,if) : A — > B be a Quillen adjunction between two 
monoidal model categories. We say that (F, G, if) is a monoidal Quillen adjunction 
if F is a monoidal functor (see [101 definition 4.1.2],) and the map F(qi) : F(Q1) — > 
Fl is a weak equivalence. In this situation we say that F is a left Quillen monoidal 
functor. 

Definition 1.7.12. Let A be a monoidal model category. A ,4-model category 
is a left A-module B equipped with a model category structure such that the following 
conditions hold: 

(1) The action map — ® — : A x B — > B is a Quillen bifunctor. 

(2) If q : Ql — > 1 is a cofibrant replacement for 1 in A, then the map q®id: 
Ql <S>A—>-l(£iAisa weak equivalence for every cofibrant object A in B. 

The simplicial model categories discussed in section [j~6l are just SSets-model 
categories. 

Proposition 1.7.13 (Hovey). Let A be a monoidal model category where the 
unit 1 is equal to the terminal object *. Assume that * is cofibrant. If B is a 
A-model category, then the associated pointed category £>» has a natural A*-model 
category structure. 

Proof. We refer the reader to [101 proposition 4.2.19]. □ 

Proposition 1.7.14 (Hovey). Let A, B, V be three model categories, and let 
— ® — : A x B ^ T> be a Quillen bifunctor. Then the total derived functors define 
an adjunction of two variables ® L : Hxx4 x RoB — > RoT>, with adjoints given by 
RHom; : (Ho.4) op x RoV -> B and RHom r : (RoB) op x RoV -> RoA. 

Proof. We refer the reader to |10[ proposition 4.3.1]. □ 

Theorem 1.7.15 (Hovey). Let A be a (symmetric) monoidal model category. 
Then RoA can be given the structure of a closed (symmetric) monoidal category. 
The adjunction of two variables (<8> L , RHom;, RHom r ) which gives the closed struc- 
ture on RoA is the total derived adjunction of (®, Horn;, Hom r ) described in propo- 
sition \l.7.14\ The associativity and unit isomorphisms (and the commutativity 
isomorphism in case A is symmetric) on RoA are derived from the corresponding 
isomorphisms of A. 

PROOF. We refer the reader to [TOj theorem 4.3.2]. □ 

1.8. Localization of Model Categories 

In this section we recall some of Hirschhorn's constructions sections 3.1, 3.2] 
restricted to the case where all the model categories are simplicial. 

Definition 1.8.1. Let A be a model category and let V be a class of maps in 
A. A left localization of A with respect to V is a model category LyA equipped 
with a left Quillen functor A : A — > LyA satisfying the following properties: 
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(1) The total left derived functor LA : H<x4 — > HoLy.4 takes the images in 
RoA of the elements in V into isomorphisms in RoLyA. 

(2) If B is a model category and r : A — > B is a left Quillen functor such 
that Lr : H<x4 — ► RoB takes the images in RoA of the elements of V 
into isomorphisms in RoB, then there exists a unique left Quillen functor 
a : L\>A — ► B with a\ = r. 

Definition 1.8.2. Let A be a model category and let V be a class of maps in 
A. A right localization of A with respect to V is a model category RyA equipped 
with a right Quillen functor p : A — > RyA satisfying the following properties: 

(1) The total right derived functor Hp : RoA Hoi?y,4 takes the images in 
RoA of the elements in V into isomorphisms in RoRyA. 

(2) if B is a model category and r : A — > B is a right Quillen functor such 
that Rt : RoA — > RoB takes the images in RoA of the elements of V into 
isomorphisms in RoB, then there exists a unique right Quillen functor 
a : RyA — > B with op = r. 

From the universal property, we immediately get the following uniqueness state- 
ment. 

Remark 1.8.3. Let A be a model category and V a class of maps in A. If a left 
or right localization of A with respect to V exists, then it is unique up to a unique 
isomorphism. 

Definition 1.8.4. Let A be a model category and V a class of maps in A. 

(1) An object A of A is V-local if A is fibrant and for every map f : C — > D 
in V, the induced map of simplicial sets Map(QD, A) — > Map(QC, A) is 
a weak equivalence. 

(2) A map f : C — > D in A is a V-local equivalence if for every V-local object 
A, the induced map of simplicial sets Map(QD, A) — ► Map(QC, A) is a 
weak equivalence. 

Definition 1.8.5. Let A be a model category and V a class of maps in A. 

(1) An object A of A is V-colocal if A is cofibrant and for every map f : C — > 
D in V, the induced map of simplicial sets Map(A, RC) — > Map(A, RD) 
is a weak equivalence. 

(2) A map f : C — > D in A is a V-colocal equivalence if for every V-colocal 
object A, the induced map of simplicial sets Map(A, RC) — > Map(A, RD) 
is a weak equivalence. 

The following definition will be necessary for the construction of right Bousfield 
localizations. 

Definition 1.8.6. Let A be a model category and let K be a set of objects in 

A. 

(1) A map g : X — > Y is a K-colocal equivalence if for every object A in K the 
induced map of simplicial sets (Rg)* : Map(QA, RX) — > Map(QA, RY) 
is a weak equivalence. 

(2) If V is the class of K-colocal equivalences, then a V-colocal object will be 
called K-colocal. 

PROPOSITION 1.8.7 (Hirschhorn). Let A be a model category and let V be a 
class of maps in A. 
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(1) The class of V-local equivalences satisfies the two out of three property 
(see MC2 in definition 1 1 . 1 . 1\) . 

(2) The class ofV-colocal equivalences satisfies the two out of three property. 

Proof. We refer the reader to [7j proposition 3.2.3]. □ 

1.9. Bousfield Localization 

In this section we review Hirschhorn's construction of Bousfield localizations 
\f\ section 3.3] in the restricted situation where all the model categories are sim- 
plicial. These constructions will be the main technical ingredient in our approach 
to produce a lifting of the slice filtration to the model category setting (see chapter 

E2). 

Definition 1.9.1. Let A be a model category and let V be a class of maps in 
A. The left Bousfield localization of A with respect to V (in case it exists) is a 
model category structure LyA on the underlying category of A such that 

(1) the class of weak equivalences of LyA is defined as the class of V-local 
equivalences of A (see definition \1.8.J$ . 

(2) the class of cofibrations of LyA is the same as the class of cofibrations of 
A. 

(3) the class of fibrations of LyA is defined as the class of maps that have the 
right lifting property with respect to the maps which are cofibrations and 
V-local equivalences. 

We will also need the dual notion of right Bousfield localization. 

Definition 1.9.2. Let A be a model category and let V be a class of maps in 
A. The right Bousfield localization of A with respect to V (in case it exists) is a 
model category structure RyA on the underlying category of A such that 

(1) the class of weak equivalences of RyA is defined as the class of V-colocal 
equivalences of A (see definition \1.8.5\) . 

(2) the class of fibrations of RyA is the same as the class of fibrations of A. 

(3) the class of cofibrations of RyA is defined as the class of maps that have 
the left lifting property with respect to the maps which are fibrations and 
V-colocal equivalences. 

Proposition 1.9.3 (Hirschhorn). Let A be a model category and V a class of 
maps in A. Let LyA be the left Bousfield localization of A with respect to V , then 

(1) every weak equivalence in A is a weak equivalence in LyA. 

(2) the class of trivial fibrations of LyA equals the class of trivial fibrations 
of A. 

(3) every fibration of LyA is a fibration of A. 

(4) every trivial cofibration of A is a trivial cofibration of LyA. 

Proof. We refer the reader to proposition 3.3.3 in [7J. □ 

We then get the dual version for right Bousfield localizations. 

Proposition 1.9.4 (Hirschhorn). Let A be a model category and V a class of 
maps in A. Let RyA be the right Bousfield localization of A with respect to V , then 
(1) every weak equivalence in A is a weak equivalence in RyA. 
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(2) the class of trivial cofibrations of RyA equals the class of trivial cofibra- 
tions of A. 

(3) every cofibration of RyA is a cofibration of A. 

(4) every trivial fibration of A is a trivial fibration of RyA. 

Proof. We refer the reader to proposition 3.3.3 in [7]. □ 

Proposition 1.9.5 (Hirschhorn) . Let A be a model category and V a class of 
maps in A. 

(1) // LyA is the left Bousfield localization of A with respect to V, then the 
identity functor id : A — > LyA is a left Quillen functor with right adjoint 
id : LyA — > A. 

(2) // R\>A is the right Bousfield localization of A with respect to V , then the 
identity functor id : RyA A is a left Quillen functor with right adjoint 
id: A^ R V A. 

Proof. Follows immediately from propositions [QOl and [l . 9. 41 □ 

Theorem 1.9.6 (Hirschhorn). Let A be a model category and let V be a class 
of maps in A. 

(1) // LyA is the left Bousfield localization of A with respect to V, then the 
identity functor id : A — > LyA is a left localization of A with respect to V 
(see definition \ 1 . 8. 1\) . 

(2) // RyA is the right Bousfield localization of A with respect to V then the 
identity functor id : A — > RyA is a right localization of A with respect to 
V. 

PROOF. We refer the reader to [3 theorem 3.3.19]. □ 



CHAPTER 2 



Motivic Unstable and Stable Homotopy Theory 

In this chapter we review the construction of the Morel- Voevodsky motivic 
stable model structure and the construction of Jardine's motivic symmetric stable 
model structure (see sections [2 .41 and l2~5|) . We also show that these two model struc- 
tures satisfy Hirschhorn's cellularity condition (see sections [2.51 and I/T7T)) . Therefore, 
it is possible to apply Hirschhorn's localization techniques to get Bousfield localiza- 
tions with respect to these two model structures. Finally, in section 12.81 we recall 
the construction of the model structures for the categories of A-modules and A- 
algebras, where A denotes a cofibrant ring spectrum in Jardine's motivic symmetric 
stable model category. We will see that the category of A-modules equipped with 
this model structure also satisfies Hirschhorn's cellularity condition. 

2.1. The Injective Model Structure 

Let S be a Noetherian separated scheme of finite Krull dimension, and con- 
sider the category Sm\s of smooth schemes of finite type over S. (Sm\s)Nis will 
denote the site with underlying category Sm\s equipped with the Nisnevich topol- 
ogy. We are interested in the category A° p Pre(Sm\s)Nis of presheaves of simplicial 
sets on Sm\s- The objects in A op Pre(Sm\s)Nis can also be described as simpli- 
cial presheaves on Sm\s- The work of Jardine (see |13j ) shows in particular that 
A op Pre(Sm\s)Nis has the structure of a proper simplicial cofibrantly generated 
model category. 

We will denote by Aj} the representable simplicial presheaf corresponding to 
the objects U in Sm\s and n in A, i.e. 

A£ : (Sm\ s x A)°*> Sets 

(V, m) i ^ (Hom Sm | s (y, U)) x (A") m 

The following functor gives a fully faithful embedding of Sm\s into A op Pre(Sm\s) ms- 

Y:Sm\ s ^ A°PPre{Sm\ s )m s 

U\ -A", 

we will abuse notation and write U instead of A^. Given any simplicial set K 
we can consider the associated constant presheaf of simplicial sets which we also 
denote by K, i.e. 

K : (Sm\ s x A) op ^ Sets 

(U,n) *K n 

The category of simplicial presheaves A op Pre(Sm\s) Nis inherits a natural sim- 
plical structure from the one on pointed simplicial sets. 
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Given a simplicial presheaf X, the tensor objects for the simplicial structure 
on A op Pre(Sm\s)Nis are defined as follows: 

X <g> - : SSets A°PPre{Sm\ s )m s 

where X <g> K is the following simplicial presheaf: 

X ® K : {Sm\ s x A)°p ^ Sets 

(U, n) I > X n (U) x K n 

The simplicial functor in two variables is: 

Map{-, -) : (A°PPre(Sm\ s )ms) op x A°PPre(Sm\ s )m s > SSets 

where Map(X, Y) is the simplicial set given by: 

Map(X, Y) : A°p Sets 

n I *" Hom^op Pre(Sm\ s ) Nis 

(X®A n ,Y) 

and finally for any simplicial presheaf Y we have the following functor 

Y- : SSets > (A°PPre(Sm\ s ) Nts )°P 

where Y K is the simplicial presheaf given as follows: 

Y K : (Sm\ s x A)°p ^ Sets 

(U, n) I ^ Hom SS ets(^ x A", Y{U)) 

Let t be a point in (Sm\s)Nis- Denote by Ot the fibre functor which assigns to 
every simplicial presheaf its stalk at t: 

9 t : A°PPre{Sm\ s ) Nls SSets 

x i > e t {x) = x t 

Now we proceed to define the model structure on A op Pre{Sm\s)Nis con- 
structed by Jardine. A map / : X — * Y in A op Pre(Sm\s)Nis is defined to be 
a weak equivalence, if / induces a weak equivalence of simplicial sets in all the 
stalks on (Sm\s)Nisi i- e - if for every point t in (Sm\s)Nis the map 

8 t (X) °ML^8 t {Y) 

is a weak equivalence of simplicial sets. 

The set I of generating cofibrations is given by all the subobjects of A") for U 
in Sm\s and n > 0, i.e. 

I = {Y ^ AZ\U e (Sm\ s ),n > 0} 

it is easy to see that a map i : X — > Y is in /-cell if and only if it is a monomorphism, 
i.e. i n (U) : X n (U) — ► Y n (U) is an injective map of sets, for every U in Sm\s, n > 0. 

Let A be a cardinal, and X a simplicial presheaf on Sm\s- We say that X is 
X-bounded if the cardinal of all the simplices of X is bounded by A, i.e. \X n (U)\ < A 
for every U in Sm\s, n > 0. The site (Sm\s)Nis is essentially small, so we can find 
a cardinal n such that k is greater than 2", where a is the cardinality of the set 
Map(Sm\s) of maps in Sm\s- 
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We say that a map j : X — > Y of simplicial presheaves in Sm\s is a trivial 
cofibration, if it is both a cofibration and a weak equivalence. The set J of generating 
trivial cofibrations is given by all the trivial cofibrations where the codomain is 
bounded by the cardinal k described above, i.e. 

J = {j : X — > Y\j is a trivial cofibration and Y is K-bounded} 

Theorem 2.1.1 (Jardine). The category A op Pre(Sm\s)Nis of simplicial presheaves 
on the Nisnevich site (Sm\s)Nis> has the structure of a proper simplicial cofibrantly 
generated model category where the class W of weak equivalences, and the sets I, J 
of generating cofibrations and generating trivial cofibrations are defined as above. 

PROOF. We refer the reader to [13j theorem 2.3]. □ 

The model structure defined above will be called the infective model structure 
for A°PPre(Sm\ s )m s - 

Remark 2.1.2. The cofibrations for the infective model structure on A op Pre(Sm\s) Nis 
have the following properties: 

(1) The class of cofibrations coincides with the class of relative I-cell com- 
plexes, therefore a map is a cofibration if and only if it is a monomor- 
phism. 

(2) If a map i : A — > B in A op 'Pre(Sm\s) Nis is a cofibration then for ev- 
ery point t in (Sm\s)Nis the associated map 0t(i) ■ @t(A) — ► t (B) is a 
cofibration of simplicial sets. 

(3) Every object A in A op Pre(Sm\s) Nis is an I-cell complex, therefore every 
object in A op Pre(Sm\s)Nis is cofibrant. 

The category A op Pre(Sm\g) Ni S of simplicial presheaves on the smooth Nis- 
nevich site (Sm\s)Nis a lso has a closed symmetric monoidal structure which is 
compatible with the injective model structure, i.e. A op Pre(Sm\s)Nis equipped 
with the injective structure is a symmetric monoidal model category in the sense 
of Hovey (see definition I1.7.7P . 

The closed symmetric monoidal structure is defined as follows: 

A op Pre(Sm\ s ) m s x A° p Pre{Sm\ s )ms »■ A op Pre{Sm\ s ) Nls 

{X, Y) I X xY 

where X x Y is the presheaf of simplicial sets defined as follows: 

X x Y : (Sm\ s x A) op Sets 

(U, n) I >- X n (U) x Y n (U) 

and the functor that gives the adjunction of two variables is the following: 

Hom Pre (-,-) : (A°PPre(Sm\ s )ms) op x A° p Pre(Sm\ s )ms » A°i>Pre(Sm\ s ) Nis 

where Homp re (l, Y) is the simplicial presheaf given by: 

Hom Pre (l, Y) : [Sm\ s x A) op ^ Sets 

(U, n) I Hom A o PPl , e(Sm | s)jVis (X x A™ , Y) 

Proposition 2.1.3. Let X, Y, Z be simplicial presheaves on (Sm\s)Nis- 
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(1) There is a natural isomorphism of simplicial sets 

Map(X x Y, Z) — Map(X, Hom Pre (T, Z)) 

(2) There is a natural isomorphism of simplicial presheaves on (Sm\s)Nis 

Homp re (X x Y,Z) — =-^Homp re (X,Homp re (Y,Z)) 
Proof. |T]). To any n-simplex a in Map(X x Y, Z) 

(X ® A") x Y — =-»- (X x F) ® A™ — z 

associate the n-simplex a* in Map{X, Homp rf ,(F, Z)) 

a* : X ® A" -> Hom Pre (r, Z) 

coming from the adjunction between — x Y and Homp re (Y~, — ). 
©. To any n-simplex a in Homp re (I x Y, Z) n (U) 

(X x A™ ) x Y — =^ (X x y) x A™ — ^ Z 

associate the n-simplex a* in Homp re (I, Homp re (Y, Z)) n (U) 

a* : X x A^ — ► Hom Pre (y, Z) 

coming from the adjunction between — x Y~ and Homp re (Y~, — ). □ 

Lemma 2.1.4 (cf. [14] ). The category A op Pre(Sm\s)Nis of simplicial presheaves 
on the smooth Nisnevich site (Sm\s)Nis equipped with the infective model structure 
is a symmetric monoidal model category (see definition ]! .7.7)) . 

Proof. We need to check that the conditions (P)-© in definition 11.7.71 are 
satisfied. Since every object is cofibrant in A op Pre(Sm\g)^f is , condition © is 
trivially satisfied. To check condition ((T|), we need to show that if we take two 
cofibrations i : A — > B and j : C — > D for the injective model structure on 
A op Pre(Sm\s)Nis, then the induced map 

iUj: AxD\\_BxC^BxD 

AxC 

is also a cofibration, which is trivial if either i or j is a weak equivalence. To see that 
i\3j is a cofibration, it is enough to show that i\3j(U) is a cofibration of simplicial 
sets for every U in Sm\s, but this is true since the category of simplicial sets is a 
symmetric monoidal model category. 

Now we show that i\3j is a trivial cofibration if either i or j is a weak equiva- 
lence. The definition of weak equivalences for the injective model structure implies 
that is enough to prove it at the level of the stalks, so let t be any point in (Sm\s)ms, 
and consider the induced map of simplicial sets 

e t {iUj) : 6 t {A) X 6 t {D) ]\ t (B) x 9 t (C) ^ 6 t (FJ) x t (D) 

e t (A)x6 t (C) 

Now since the category of simplicial sets is in particular a symmetric monoidal 
model category, we have that 9t(iOj) is a trivial cofibration if either i or j is a 
weak equivalence. Since this holds for every point t in (Sm\s)Nis, we have that 
iOj is a cofibration in A op Pre(Sm\s)Nis which is trivial if either i or j is a weak 
equivalence, hence the result follows. □ 
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Lemma 2.1.5 (Morel- Voevodsky, cf. |18j). Let X,Y be two fibrant simplicial 
presheaves in the injective model structure, and consider a map f : X — > Y. The 
following are equivalent: 

(1) f is a weak equivalence in the injective model structure for A op Pre(Sm\s)Ni 

(2) For every U in Sm\s the map 

f(U) : X(U) -» Y(U) 
is a weak equivalence of simplicial sets. 

Proof. Assume that / is a weak equivalence in A op Pre(Sm\s)Nis- Since 
X, Y are fibrant and weak equivalences of simplicial sets satisfy the two out of 
three property, by Ken Brown's lemma (see lemma 11.1 .4[) we can assume that 
/ is a trivial fibration in A op Pre(Sm\s)Nis- Now consider U as an element of 
A op Pre(Sm\s)Nis- Since every object in A op Pre(Sm\s) Nis is cofibrant, axiom 
SM7 for simplicial model categories implies that: /* : Map(U, X) — ► Map(U, Y) is 
a trivial fibration of simplicial sets, but this is just equal to f(U) : X(U) — ► Y(U). 

Conversely, suppose now that for every U in A op Pre(Sm\s)Nis, f(U) : X{U) — > 
Y(U) is a weak equivalence of simplicial sets. Let t be an arbitrary point in 
(Sm\s)Nis- We know that t is associated to a pro-object {U a } in (Sm\s)Nis- 
Therefore 0t(f) '■ @t(X) — > 8 t (Y) is a filtered colimit of weak equivalences of sim- 
plicial sets, hence a weak equivalence of simplicial sets. But this implies that / is 
a weak equivalence in A op Pre{Sm\s)Nis- D 

Definition 2.1.6. Let X be a simplicial presheaf on (Sm\s)Nis- We say that 
X satisfies the B.G. property if any elementary Cartesian square 

U x w V > V 

p 

U ; >■ W 

of smooth schemes over S with p etale, i an open immersion and p~ l (W — U) = 
W — U (both equipped with the reduced scheme structure) maps to a homotopy 
Cartesian diagram of simplicial sets after applying X 

X(W) *~X(V) 



X(U) ^X(Ux w V) 

Theorem 2.1.7 (Jardine). Let X be a simplicial presheaf on (Sm\s)Nis- Then 
X satisfies the B.G. property if and only if any fibrant replacement X — > GX in the 
infective model structure for A op Pre{Sm\s) Nis is a sectionwise weak equivalence 
of simplicial sets, i.e. for any U in Sm\s, 

X(U) 9x(U) y GX(U) 

9x (U) is a weak equivalence of simplicial sets. 

Proof. We refer the reader to [141 theorem 1.3]. □ 
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Definition 2.1.8. Consider U £ Sm\s with structure map tf> : U — > S, i.e. 
<j) is a smooth map of finite type. Then we have the following adjunction (see [1, 
proposition 1.5.1] J: 

{<f>-\<P*,<p) : A°PPre{Sm\ s ) ms >- A°p Pre(Sm\u) Nis 

where <f>~ x and 4>* are defined as follows: 

0-1 . A°PPre(Sm\ s ) Nls > A°p ' Pre{Sm\u) Nls 

X l <\>- Y x 

with (f>~ l X defined as the composition of <f> and X: 

(Sm\u x A)°p — (Sm\ s x A)°p 



Sets 

and the right adjoint 0* is given by: 

0, : A°PPre{Sm\u) Nl s » A°PPre(Sm\ s ) Nls 

xi ^4>*x 

where <j)*X is the following simplicial presheaf: 

^X : (Sm\ s x A)°p Sets 

(V, n) I X n (V x s U) 

Remark 2.1.9. Let <f> : U — > S be a smooth map of finite type, and let Y 
be an arbitrary simplicial presheaf on (Sm\u)Nis ■ It follows immediately from the 
description of the functors </) _1 and 0* that the counit of the adjunction , <f>* , ip) 

jr^-faY — 

is an isomorphism which can be naturally identified with the identity map on Y . in 
particular (j}^ l 4>^Y is canonically isomorphic to Y . 

Proposition 2.1.10. Let cj) ■ U — > S be a smooth map of finite type, and let 
X be an arbitrary simplicial presheaf on (Sm\s)Nis- Then we have a canonical 
isomorphism: 

<t>*<t>- x X — =^ Hom Pre ([/, X) 

PROOF. To any n-simplex a in (4>*4>~ 1 X) n (V) = X n (V x s U) 
A^xU^A^ XsU ^+ x 

associate the n-simplex a* in Hom.p re (U, X) n (V) 

A^^l^Uo mPre (U,X) 

coming from the adjunction between — x U and Homp re ([/, — ). □ 

Proposition 2.1.11. Let <j) : U — > S be a smooth map of finite type, let X be a 
simplicial presheaf on (Sm\s)Nis and Y a simplicial presheaf on (Sm\u)Nis- Then 
we have the following enriched adjunctions: 
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(1) There is a natural isomorphism of simplicial sets 

Map^X, Y) — =^ Map(X, ^Y) 

(2) There is a natural isomorphism of simplicial presheaves on (Sm\s)Nis 

Hom Pre (I, faY) — ^(Hompre^- 1 !, Y)) 

(3) There is a natural isomorphism of simplicial presheaves on (Sm\jj)Nis 

^(UompreiX, <j)*Y)) Hom Pre (0- 1 X, F) 

Proof. |T]): To any n-simplex a in Map((j)~ 1 X 1 Y) 

^{X ® A") <8> A" y 

associate the n-simplex a* in Map(X, cj>*Y) 

coming from the adjunction between </> -1 and 

([2]): To any n-simplex a in Homp re (X, (/>*Y) n (V) (where V 6 (5m|s)) 

x x A^ 

associate the n-simplex a* in (j>^(H.om.p re ((p^ 1 X,Y)) n (V) 

^X x A« XsC/ - 4>-\X x A y ) -2l>. y 

coming from the adjunction between <f>~ x and 0*. 

([3]): To any n-simplex a in ^ _1 (Homp re (X, cj>*Y)) n (V) (where V G (5m|j/)) 

X X Ay <^y 

associate the n-simplex a* in Homp re ((f)~ 1 X,Y) n (V) 

<i>- x X x A y = </> _1 (^ x A v) ^ 

coming from the adjunction between _1 and </>*. □ 

Definition 2.1.12 (cf. [14]). Let X &e a simplicial presheaf on (Sm\s)Nis- 
We say that X is flasque if: 

(1) X is a presheaf of Kan complexes. 

(2) Every finite collection Vi V, i = 1, . . . , n of subschemes of a scheme V 
induces a Kan fibration 

X(V) S Map(V,X) — ^ Map(U? =1 Vi,X) 

Remark 2.1.13. (1) Let X be a simplicial presheaf on (Sm\s)Nis which 

is fibrant in the infective model structure for A op Pre(Sm\s) Nis ■ Then X 
is flasque and satisfies the B. G. property. 

(2) The class of flasque simplicial presheaves is closed under filtered colimits. 

(3) The B. G. property is stable under filtered colimits. 

(4) The functors c/> _1 and (j>* preserve flasque simplicial presheaves. 

(5) The functors 4>~~ l and (f)* preserve the B.G. property. 
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2.2. Cellularity of the Injective Model Structure 

In this section we prove that the injective model structure on A op Pre(Sm\s) Nis 
is cellular (see definition II. 3. 12[) . This is an unpublished result due to Hirschhorn, 
which also appears in [§1 theorem 1.4]. The author would like to thank Jens Horn- 
bostel for the discussion related to Hirschhorn's cellularity results. 

Lemma 2.2.1. Let A be a simplicial presheaf on the smooth Nisnevich site 
(Sm\s)Nis- Then A is small (see deRnition \1.2.3\) . 

Proof. Let fi be the cardinal of the set Sa of simplices of A, i.e. 

S A = [] A n (V) 

V£(Sm\ s ),n>Q 

and let k be the successor cardinal of /i. Since ft is a succesor cardinal, we have 
that k is a regular cardinal (see [7J proposition 10.1.14]). 

We claim that A is k small with respect to the class of all maps in A op Pre(Sm\s) Nis- 
In effect, consider an arbitrary A-sequence where A is a regular cardinal greater than 

X ^Xi^ ►X /3 ->." (/3<A) 

we need to show that the map colim / 3<AHomA°p Pre(Sm\ s )Ni S (A Xp) — > Hom(^4, X\) 
is a bijection. To check the injectivity, we just take sections on every U € (Sm\s), 
and use the fact that every simplicial set is small (see [10\ lemma 3.1.1]). To check 
the surjectivity, consider an arbitrary map / : A — > X\, now the restriction of / 
to every simplex of A (Ajy — * A), factors through some Xp with /3 < A. Since A is 
a regular cardinal and there are fewer than k simplices in A (where k < A), there 
exists X a with a < A such that the restriction of / to every simplex of A factors 
through X a . But this implies that / factors through X a , and therefore we get the 
surjectivity. □ 

Lemma 2.2.2. Consider the category A op Pre(Sm\s)Nis of simplicial presheaves 
on the smooth Nisnevich site (Sm\s)Nis equipped with the injective model structure. 
Then all the cofibrations in A op Pre(Sm\s) Nis are effective monomorphisms. 

Proof. A map i : A — > B is an effective monomorphism if and only if for 
every U G (Sm\s), n > the induced map i n (U) : A n (U) — > B n (U) is an effective 
monomorphism of sets, this is true since all small limits and colimits are computed 
termwise. Now in the injective model structure for A op Pre(Sm\s)Nis the class 
of cofibrations coincides with the class of monomorphisms. But this implies that 
all the cofibrations are effective monomorphisms in A op Pre(Sm\s)Nis, since in 
the category of sets any injective map is an effective monomorphism (see remark 

rnrn)) . □ 

The next proposition is an unpublished result due to Hirschhorn, which also 
appears in [8l lemma 1.5], nevertheless the proof given here is slightly different since 
it also handles the case of a relative /-cell complex, which is necessary according to 
Hirschhorn's definition of compactness (see definition ll.3.12[) . 

Proposition 2.2.3. Let L be the set of generating cofibrations for the injec- 
tive model structure in the category of simplicial presheaves A op Pre(Sm\s)Nis (see 
theorem ] 2. 1.1]) . The domains and codomains of the maps in J are compact relative 
to I. 
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Proof. Let /j, be the cardinal of the set Si of simplices corresponding to all 
the domains and codomains of the maps in /, i.e. 

Sj= ]J ]J A n {U)UB n {U) 

(i:A^B)£l U£(Sm\ s ),n>0 

and let n be the successor cardinal of fi. Since n is a successor cardinal, we have 
that it is a regular cardinal (see [7j proposition 10.1.14]). 

If X is a presented /-cell complex with presentation ordinal A, 

i : -> X, - X -» Xi -» ► —»■••(/?< A), {T' 3 , e", /i /3 } /3<A 

we claim that every cell e of X is contained in a subcomplex X e of X of size less 
than k. This follows from a transfinite induction argument over the presentation 
ordinal of e (see definition ll.3.2[) . If the presentation ordinal of e is 0, then the 
cell e defines a subcomplex of X of size 1, this gets the induction started. Now 
assume that the result holds for every cell of presentation ordinal less than (3 < A, 
and consider an arbitrary cell e of presentation ordinal (3. The attaching map h e 
of this cell has image contained in the union of fewer than n simplices {s e } of X 
(since the domain of h e is also a domain for a map in /), now each such simplex 
s e is contained in a cell e s of presentation ordinal less than j3 and the induction 
hypothesis implies that each such cell e s is contained in a subcomplex X s of size 
less than k, thus taking the union of all these subcomplexes X s (which is possible 
by corollary 11.3.71 since all the /-cells are monomorphisms in this case) we get a 
subcomplex X' e of size less than k (since k is regular) which contains the image 
of the attaching map h e . Therefore if we define X e as the subcomplex obtained 
from X' e after attaching the cell e via h e , we get a subcomplex of size less than k 
containing the given cell e. This proves the claim. 

Now if A is a simplicial presheaf on (Sm\s) which is a domain or codomain of 
a map in /, we have that A has less than k simplices. Consider a map j : A — > X 
where X is a presented /-cell complex, 

z:0^X, (b^Xo^X^ ► —»•••(/?< A), {T? , e 13 , h?} 0<x 

then the image of j has less than k simplices {sj}, each such simplex Sj is contained 
in some cell e s of X which by the previous argument is contained in a subcomplex 
X s of X of size less than k. We take now the union of all these subcomplexes X s 
to get a subcomplex Xj of X of size less than k (since k is regular) which contains 
the image of j. Therefore j factors through the subcomplex Xj which has size less 
than k. 

Finally, we consider a relative cell complex / : X — > Y, 

f:X^Y,X=X ^X 1 ^ ► X p -» • • • (/3 < A), {T 13 , e?, h^} 0<x 

Take any map j : A — > Y where A is a domain or codomain of a map in /. Since 
all the inclusions are /-cells for the injective model structure, we have that X is a 
cell complex, 

i:Q)^X, 0-Xo^X! -> > X p ^ ■■■((3 <^), {T 13 , e' 3 , hP}p <v 

Combining this presentation of X with the presentation of / we get a presentation 
for Y as a cell complex, where X is a subcomplex. The previous argument shows 
that the image of j is contained in a subcomplex W of Y where the size of W is 
less than k. Taking the union of W' and X we get a subcomplex Xfoif having the 
same size as W (as a subcomplex of /) which contains the image of j. Therefore 
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j factors through Xf where Xf is a subcomplex of / of size less than k, and this 
shows that A is K-compact relative to I. □ 

Finally we are ready to prove Hirschhorn's ccllularity theorem. 

Theorem 2.2.4. The category A op Pre(Sm\s) Nis of simplicial presheaves on 
the smooth Nisnevich site (Sm\s)Nis is a cellular model category when it is equipped 
with the injective model structure, the sets of generating cofibrations and generating 
trivial cofibrations are the ones considered in theorem \2.1.1\ 

PROOF. We have to check that the conditions ([TJ-Q of definition II .3. 121 hold. 
(TT]) follows from theorem 12.1.11 which shows that the injective model structure is 
cofibrantly generated. ^ follows from proposition ^ . 2 . 3l and follows from lemma 
12.2.11 which says that every simplicial presheaf is small. Finally ((4]) follows from 
lemma [2X21 □ 

Theorem 12.2.41 will be used to show that the category Spt T (Sm\s)Nis of T- 
spectra on Sm | 5 equipped with the motivic stable model structure is cellular 
(see theorem I2.5.4j) . This will allow us to apply all the localization technology 
of Hirschhorn [7] to construct new model structures for Spt T (S'm|s)Ari S . 

2.3. The Motivic Model Structure 

Let Ag be the affine line over S. Consider the following set of maps 

V M = {*u:UxA 1 s ^U\U€ {Sm\ s )} 

In [18] Morel and Voevodsky show in particular that for simplicial sheaves on 
(Sm\s)Nis the left Bousfield localization for the injective model structure with 
respect to Vm exists, and furthermore they show it is a proper simplicial model 
structure. Their work was extended to the case of simplicial presheaves by Jardine 
in [14[ section 1]. Following Jardine we call this localized model structure the 
motivic model structure on A op Pre(Sm\s)Nis- 

Theorem 2.3.1 (Morel- Voevodsky, Jardine). Consider the category of simpli- 
cial presheaves on the smooth Nisnevich site (Sm\s)Nis equipped with the injective 
model structure. Then the left Bousfield localization (see section [l.9\) with respect 
to the set of maps Vm defined above exists. This model structure will be called mo- 
tivic, and the category A op Pre(Sm\s)Nis equipped with the motivic model structure 
will be denoted by Ai . Furthermore M. is a proper and simplicial model category. 

Proof. We refer the reader to [141 theorem 1.1]. □ 

The following theorem gives explicit sets of generating cofibrations and trivial 
cofibrations for Ai; and it also shows that with this choice of generators, Ai has 
the structure of a cellular model category. In [8] corollary 1.6] it is also proved that 
Ai is cellular. 

Theorem 2.3.2. Ai is a cellular model category, where the set Im of generating 
cofibrations and the set Jm of generating trivial cofibrations are defined as follows: 

(1) Im = I where I is the set of generating cofibrations for the injective model 
structure on A op Pre(Sm\s)Nis (see theorem \2.1.1\) . 

(2) J M = {j ■ A — > B} such that: 

(a) j is a monomorphism. 
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(b) j is a Vm -local equivalence. 

(c) The size of B as an I -cell complex (see definition \1.3.2\) is less than n, 
where k is the cardinal defined by Hirschhorn in [7, definition 4.5.3] . 

Proof. By theorem l2.2.4l the injective model structure on A op Pre(Sm\s)Nis is 
cellular. Therefore we can use Hirschhorn's techniques (see section H~9|) to construct 
the left Bousfield localization with respect to the set of maps Vm defined above. 
This model structure is identical to the motivic model structure of theorem 12.3.11 
since both are left Bousfield localizations with respect to the same set of maps. 
Now using [7, theorem 4.1.1] we have that the motivic model structure is cellular. 
So it only remains to show that the sets of generating cofibrations and trivial 
cofibrations are the ones described above. For the set of generating cofibrations it 
is clear. Theorem 4.1.1 in [7] implies that the generating trivial cofibrations are 
the maps j : A — > B where j is an inclusion of /-cell complexes and a VM-local 
equivalence, and the size of B is less than n. The result follows from the fact that 
in the injective model structure for A op Pre(Sm\s)Nis, /-cell is just the class of 
monomorphisms and that every object in A op Pre(Sm\s)Nis is an /-cell complex 
(see remark |2~1~2]) . □ 

Following Jardinc we say that a simplicial presheaf X is motivic fibrant if X is 
VM-local. 

Proposition 2.3.3. The following conditions are equivalent: 

(1) X is motivic fibrant. 

(2) X is fibrant in the injective structure and for every U in Sm\s the map 
induced by U x Ag — ► U 

Map(U, X) ^ Map(U x A<j, X) 

is a weak equivalence of simplicial sets. 

(3) X is fibrant in the injective structure and for every U in Sm | 5 the map 
induced by U x * — > U x Ag 

Map(U x A^, X) 5- Map(U x *, X) 

is a weak equivalence of simplicial sets, where * — ► A^ is any rational 
point for K l s . 

(4) X is fibrant in the injective structure and for every U in Sm \ 5 the map 
induced by U X * — > U x Ag 

Map(U x A^, X) ^ Map(U x *, X) 

is a trivial fibration of Kan complexes, where * — > A g is any rational point 
for Al,-. 

(5) X is fibrant in the injective structure and for every U in Sm\s the map 
induced by U x * — > U x A^ 

H.om Pre (U x A<j, X) >- Homp re (C7 x *, X) 

is a trivial fibration between fibrant objects in the injective model structure 
for A op Pre(Sm\s) Nis , where * — > Ag is any rational point for Ag. 
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Proof. The claim that © and ((2]) are equivalent follows from the definition 
of VM-local and the fact that every simplicial presheaf is cofibrant in the injec- 
tive model structure. © and ([3]) are equivalent since the following diagram is 
commutative 

U S U x * ^ U x 

id 

u 

and weak equivalences of simplicial sets satisfy the two out of three property. ([3]) 
and © are equivalent since the injective structure is in particular a simplicial model 
category. 

© © : Since A op Pre(Sm\s)Nis equipped with the injective model structure 
is a symmetric monoidal model category we have that 

Hom Pre (U x Ag,X) — —s- Hom Pre (U x *, X) 

is a fibration between hbrant objects in the injective structure. It only remains to 
show that p is a weak equivalence in the injective model structure. Lemma 12.1.51 
implies that it is enough to show that 

Hom Pre ([/ x A^, X)(V) -^—2- Hom Pre ([/ x *, X){V) 

is a weak equivalence of simplicial sets for every V in (Sm\s)- But for any simplicial 
presheaf Z we have a natural isomorphism of simplicial sets Z(V) = Map(V, Z), 
therefore p(V) is just 

Map(V,Uom Pre (U x A<j, X)) J—^ Map(V, Hom Pre (U x *,X)) 
Now using the enriched adjuntions of 12.1.31 p(V) becomes 

Map(V x U x A^, X) -^-X- Map(V X U x *, X) 

and by hypothesis we know that this map is a weak equivalence of simplicial sets. 
© => ©: Since the injective model structure is simplicial, we have that 

Map(U xA^I) — f -^ Map(U x *, X) 

is a fibration between Kan complexes. So it only remains to show that / is a weak 
equivalence of simplicial sets. By hypothesis we have that 

Homp re ([7 x Ag, X) — — »- Homp re ([/ x *, X) 

is a trivial fibration between fibrant objects in the injective model structure. Lemma 
12.1.51 implies that if we take global sections at S: 

Hom Pre (J7 x A S ,X){S) -^-^ Hom Pre ([/ x *,X)(S) 
we get a weak equivalence of simplicial sets. But p(S) is natural isomorphic to 

Map(U x A 1 s ,X)^-+Map(U x *,X) 
so this proves the result. □ 
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Proposition 2.3.4. Let X be a motivic fibrant simplicial presheaf on the 
smooth Nisnevich site {Sm\s)Nis- Then for any Y in A op Pre(Sm\s)Nis, the sim- 
plicial presheaf Homp re (Y 1 X) is also motivic fibrant. 

Proof. Since the injective structure is a symmetric monoidal model category 
(see lemma [2.1.41) we have that Homp re (Y, X) is a fibrant object for the injective 
model structure. Proposition 12. 3. 5t |5]) implies that for every U in Sm\s, the map 

Homp re ([/xAj,X) — ^Homp re (lf X*,X) 

is a trivial fibration between fibrant objects in the injective model structure for 
A op Pre(Sm\s)Nis, and since the injective model structure is simplicial we have 
that 

Map(Y,~Homp re (U x A^, X)) — ^ Map(Y, Hom Pre (U x *,X)) 

is a trivial fibration of Kan complexes. Now using the enriched adjunctions of 
proposition ^. 1.31 becomes 

Map(Y xU xAl, X) — ^ Map(Y x U x *, X) 

and finally 

Map(U x A^, Hom Pre (r, X)) Map(U x *,Hom Pre (y,I)) 

therefore proposition I2.3.3B4] ) implies that Homp re (Y, X) is motivic fibrant since 
is a trivial fibration of Kan complexes for every U in (Sm\s). □ 

Since the motivic and the injective model structures have the same class of cofi- 
brations and the same set of generating cofibrations, it follows that the cofibrations 
for the motivic model structure also have the properties described in remark \2. 1.21 

COROLLARY 2.3.5. M. is a symmetric monoidal model category. 

Proof. The cofibrations for the motivic and injective model structures coin- 
cide, therefore it only remains to show that if we have two cofibrations i : A — > B, 
j : C — > D where j is a motivic weak equivalence, the induced map 

iUj :AxD JJaxc B xC ^ B x D 

is a trivial cofibration in A4. Since every simplicial presheaf is cofibrant in the 
motivic model structure, it is enough to prove the following claim: For any trivial 
cofibration j : C — > D in Ai and for any simplicial presheaf A, the induced map 
j x id : C x A ^ D x A is & trivial cofibration in M.. Since the injective model 
structure for A op Pre(Sm\s) Nis is a symmetric monoidal model category (see lemma 
I2.1.4p we have that j x id is a cofibration, so it only remains to show that it is a weak 
equivalence in Ai. Let X be any motivic fibrant simplicial presheaf, proposition 
12.3.41 implies that Homp re (A, X) is also motivic fibrant, therefore since j is a weak 
equivalence in A4, the map 

Map(D, Hom Pre (A, X)) — Map(C, Hom Pre (i, X)) 

is a weak equivalence of simplicial sets. Now using the enriched adjunctions of 
proposition 12. 1.31 j* becomes 



Map(D x A, X) — ^ Map(C x A, X) 
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and this implies that j x id : C x A ^ D x A is & weak equivalence in M, hence 
the result follows. □ 

Remark 2.3.6. Proposition \1. 7.~9\ implies that the associated pointed category 
A op Pre*(Sm\s) Nis of pointed simplicial presheaves is also closed symmetric monoidal, 
we denote by XAY the functor giving the monoidal structure, and by Homjv^ (X, Y) 
the adjunction of two variables. 

Proposition 2.3.7. Let A4* denote the pointed category associated to M. (see 
remark ] 1.1.2]) , i.e. the category with pointed simplicial presheaves as objects and 
base point preserving maps. The model structure on induced from the model 
structure on M. is cellular, proper, simplicial and symmetric monoidal. Further- 
more, Ai* is a SSets^-model category (see definition ] 1.7.12] ). The sets Im,, Jm, of 
generating cofibrations and trivial cofibrations respectively, are defined as follows: 

(1) 

Im, = {i+ : Y+ (A£) + } 
where i :Y Aj^ is a generating cofibration for M. (see theorem ] 2. 3. 2)H ]) ) . 



(2) 



Jm, = {j+ :A + ^B+} 



where j is a map in the set J defined in theorem \ 2.3.2u 2y. i.e. j is a 
generating trivial cofibration for M. . 

Proof. Theorems 12.3.11 1^3.21 together with corollary 12.3.51 imply that M is 
cellular, proper, simplicial and symmetric monoidal. Then theorem 11.3.131 and the- 
orem [lAH imply that the associated pointed category M.* with the induced model 
structure is cellular (with the sets of generating cofibrations and trivial cofibra- 
tions as defined above) and proper. Now proposition 1 1 . 7 . 13l implies that A4* is a 
SSets„-model category, and this induces a simplicial model structure in ./Vf*, since 
the natural functor SSets — > SSets* which adds a disjoint base point is a left 
Quillen monoidal functor. Finally proposition ll.7.9l implies that is symmetric 
monoidal. □ 

Definition 2.3.8 (cf. [O]). Let X e M be a simplicial presheaf. We say that 
X is motivic flasque if: 

(1) X is flasque (see definition 12.1.12]) . 

(2) For every U € Sm\s the map 

X(U) ^ Map(U, X) ^ Map(U x Ag, X) X(U x Ag) 

induced by the projection U x Ag — > U is a weak equivalence of simplicial 
sets. 

Remark 2.3.9. (1) The class of motivic flasque simplicial presheaves is 

closed under filtered colimits. 

(2) The functors (j) -1 and </>» (see definition V2.1.8]) preserve motivic flasque 
simplicial presheaves. 

(3) If X is fibrant in the motivic model structure for A op Pre*(Sm\s)Nis then 
X is also motivic flasque. 

Definition 2.3.10 (cf. [H]). Let X e M* be a pointed simplicial presheaf. 
We say that X is compact if: 
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(1) All inductive systems Z\ — > Zi — ► • • ■ of pointed simplicial presheaves 
induce isomorphisms 

Horn VI. (X, lim = lim Horn vt , (X, Zi) 

(2) If Z is motivic flasque, then Hom^vi^ (X, Z) is also motivic fiasque. 

(3) The functor 

Hom.M. (X, -) : M* >■ M* 

takes sectionwise weak equivalences of motivic flasque pointed simplicial 
presheaves to sectionwise weak equivalences. 

Proposition 2.3.11. Let X s M.„ he a pointed simplicial presheaf and let 

Z\ >■ Zi >■ ■ ■ • 

be an inductive system of pointed simplicial presheaves. If X is compact in the 
sense of Jardine (see definition ] 2. 3. 10\) then: 

[X,lim Zi] = ljm[X,Zi\ 

where [— , — ] denotes the set of maps in the homotopy category associated to M.„. 

Proof. Let R denote a functorial fibrant replacement in M.*, such that the 
natural map Ry ■ Y — ► RY is always a trivial cofibration. Consider the following 
commutative diagram: 

Zi s- Z 2 > >■ lim Z l 3 —^. i?(lim Zi) 

i in 

RZx ^ RZ 2 s - Um-RZi >■ RQimRZi) 

' JH * 

Since all the maps Z% — > RZi are trivial cofibrations, it follows that the induced 
map i : lim Z% — > lim RZi is also a trivial cofibration. Therefore: 

(11) [X,15mZi] ^ [X, lim RZi] = [X,R(ljmRZi)] 

We have that the pointed simplicial presheaves RZi are motivic fibrant, then 
remark l2.1.131j 3"j) implies that lim RZi satisfies the B.G. property. Therefore using 
theorem l2.1.7l we get that the map jn : lim RZi — > RilmiRZi) is a sectionwise weak 
equivalence. On the other hand lira RZj and fl(lim RZj) are both motivic flasque 
(see remark ) , and since X is compact we have that 

limHorriM, (X, RZi) S Hom^, (X, lim RZ,) ^ Hom M , (X, R(limRZi)) 

is a sectionwise weak equivalence of simplicial sets. Taking global sections at S we 
get the following weak equivalence of simplicial sets: 

limMap(X,RZi) -> Map(X, RQhnZ,)) 

Therefore 

(12) [X,R(ljmRZi)] Tr Map(X,R(limRZi)) 

= 7T lim Map(X, RZ t ) = lim Tr a Map(X, RZi) 

On the other hand: 

(13) limir Q Map(X, RZi) = lim[X, RZi] 
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Hence equations (fTT|) . (fT2|) and (fl3|) imply that 

[X, lim^i] [X, R(\hnRZi)} = Um[X, = limLY, Z,\ 
as we wanted. □ 

Definition 2.3.12. Let A G .M* 6e an arbitrary 'pointed simplicial presheaf. 
We define the functor of ^4-loops as follows: 

flA ■ M* *- M* 

X l *- Horn vt . {A, X) 

Remark 2.3.13. (1) The functor of A-loops FIa has a left adjoint given 

by smash product with A, i.e. 

- AA : M* M* 

X\ *~X A A 

(2) The adjunction 

(- A A, Vt A , ip) : M* >■ M* 

is a Quillen adjunction. 

2.4. The Motivic Stable Model Structure 

In |14) Jardine constructs a stable model structure for the category of T-spectra 
on Sm\s- In order to define this stable model structure, he constructs two auxiliary 
model structures called projective and injective. In this section we recall Jardine's 
definitions for these three model structures on the category of T-spectra. 

Let S 1 denote the constant presheaf associated to the pointed simplicial set 
A 1 /dA 1 , let S n denote S 1 A- • -AS 1 (n-factors) and let G m denote the multiplicative 
group over the base scheme S, i.e. G TO = Ag — {0} pointed by the unit e for the 
group operation. Let T = S 1 A G m . 

Proposition 2.4.1. (1) T = S 1 AG m is compact in the sense of Jardine 

(see definition \2.3.10\) . 
(2) Consider U G Sm\s and r, s > 0. Then the pointed simplicial presheaf 
S r A A U+ is compact in the sense of Jardine, where <G^ denotes 
G m A ■ • • A G m (s-factors). 

Proof. Follows immediately from [14} lemma 2.2]. □ 

Definition 2.4.2. (1) A T-spectrum X is a collection of pointed simpli- 

cial presheaves (X n ) n >o on the smooth Nisnevich site Sm\s, together with 
bonding maps 

T A X n ——^ X n+1 
(2) A map f : X — > Y of T-spectra is a collection of maps 

f n 
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in M* which are compatible with the bonding maps, i.e. the following 
diagram: 

idAf n 

TAX™ >- T A Y n 



X n+1 ^ Y n+1 

f „+i 

commutes for all n > 0. 
(3) With the previous definitions we get a category called the category of T- 
spectra which will be denoted by Spt T (Sm\s)Nis- 

The category of T-spectra has a natural simplicial structure induced from the 
one on pointed simplicial presheaves. 

Given a T-spectrum X, the tensor objects are defined as follows: 

X A — : SSets *- Spt T (Sm\s)Nis 

K I ^ X A K 

where (X A K) n = X n A K+ and the bonding maps are 

T A (X n A K+) (T A X n ) A K+ ° - X n+1 A K+ 

The simplicial functor in two variables is: 

Map(-, -) : {Spt T (Sm\s)ms) op x Spt r (S'm|s)ivi s >- SSets 

(X, Y) i ^ Map(X, Y) 

where Map(X, Y) n — Homg pt tSm\ s )Nis P^A™ , ^0> an d finally for any T-spectrum 
Y we have the following functor 

Y~ : SSets »- {Spt T {Sm\ s ) Nls )°P 

K l Y K 

where (Y )" = (Y n ) K + with bonding maps 

T A (Y n ) K + ^-s* (T A F n ) K + ^> {Y n+1 ) K + 

where for U & (Sm\s), cn(U) is adjoint to 

T{U) A {Y n (U)) K + A K+ %* T(U) A Y n (U) 

Remark 2.4.3. (1) In fact there exists an adjunction of two variables (see 

definition\TZ^: 



Spt T (Sm\s)Nis x SSets* s- Spt T (S'm|s 



Ni 



which induces the simplicial structure for T-spectra described above via the 
monoidal functor SSets — ► SSets* which adds a disjoint base point. 
(2) For any two given spectra X , Y , the simplicial set Map(X, Y) is just 
Map*(X,Y) (i.e. the pointed simplicial set coming from the adjunction 
of two variables described above ) after forgetting its base point 

lu : X s~ * s- Y 
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We have the following family of shift functors between T-spectra defined for 
every n G Z 

s n : Spt T (5m|s)Ar is ^ Spt T (5m|s)Ar is 

X I X[n] 

where X\n] is defined as follows: 



(X[n]Y 



* if to + n < 0. 

X m+n if TO + n > 0. 



with the obvious bonding maps induced by X. It is clear that so = id and that for 
n > 0, s n is right adjoint to s_ n , i.e. 

Hom SptT(Sm | s ) iVls (X,r[n]) ^ Hom S p tr(Sm | s ) JVls F) 

We define the projective model structure as follows. 

Definition 2.4.4. Consider the following family of functors from the category 
of pointed simplicial presheaves to the category of T -spectra: 

F n : M* >- Spt r (S , TO| s ) A r is 

(14) 

X\ »- (E§?X)[-n] 

where T,^'X is defined as follows: 

{^X) k = T k A X 

where the bonding maps are the canonical isomorphisms T A (T k A X) ^> j^k+i^ 
and T° A X is just X . 

We also have the following evaluation functors from the category of T-spectra 
to the category of pointed simplicial presheaves: 

Ev n : Spt T (5'TO|s)Ar i;s ^ X* 

X\ ^X n 

where n > 0. It is clear that Fo is left adjoint to Evq. This implies that for every 
n > 0, F n is left adjoint to Ev n and F_ n is left adjoint to f2J, o Evq- 

We say that a map of T-spectra / : X — » Y is a level equivalence if for every 
n > 0, /" : X n — > Y"" is a weak equivalence in 

Let /m, and Jm, denote the sets of generating cofibrations and trivial cofibra- 
tions for M.* (see proposition 1 2 . 3 . 7| . 

Theorem 2.4.5 (Jardine). There exists a cofibrantly generated model structure 
for the category Spt T (S , TO|5)jvi S of T-spectra with the following choices: 

(1) The weak equivalences are the level weak equivalences defined above. 

(2) The set I of generating cofibrations is 

I=\J F n (Im, ) 

(3) The set J of generating trivial cofibrations is 

J=\J F n (J M ,) 

n>0 
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This model structure will be called the projective model structure for T '-spectra. 
Furthermore, the projective model structure is proper and simplicial. 

Proof. We refer the reader to [141 lemma 2.1]. □ 

Remark 2.4.6. Let f : A — » B be a map of T -spectra. 

(1) f is a cofibration in the projective model structure if and only if f : A — > 
B° and the induced maps 

T A B n TI TAA „ A n+1 {a " jn+1) - B n+i 

are all cofibrations in 

(2) f is a fibration in the projective model structure if and only if f is a level 
motivic fibration, i.e. for every n > 0, f n : A n — > B n is a fibration in 
M,. 

Proposition 2.4.7. Let n > 0. Consider M* and Spt T (Sm\ s )Nis equipped 
with the projective model structure (see theorem \2.4-5\ l. Then the adjunction 

[F n ,Ev n , tp) : M* *- Spt T (Sm\ s )Nis 

is a Quillen adjunction. 

Proof. It is enough to show that Ev n is a right Quillen functor. Let p : X — > Y 
be a fibration in the projective model structure for Spt T (Sm\s)ms, then p is a level 
motivic fibration. In particular, Ev n (p) = p n : X n — > Y n is a fibration in Ai*. 

Now let q : X — > Y be a trivial fibration in the projective model structure for 
Spt T (S'rn|5)Ari S . Then q is a level motivic trivial fibration. In particular, Ev n (q) = 
q n : X n — > Y n is a trivial fibration in M*. □ 

We now proceed to define the injective model structure for the category of 
T-spectra. 

We say that a map of T-spectra i : A — > B is a level cofibration (respectively 
level trivial cofibration) if for every n > 0, i n : A n — > B n is a cofibration (respec- 
tively trivial cofibration) in Ai*. Notice that a map i : A — > _B is a level cofibration 
if and only if it is a monomorphism in the category of T-spectra. 

Let A be an arbitrary T-spectra. We say that A is A-bounded if for every n > 0, 
the presheaf of pointed simplicial sets A n is A-bounded. 

Theorem 2.4.8 (Jardine). Let k be a regular cardinal larger than 2 a where a is 
the cardinality of the set Map(Sm\s) of maps in Sm\s- There exists a cofibrantly 
generated model structure for the category Spt T (Sm\s)Nis of T-spectra with the 
following choices: 

(1) The weak equivalences are the level weak equivalences. 

(2) The set I of generating cofibrations is 

I = {i: A^ B} 

where i satisfies the following conditions: 

(a) i is a level cofibration. 

(b) The codomain B of i is n-bounded. 

(3) The set J of generating trivial cofibrations is 

J = {j:A^B} 
where j satisfies the following conditions: 
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(a) j is a level trivial cofibration. 

(b) The codomain B of j is n-bounded. 

This model structure will be called the injective model structure for T -spectra. Fur- 
thermore, the injective model structure is proper and simplicial. 

Proof. We refer the reader |14l lemma 2.1]. □ 

Remark 2.4.9. (1) Let f : A — > B be a map of T -spectra. Then f is a 

cofibration in the injective model structure for ^pX T (Sm\s)Nia if md only 
if f is a level cofibration. 
(2) The identity functor on Spt T (Sm\s)Nis induces a left Quillen functor from 
the projective model structure to the injective model structure. 

Proposition 12 .3 . 71 implies in particular that M.* is a closed symmetric monoidal 
category. The category of T-spectra Spt^SVnls^is has the structure of a closed 
.M*-modulc, which is obtained by extending the symmetric monoidal structure for 
A4* level wise. 

The bifunctor giving the adjunction of two variables is defined as follows: 

- A - : Spt T (Sm\s)m s x M* >- Spt T (Sm| s )jVis 

(X, A) I »- X A A 

with (X A A) n — X n A A and bonding maps given by 

T A {X n A A) — =^ (T A X n ) A A — - X n+1 A A 
The adjoints are given by: 



fi_- : M° p x Spt T (Sm\ s )Nis >- Spt T (5m|s) 

(A, x) i n A x 



Ni 



hom r (-, -) : (Spt T (Sm\ s )Nis) op x Spt T (S , m|s)jv ls *- M* 

(X, Y) I ^ hom r (Jf , Y) 

where (fi A X) n = il A X n and the bonding maps TA(fl A X n ) -> tt A X n+1 are adjoint 
to 

T A (fl A X n ) A A ldAeVA * TAX n ^^X n+1 

and hom r (X, Y) is the following pointed simplicial presheaf on Sm\s- 

hom r (X,Y) : (Sm\ s x A)°p Sets 

(U, n) I Hom SptT(Sm | s)jVis (X A (A%)+,Y) 

PROPOSITION 2.4.10. (1) Let Spt T (Sm\s)Nis denote the category of T- 

spectra equipped with the projective model structure. Then Spt T [Sm\s) Nis 
is a AA*-model category (see definition \1.7.12\ ). 
(2) Let Spt T (Sm\s)Nis denote the category of T-spectra equipped with the 
injective model structure. Then Spt T (Sm\s) Nis is a A4*-model category. 
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Proof. In both cases we need to check that conditions ([I]) and |2j) in definition 
11.7.121 are satisfied. Condition ([2|) is automatic since the unit * ]J * is cofibrant in 
M,. 

|T]) : To check condition {J) in definition 11.7.121 we use lemma II .7.51( 3]) which 
implies that it is enough to prove the following claim: Given a cofibration i : A — > B 
in Ai* and a fibration p : X — > Y in Spt T (,!5m|s)Ni S then (i*,p*) : QbX — > 
VIaX xn A Y QbY is a fibration of T-spectra (in the projective model structure), 
which is trivial if either i or p is a weak equivalence. But fibrations in the projective 
model structure are level motivic fibrations, by proposition 12 . 3 . 71 we have that .M* 
is a symmetric monoidal model category, so in particular (i*,p*) is a level motivic 
fibration which is trivial if either i or p is a weak equivalence. This proves the claim. 

((2]): We will prove directly that we have a Quillcn bifunctor, i.e. given a 
cofibration i : A — > B in and a level cofibration j : C — ► D of T-spectra, 
we will show that £dj : D A A Yic/\A C A B ^ D A B is a level cofibration (i.e a 
cofibration in the injective model structure) which is trivial if either i or j is a weak 
equivalence. But cofibrations in the injective model structure are level cofibrations, 
and since is a symmetric monoidal model category, we have that idj is a level 
cofibration which is trivial if either i or j is a weak equivalence. This finishes the 
proof. □ 

If we fix A in M. * , we get an adjunction 

(- A A, Q A , ip A ) : Spt T (Sm\ s )Nis ^ Spt T (Sm\ s )Nis 

Proposition 2.4.11. Let A inM.* be an arbitrary presheaf of pointed simplicial 
sets on Sm\s- 

(1) The adjunction (— A A, Qa, Pa) defined above is a Quillen adjunction for 
the projective model structure on Spt T (Sm\s)Nis ■ 

(2) The adjunction (— A A, Qa, ^Pa) defined above is a Quillen adjunction for 
the injective model structure on Spt T (Sm\s)Nis- 

Proof. Since every object A in M.* is cofibrant, the result follows immediately 
from proposition 12.4. 101 □ 

Proposition 2.4.12. Let X, Y be two arbitrary T-spectra and let A in M* be 
an arbitrary presheaf of pointed simplicial sets. Then we have the following enriched 
adjunctions: 

Map(A, hom r (X, Y)) Map(X A A, Y) Map(X, Vt A Y) 



HoniM, (A, hom r (X, F)) hom r (X A A, Y) hom r (X, tt A Y) 

where the maps in the first row are isomorphisms of simplicial sets and the maps 
in the second row are isomorphisms in M*. 

Proof. We consider first the simplicial adjunctions: To any n-simplex t in 
Map(A, hom r (X, Y)) 

A <g A" — hom r (X, Y) 
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associate the following n-simplex in Map{X A A,Y): 

aft) 

X A A <g> A" — —>■ Y 

corresponding to the adjunction between X A — and hom r (X, — ). 
To any n-simplex t in Map(X A A, Y) 

A™ <8> X A A — X A A <g> A™ — ^ y 
associate the following n-simplex in Map(X, fi^y): 

x <g) a™ — =->- a™ ® x r^y 

corresponding to the adjunction between — A A and Qa- 

We consider now the isomorphisms of simplicial presheaves: To any simplex s 
in Honiyvu (A, hom r (X, Y)) 

A A Aj} — hom r (X, Y) 

we associate the following simplex in hom r (X A A, Y) 

X A A A Ajy -^-L y 

corresponding to the adjunction between X A — and hom r (X, — ). 
To any simplex s in hom r (X A A, Y) 

X A A]j A A — =^ XAAA Aj} y 
we associate the following simplex in hom r (X, VLaY) 

X AA^-^Ln A Y 

corresponding to the adjunction between — A A and Qa- D 

We now proceed to define the stable model structure for the category of T- 
spectra. Consider the functor Q T of T-loops in Spt T (Sm\s)Nis- There is an- 
other way to promote the T-loops functor from the category of pointed simplicial 
presheaves to the category of T-spectra. 

Definition 2.4.13. We define the functor Vt l T as follows: 
dtp : Spt T (Sm\ s )Nis >■ Spt T (Sm\ s )Nis 

x\ ^n e T x 

where (Q.ipX) n = Q. T X n and the bonding maps T A Vt T X n — > Cl T X n+1 are given by 
the adjoints to 

n T x n > n T (n T x n+1 ) 

where a™ : X n — > £ItX ,1+1 is adjoint to the bonding map 

— (T n 

X n A T ji A X n ^ x „+l 

Following Jardine we call the functor Qj, the /afce T-loops functor. 
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Remark 2.4.14. The fake T-loops functor f2 T has a left adjoint £ T called the 
fake T-suspension functor defined as follows: 

£ T : Spt T (Sm\s)Nis s*- Spt T (Sm\s)Nis 

X I *■ 'TjipX 

where (Ej.X) n = T A X n and the bonding maps are 

id A a n : T A (T A X n ) -> T A X n+1 
We will denote by S T the left adjoint (- A T) to Qy. 

For any T-spectrum X, the adjoints c™ : X" — > VlTX n+1 of the bonding maps 
are the levelwise components of a map er* : X — » fi|,X[l]. Consider the following 
inductive system of T-spectra: 

x n T x[i] — > {n e T ) 2 x[2} — — — ■ ■ ■ 

and denote its colimit by QtX. The functor Qt is called the stabilization functor. 

Following Jardine, J will denote a fibrant replacement functor for the projective 
model structure and / will denote the corresponding fibrant replacement functor 
for the injective model structure on Spt T (S , m|g)jvis- The tranfinite composition 
X — > QtX will be denoted r]x, and we define fjx as the composition 

x Q T X QtUx) : Q T JX 

We say that a map / : X — > y of T-spectra is a stable equivalence if it becomes 
a level equivalence after taking a fibrant replacement and applying the stabilization 
functor, i.e. if QrJ(f) ■ QtJX — » QtJY is a level equivalence of T-spectra. 

Remark 2.4.15. Let / : X — » y 6e a map of T-spectra. 

(1) f is a stable equivalence if and only if the map 

iQ T J{f) ■ iQtJx -> jq t jy 

is a level equivalence of T-spectra. 

(2) If f is a level motivic equivalence then f is also a stable equivalence. 

Theorem 2.4.16 (Jardine). Let Spt T (5?7j|s)Ar; s be the category of T-spectra 
equipped with the projective model structure (see theorem \2.4-5\) . Then the left 
Bousfield localization of Spt T (Sm\s)Nis with respect to the class of stable equiva- 
lences exists, and furthermore it is proper and simplicial. This model structure will 
be called motivic stable, and the category of T-spectra 3pt T (Sm\s)Nis, equipped 
with the motivic stable model structure will be denoted by Spt T .M*. 

Proof. We refer the reader to [141 theorem 2.9]. □ 

Proposition 2.4.17. Let n > 0. Consider the adjunction 

{F n ,Ev n , ip) : M* *- Spt T X* 

described in proposition \2.4-^\ Then (F n , Ev n ,tp) is a Quillen adjunction. 

Proof. Follows immediately from proposition 12.4.71 and the following fact: 

• The identity functor on Spt T (5m| s)jVis is a left Quillen functor from the 
projective model structure to the motivic stable model structure. 
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Lemma 2.4.18 (Jardine). Let p : X — > Y be a map of T-spectra. Then p is 
a fibration in Spt T .M* (we then say that p is a stable fibrationj if the following 
conditions are satisfied: 

(1) p is a fibration in the projective model structure for Spt T (Sm\s)Nis, i-s. 
p is a level motivic fibration. 

(2) The following diagram is level homotopy Cartesian: 



X Q T JX 



Y 



?tJ(p) 

ItJY 



Proof. We refer the reader to [141 lemma 2.7] 



□ 



Lemma 2.4.19 (Jardine). Let X be aT-spectrum. The following are equivalent: 

(1) X is a fibrant object in Spt T .A/f* (we then say that X is stably fibrant,). 

(2) X is a fibrant object in the projective model structure for T spectra (i.e. X 
is level motivic fibrant) and the adjoints to the bonding maps tr™ : X n — > 
Q,TX n+1 are weak equivalences in M.„. 

(3) X is a fibrant object in the projective model structure for T-spectra and 
the adjoints to the bonding maps are sectionwise weak equivalences of sim- 
plicial sets, i.e. for any U £ (Sm\s) the induced map <7™(t/) : X n (U) — > 
riTX n+1 (U) is a weak equivalence of simplicial sets. 

Proof. We refer the reader to [141 lemma 2.8]. □ 



We say that a T-spectrum X is stably fibrant injective, if X is a fibrant object 
in both the motivic stable and the injective model structures for Spt T (S m\ s) n is- 

Corollary 2.4.20. Let X be a T-spectrum. Then LQtJX is a stably fibrant 
injective replacement for X , i.e. the natural map 

X IQtJX 

is a level weak equivalence (in particular a stable weak equivalence) and IQtJX is 
stably fibrant injective. 

Proof. It is clear that rx is a level weak equivalence and that IQtJX is 
fibrant in the injective model structure for Spt T (S , rn|s)Ari S , so we only need to 
show that IQtJX is stably fibrant. Since the identity functor on Spt T (Sm\s)Nis 
is a left Quillen functor from the projective to the injective model structure (see 
remark I2.4.9p |)). we have that IQtJX is in particular a fibrant object in the 
projective model structure for T spectra. Lemma [2.4.19[ |3"|) implies that it is enough 
to show that the adjoints to the bonding maps for IQtJX, cr™ : (IQtJX) 71 — » 
Q.T{IQTJX) n+1 are all sectionwise weak equivalences of simplicial sets. We will 
prove that using the following commutative diagram, and showing that the top row 
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and the vertical maps are all sectionwise weak equivalences of simplicial sets: 
(Q T JX) n — ^ n T (QTJX) n+1 



{IQ T JX) n fl T (IQ T JX) n+1 
A cofinal argument implies that the adjoints of the bonding maps for Qj-JX: 

{QtJxT n T {Q T jx) n+1 

are isomorphisms, so in particular these maps are sectionwise weak equivalences of 
simplicial sets. 

Since the B.G. property (see definition ^. 1.6[) is preserved under filtered colimits 
and the fibrant objects for .M* in particular satisfy the B.G. property (see theorem 
I2.1.7[) . we have that the pointed simplicial presheaves (QxJX) n satisfy the B.G. 
property. Therefore theorem 1 2 . 1 . 71 implies that the maps (QtJX)™ — > (IQtJX) 71 
are sectionwise weak equivalences of simplicial sets. 

Remark l2.3.91f Tj) implies that the pointed simplicial presheaves (QtJX) 71 are all 
motivic flasque, and since the simplicial presheaves (IQtJX) 71 are fibrant in 
we have that (IQtJX)™ are also motivic flasque. Now since T is compact in the 
sense of Jardine (see proposition ^. 4. ip . we have that the maps Q,T{QTJX) n+1 — » 
£It(IQtJX) u+1 are sectionwise weak equivalences of simplicial sets. This finishes 
the proof. □ 

Corollary 2.4.21. Let A in A4* be an arbitrary pointed simplicial presheaf 
and let X be a stably fibrant T -spectrum. Then D,aX is also stably fibrant. 

Proof. Using proposition [2ATT] we have that Qa is a right Quillen functor for 
the projective model structure on Spt T (Sm\s)Nisi therefore in particular QaX is 
level fibrant. Lcmma r2.4.19lj 2"j) implies that cr™ : X n — » flxX n+1 are motivic weak 
equivalences between motivic fibrant objects. M* is a symmetric monoidal model 
category, then Ken Brown's lemma fT. 1 ,5l implies that ^(cr™) : VIaX — > Q,A^TX n+1 
is a motivic weak equivalence. Let 9 n : f^JT™ — > ilT^AX n+1 be the adjoint to 
the bonding map T A VLaX 71 — » Slyil" +1 for the spectrum CIaX, then we have the 
following commutative diagram: 

n A x n -^U n T n A x n+1 
n A n T x n+1 

where t is the isomorphism which flips loop factors. Then the two out of three prop- 
erty for weak equivalences in Ai* implies that the maps 6 n : f^X" — > Ht^I aX u+1 
are motivic weak equivalences. Finally, lemma l2".4.19p l) implies that Q.aX is stably 
fibrant as we wanted. □ 

Lemma 2.4.22 (Jardine). Let f : A — » B be a map of T -spectra. The following 
are equivalent: 

(1) f is a weak equivalence in Spt T .A4*. 
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(2) For every stably fibrant injective object X , f induces a bijection 

f* : [B,X]s p t >■ [A,X]s p t 

in the homotopy category associated to Spt T .M*. 

(3) For every stably fibrant injective object X, f induces a bijection 

f* : [B,X] >■ [A, X] 

in the projective homotopy category for Spt T (Sm\s) Nis ■ 

(4) For every stably fibrant injective object X, f induces a weak equivalence 
of simplicial sets 

f* : Map(B, X) »- Map(A, X) 

Proof. We refer the reader to [14[ lemma 2.11 and corollary 2.12]. □ 

Proposition 2.4.23. Let A in A4* be an arbitrary presheaf of pointed simplicial 
sets. Then the adjunction 

(- A A, Q A ,ip A ) : Spt T .M* >- Spt T .M» 

is a Quillen adjunction. 

Proof. Since the cofibrations in the stable and projective model structures for 
T-spectra coincide, we have that — A A preserves stable cofibrations (since — A A is a 
left Quillen functor for the projective model structure). So it only remains to show 
that if j : B — > C is a trivial cofibration in Spt T .M*, then j Aid : B A A — *CAA 
is a weak equivalence in Spt T .M*. Let X be an arbitrary stably fibrant injective 
T-spectrum, corollary 12.4.211 implies that Q, A X is also stably fibrant, and since 
VLa is a right Quillen functor for the injective model structure on Spt T (5m|s)ATi S 
(see proposition 12.4. lljl . we have that VL A X is also fibrant in the injective model 
structure. Thus £l A X is stably fibrant injective, then lemma l2". 4. 221 implies that j* : 
Map(C, Q A X) — » Map(B, fl A X) is a weak equivalence of simplicial sets. Using the 
enriched adjunction of propositon 12.4.121 j* becomes (j A id)* : Map(C A A, X) — > 
Map(BAA, X). Finally since (j Aid)* is a weak equivalence for every stably fibrant 
injective spectrum X, we get that j A id : C A A — >■ B A A is a, weak equivalence in 
Spt T 7W,. □ 

PROPOSITION 2.4.24. Spt T yV(* is a M*-model category (see definition \1.7.12\j . 

Proof. Condition (j2| in definition 11.7.121 follows automatically since the unit 
in M.* is cofibrant. It only remains to prove that if i : A — > B is a cofibration in M.* 
and j : C — > D is a cofibration in Spt T 7W* then iDj :DAA UcaA C A B — > D A B 
is a cofibration in Spt T .M* which is trivial if either i or j is a weak equivalence. 
Since the cofibrations in the projective and the motivic stable model structure 
for Spt T (Sm\s)Nis coincide, and proposition 12.4. 101 implies in particular that the 
category of T-spectra equipped with the projective model structure is a A^*-model 
category, we have that idj is a cofibration in the motivic stable structure. It only 
remains to show that idj is a stable weak equivalence when either i or j is a 
weak equivalence. If i is a weak equivalence (i.e. a trivial cofibration) then using 
proposition ^. 4.101 again we have that iOj is a level weak equivalence, therefore i\3j 
is also a stable equivalence (see remark l2.4.15|) . Finally if j is a stable equivalence 
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(i.e. a trivial cofibration in the motivic stable structure) then we consider the 
following commutative diagram 



jAi, 




Proposition ^. 4.231 implies that j A id a and j A ids are both trivial cofibrations in 
Spt T .M*. Thus / is also a trivial cofibration (since it is the pushout of j AidA along 
idc A i), and therefore the two out of three property for stable weak equivalences 
implies that i\3j is a stable equivalence. This finishes the proof. □ 

In order to prove that the motivic stable model structure on Spt T (S'm|5')jvis is 
in fact "stable" , i.e. that the T-suspension functor is indeed a Quillen equiv- 
alence, Jardinc introduces bigraded stable homotopy groups which allow to give 
another criterion to detect motivic stable weak equivalences. 

Definition 2.4.25. Let X be an arbitrary T-spectrum. The weighted stable 
homotopy groups of X are presheaves of abelian groups Tr t . s X (where t, s £ X) on 
Sm\s- For U £ (Sm\s) the sections n t . s X(U) are defined as the colimit of the 
inductive system: 

[S t+n A G s + n ,X n \u] ^ [S t+n+1 A G s + n+1 ,X n+1 \ u ] »- • • • 

where [— ,X % \u] denotes the set of maps in the homotopy category associated to the 
motivic model structure on the category A op Pre*(Sm\u)Nis of pointed simplicial 
presheaves on the smooth Nisnevich site over the base scheme U , and the transition 
maps are given by taking suspension with T and composing with the bonding maps 
of X . The index t is called the degree and the index s is called the weight ofiit^X. 

Proposition 2.4.26. Consider t,s £ Z and U £ (Sm\s). Then the following 
functor: 

Spt T A^* s- Abelian Groups 

x\ *n,.x(U) 

is representable in the homotopy category associated to Spt T .A/(». To represent it 
we can choose any spectrum of the form ( see definition \2.4-4\ ) 

F n (S p A&l AU+) 

where n,p,q > 0, p — n = t and q — n = s. 

Proof. Since every pointed simplicial presheaf on Sm\s is cofibrant in 
proposition 12.4.171 and corollary 12.4.201 imply that 

[F n (S p A &? n A U+),X} Sp t = [S p A Gl A U+, [IQ T JX) n ] 

where [—,—]spt denotes the set of maps between two objects in the homotopy 
category associated to Spt r .M*, and [— , — ] denotes the set of maps in the homotopy 
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category associated to M.*. Since QtJX — > IQtJX is in particular a level motivic 
trivial fibration we have the natural isomorphism 

[S p A G q n A U+, (IQ T JX) n ] S [S p A G q m A U+, [Q T JX) n ] 

Now since S* p A G^ A C/+ is compact in the sense of Jardine (see proposition 
12.4. lj) . using proposition 1 2. 3. Ill we have that 

[S p A G q m A U + , (Q T JX) n ] £ lim[S p+J ' A A 17+, ( JX)"+ J ] 

Since .M* is in particular a symmetric monoidal model category (see proposition 
12.3. 7p and U+ G A op Pre, (Sm\s)ms is cofibrant, we have that 

l\m[S p+3 A G q + j A U+, (JX) n+j ] = ljm[S p+j A G^,Hom M ,(!7 + , {JX) n+r )] 

j>0 j>0 

Proposition 12 . 1 . 101 implies that 

lim[S p+j A G^'.HomM, (U+, (JX) n+ ^)} = ljm[S p+j A G q + j , ^- 1 (J*) n " W ] 

where <j) : U — + 5* is the structure map defining U as an object in Sm\s- 

Now since M.* is in particular a simplicial model category, and 4>^<p~ 1 (JX) n+: ' = 
Hom.M,(U+, (JX) n+ i) is a fibrant object, we have that 

MMap(S p+ J A G q +\^- 1 (JX) n +^) 

computes [S p+: > AGJJ" 3 ',^»^" 1 (JX)' l+3 ]. The enriched adjunctions of proposition 
12.1.111 imply that 

Map(S p+1 A G q + j , <p*<f>~H JX) n+ i) S Map(4>- x {S p+i A G*+ j ), _1 (JX) n+J ') 

= Map{S p+0 A G*t j , tjT 1 ( JX) n+j ) 

Let r;/ : 4>~ 1 (JX) n+: > — > Ru<t>~ 1 (JX) n+: > be a functorial fibrant replacement for 
<f>~ l (JX) n+ i in the category of pointed simplicial presheaves A op Pre* (5m|t/)jvis 
on the smooth Nisnevich site over U equipped with the motivic model structure. 
It is clear that (JX) n+J is motivic flasque (see definition 12 .3 . 8[) and satisfies the 
B.G. property (see definition 12. 1.6|> on A op Pre*(Sm\s)Nis, and since </> _1 preserves 
both properties we have that 4>~ 1 (JX) n+: > is motivic flasque and satisfies the B.G. 
property on A op Pre*(Sm\u)Ni S . Thus rjj is a sectionwise weak equivalence, and 
since S p+: > A G^ J is compact in the sense of Jardine in A op Pre*(Sm\u)Nis (see 
proposition 12.4. 1| we have that 

HomjH, (S p+j A G*+ j , 0- 1 (JX)"+ i ) 

(15) 

Hom Mr (S p+ i A G£i,Ru4>- 1 (JX) n +i) 

is also a sectionwise weak equivalence. Taking global sections at U we get a weak 
equivalence of simplicial sets: 

Map{S p+3 A Q'*+i,<lr l {JX) n +i) 

(16) 

Map{S p+j A G q + 3 ,R u <j)- 1 {JX) n+ ^) 
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Thus Map(S p+j AG*+ :i ,<j>*<j>- 1 {JX) n+ i) and Map(S p+j A G<<+ j , Ru^iJX) 71 ^) 
are naturally weakly equivalent simplicial sets. Since A op Pre*(Sm\u)ms is a sim- 
plicial model category we have that 

n Map(S p+ i A G g + j , Ru^iJX) 71 ^) 

computes AG^', cj)' 1 (J X) n +i]u = [S P +^AG^, (JX) n+ '\u], where [-, -] v 

denotes the set of maps in the homotopy category associated to the motivic model 
structure on A op Pre*{Sm\u)m s - Thus [S p+j AG«+ J i,f 1 (Jl) n+J '] is naturally 
isomorphic to [S p+j A G«+ J , {JX) n+ i\u\. This implies that 

[F n (S p AGlAU+),X] Spt = M^AG^'^f 1 ^)^] 

j>0 

(17) = lun[S p+1 A<S q +',(JX) n+J \u} 

S lim[S p+j AG g + j ,X n+j \u] 

j>0 

— lTp-n,q-nX(U) = Tr t , s X(U) 

Therefore the functors [F n (S p A G^ A 17+ ), —}spt and 7Tt, s (— )(f7) have canonically 
isomorphic image for every T-spectrum X. To finish the proof we will give an 
element a <E n t . s (F n (S p A A U+))(U) which induces an isomorphism of functors 

[F n (S p A G? n A U+), -} Spt 7r M (-)(f7) 

Consider the identity map id : S*+J A G s +i AU+ — > A G^+ J A J7+ . Since — AU+ 
and Honi/n, (t7+, — ) are adjoint functors, we have an associated adjoint /3 J : 

5*+^' A G s +3 HomjM, (t7+, A G^+ J A [7+) = ^^(S'+J A Gf+ J A U+) 

Now let 7 J be the adjoint to /3 J corresponding to the adjunction between and 
0*: 

0- 1 (S' t+J ' A G^') — ^ ^- 1 (S' t+J ' A G^' A U+) 

Let [y] e [0- 1 ('5 t+J A GJ^ J '),0- 1 (S , * +J ' A G£+ j A U+)]u = [S t+j A G s +^>, (S t+ ^> A 
G^- 7 AU + )\u] denote the map induced by 7 J in the homotopy category associated 
to A op Pre*(Sm\u)Ni S equipped with the motivic model structure. It is clear that 
the maps [7^] define an element 

a e lim[S< + '' A G s + j , (S t+j A G s + j A U+)\u] 

j>0 

But 

[S t+ i A G s + j , (S t+J A G s +i A U+)\u] = [S t+1 A G s +> , (S p+ ^ n A G q + J - n A U+)\u] 

= [S t+ i A G s +\ (F n (S p A G q m A U + )Y\u] 

Thus 

a e lim[^ A G a +*, (F n (S p A G q m A U + )) j \u\ = K t , s {F n {S p AG'A £/+)) 

j>0 

Finally it is clear that a induces the required isomorphism of functors 
[F n (S p AG1A U+), -]s P t 7r M (-)(f7) 
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since by construction a is compatible with the isomorphisms in (|1T|) which are 
induced by ru : ^'(Jl)"^ — » Rtjcf>~ 1 (JX) n+: > via the natural maps rjj* in the 
diagrams (|15[) and (|16p. where denotes a functorial fibrant replacement in the 
category A op ' Pre*(Sm\u) ni s equipped with the motivic model structure. □ 

PROPOSITION 2.4.27 (Jardine). Let f : X — > Y be a map of T-spectra. The 
following are equivalent: 

(1) f is a weak equivalence in Spt T .M*. 

(2) For every t, s E Z, / induces an isomorphism 

Tt,s(/) i 7T M X ^ 7T tjS y 

of presheaves of abelian groups on Sm\s- 
Proof. We refer the reader to [14[ lemma 3.7]. □ 

Corollary 2.4.28. Let f : X ~>Y be a map of T-spectra. The following are 
equivalent: 

(1) f is a weak equivalence in Spt T .M*. 

(2) For every n,p,q > and every U E Sm\s, f induces an isomorphism 

[F n {SP A&lA U+),X] Spt - A>. [ Fn (SP A&lA U+),Y] Spt 

in the homotopy category associated to Spt T .M*. 

Proof. Follows immediately from propositions 12.4.271 and |2"A26I □ 

Theorem 2.4.29 (Jardine). The Quillen adjunction: 

(E T) T , ip) : Spt T X* ^ Spt T X* 

is a Quillen equivalence. 

Proof. We refer the reader to [141 theorem 3.11 and corollary 3.17]. □ 

Proposition 2.4.30 (Jardine). The natural map Yf T X — > X[l] from the fake 
suspension functor to the shift functor is a weak equivalence in Spt T .M*. Therefore 
the fake suspension functor and the shift functor are naturally equivalent in the 
homotopy category associated to Spt T .M*. 

Proof. We refer the reader to [HI lemma 3.19]. □ 

Proposition 2.4.31 (Jardine). The fake suspension functor and the sus- 
pension functor Et are naturally equivalent in the homotopy category associated to 
Spt T X». 

Proof. We refer the reader to [HI lemma 3.20]. □ 

Corollary 2.4.32 (Jardine). The T -loops functor U,t, fake T -loops functor 
fiy, and shift functor s_i (s-\X = X[—l]) are all naturally equivalent in the 
homotopy category associated to Spt T .M*. 

Proof. Follows immediately from propositions [2^4.301 and 12.4.311 □ 
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Proposition 2.4.33. LetX e A op Pre*(Sm\s)Nis be a pointed simplicial presheaf 
which is compact in the sense of Jardine (see definition 12.3.1 0\) . and let F n (X) be 
the T -spectrum constructed in definition \2.4-4\ Consider an inductive system of 
T -spectra: 

Za s- Z\ Z2 >■ • • • 

Then 

[F n (X),lhnZi\s p t = lim[F„(X), Zf\ Svt 

where [— , — ]s p t denotes the set of maps in the homotopy category associated to 
Spt T M*. 

Proof. Since X is cofibrant in M*, proposition 12.4.171 and corollary 12.4.201 
imply that 

[F n {X),^Zi] Spt = [X,(IQ T JljmZi) n ] 
= [X, (Q T J IjmZi) 71 } 

where [— , — ] denotes the set of maps in the homotopy category associated to .M*. 
Since X is compact in the sense of Jardine, we have that proposition 1 2 . 3 . Ill implies 
the following: 

[X, (Q T Jhm Zi) n ] a lim[5 j A & m A X, ( Jlim Zi) n+j ] 

j>0 

S mn[S j A & m A X, (lim 

Now lemma 2.2(4) in [14] implies that A G J m A X are all compact in the sense of 
Jardine, therefore using proposition 12.3. TT\ again, we have: 

lim^ A & m A X, (lim Zi) n+j ] = lim lim[5 j A A X, (Zi) n+j ] 

j>a j>0 i>0 

= lim \im[S j A & m A X, [Zi) n+1 ] 

i>0j>Q 

Si lim[X, {Q T JZi) n ] 

i>0 

= lim[F w (X), Zi]s P t 

i>0 

and this finishes the proof. □ 

2.5. Cellularity of the Motivic Stable Model Structure 

In this section we will show that Spt T .M* is a cellular model category. For this 
we will use the cellularity of M.* (see proposition 1 2 . 3 . 7j l together with some results 
of Hovey [TT] . 

The cellularity for the motivic stable model structure is also proved in [8j 
corollary 1.6]. However, our proof is different since we use the characterization for 
weak equivalences given in corollary I1.6.11t j2f (which holds in any simplicial model 
category) whereas the argument given in [5J corollary 1.6] relies on [111 theorem 
4.12] which does not apply to the model category M.* described in proposition ^. 3. 7l 
(see PU P- 83]). 
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Theorem 2.5.1 (Hovey). Let Spt T (Sm\s)Nis be the category ofT-spectra equipped 
with the projective model structure (see theorem \2.^.5\j . Then the category Spt T {Sm\s)Ni 
is a cellular model category where the sets of generating cofibrations and trivial cofi- 
brations are the ones described in theorem \2.4-5\ 

Proof. Proposition 12. 3. 71 implies that the model category M* is in particular 
cellular and left proper. Therefore we can apply theorem A. 9 in [11] , which says 
that the category of T-spectra equipped with the projective model structure is also 
cellular under our conditions. □ 

Theorem 12.4.51 together with theorem 12.5.11 imply that the projective model 
structure on Spt T (S f m|5)7Vj S is cellular, proper and simplicial. Therefore we can 
apply Hirschhorn's localization technology to it. If we are able to find a suitable set 
of maps such that the left Bousfield localization with respect to this set recovers 
the motivic stable model structure, then an immediate corollary of this will be the 
cellularity of the motivic stable model structure for Spt T (Sm\s)Nis- 

Definition 2.5.2 (Hovey, cf. [TT]). Let I Mt = {Y+ ^ (AJ})+} be the set of 
generating cofibrations for M.* (see propositon [2.3.7\ ). Notice thatY + may be equal 
to (A£r) + . We consider the following set of maps of T-spectra 

S = {F k+1 (T A Y+) -$L- F k Y+} 

where is the adjoint to the identity map (in A op Pre*(Sm,\s)Nis) 

id:TAY+^ Ev k+1 (F k Y+) = TAl + 

coming from the adjunction between F k+ \ and Ev k+ \ (see definition \2.4-4\ l- 

Proposition 2.5.3 (Hovey). Let X be aT -spectrum. The following conditions 
are equivalent: 

(1) X is stably fibrant, i.e. X is a fibrant object in Spt T .M*. 

(2) X is S -local. 

PROOF. Follows from fTTJ theorem 3.4] and lemma |2~4. 191 □ 

Now it is very easy to show that the motivic stable model structure for T- 
spectra is in fact cellular. 

Theorem 2.5.4. Spt T .M* is a cellular model category with the following sets 
fjrf , Jj^ of generating cofibrations and trivial cofibrations respectively: 

II, = U k >oi F k( Y + ^ ( A u)+) I U e (Sm\ s ),n > 0} 

J T m,={3--A^B} 

where j satisfies the following conditions: 

(1) j is an inclusion of i£j -complexes. 

(2) j is a stable weak equivalence. 

(3) the size of B as an ij^-complex is less than k, where n is the regular 
cardinal described by Hirschhorn in definition 4.5.3]. 
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Proof. By theorem 12.5.11 we know that Spt T (Sm\s)Nis is cellular when it is 
equipped with the projective model structure. Therefore we can apply Hirschhorn's 
localization techniques to construct the left Bousfield localization with respect to 
the set S of definition ^. 5. 2l We claim that this localization coincides with SptyAl*. 
In effect, using proposition ^. 5. 3[ we have that the fibrant objects in the left Bous- 
field localization with respect to S coincide with the fibrant objects in Spt T .M*. 
Therefore a map / : X — » Y of T-spectra is a weak equivalence in the left Bousfield 
localization with respect to S if and only if Qf* : Map(QY, Z) — » Map(QX, Z) 
is a weak equivalence of simplicial sets for every stably fibrant object Z (here Q 
denotes the cofibrant replacement functor in Spt T (S'm|5)jvi S equipped with the pro- 
jective model structure). But since Spt T A4* is a simplicial model category and the 
cofibrations coincide with the projective cofibrations, using corollary 1 1 . 6 . 1 1 1[ 2|) we 
get exactly the same characterization for the stable equivalences. Hence the weak 
equivalences in both the motivic stable structure and the left Bousfield localization 
with respect to S coincide. This implies that the motivic stable model structure 
and the left Bousfield localization with respect to S are identical, since the cofibra- 
tions in both cases are just the cofibrations for the projective model structure on 
Spt T (Sm\ s )N is- 

Therefore using theorem 4.1.1 in [7] we have that Spt T .M* is cellular, since it 
is constructed applying Hirschhorn technology with respect to the set S. 

The claim with respect to the sets of generating cofibrations and trivial cofi- 
brations also follows from [7] theorem 4.1.1] and the fact that ij^ is just the set of 
generating cofibrations for the projective model structure on Spt T (S'm|s)Ari S . □ 

Theorem [233] will be one of the main technical ingredients for the construction 
of new model structures on Spt T (S'rn|s)Ari S which lift Voevodsky's slice filtration 
to the model category level. 

2.6. The Motivic Symmetric Stable Model Structure 

One of the technical disadvantages of the category of T-spectra Spt T (5m|s)Afi S 
(see definition I2.4.2j) is that it does not inherit a closed symmetric monoidal struc- 
ture from the category of pointed simplicial presheaves Ai*. Symmetric spectra 
were introduced by Hovey, Shipley and Smith in [12] to solve this problem in the 
context of simplicial sets. 

Their construction was lifted to the motivic setting by Jardine in [14] . where 
he constructs a closed symmetric monoidal category of T-spectra together with a 
suitable model structure which is Quillen equivalent to the category Spt T .M* (see 
theorem 12.4. 16)1 . In this section we describe some of his constructions and results 
that will be necessary for our study of the multiplicative properties of the slice 
filtration. 

Definition 2.6.1. For n > 0, let E„ denote the symmetric group on n letters 
where So * s by definition the group with only one element. 

The (g,p)-shuffle c 9iP £ is given by the following formula: 




i + p if 1 < i < q. 

i — q ifq + l<i<p + q. 
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Definition 2.6.2 (Jardine, cf. [Hj). (1) A symmetric T-spectrum X is 
a collection of pointed simplicial presheaves (X n ) n >o on the smooth Nis- 
nevich site Sm\s, together with: 

(a) Left actions 

£„ x X n ^ X n 

(b) Bonding maps 

T A X n X n+1 
such that the iterated composition 

is S r x Yi n -equivariant for r > 1 and n > 0. 
(2) A map f : X — > Y of symmetric T -spectra is a collection of maps 

r 

X n - Y n 
in Ai* satisfying the following conditions: 

(a) Compatibility with the bonding maps, i.e. the following diagram: 

idAf n 

T A X n ^ T A Y n 



X n+1 ^ yn+1 

r + l 

commutes for all n > 
(b) f n is Y, n -equivariant. 
(3) With the previous definitions we get a category, called the category of 
symmetric T-spectra which will be denoted by Spt ;|i (S 'm\ s) n is- 

Example 2.6.3. Given any pointed simplicial presheaf X in M.*, the T-spectrum 
Fq(X) has the structure of a symmetric T-spectrum; where the left action o/E n on 
Fq(X)' 1 — T n A X is given by the permutation of the T factors. 

In particular if we take X = S° , we get the sphere T-spectrum; which will be 
denoted by 1. 

The category of symmetric T-spectra has a simplicial structure similar to the 
one that exists for T-spectra, which is induced from the one on pointed simplicial 
presheaves. 

Given a symmetric T-spectrum X, the tensor objects are defined as follows: 

X A - : SSets ^ Spt^ (Sm\ s )Nis 

K\ *-X AK 

where (X A K) n — X n A K + which has an action of £„ induced by the one in X n 
and the functor — A K + , and with bonding maps 

T A (X n A K + ) (T A X n ) A K+ - > X n+1 A K+ 
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The simplicial functor in two variables is: 

Map E (- -) : {Spt^(Sm\ s )ms) op x Sp4(Sm\ s )m s »- SSets 

(X, Y) I Map s (X, Y) 

where Mapx(X, Y) n = Hom Spt s^ Sm ^ s ^ Nis (X A A™ , Y), and finally for any symmet- 
ric T-spectrum Y we have the following functor 

Y- : SSets > (Spt? (Sm\s)m s ) op 

K ^Y K 

where (Y K ) n = (Y n ) K + which has an action of £„ induced by the one in Y n and 
the if+doops functor, and with bonding maps 

T A (Y n ) K + — ^ (T A Y n ) K + ^- 
where for U E (Sm\s), a(U) is adjoint to 

T(U) A (Y n (U)) K + A i- T(C/) A F"(t/) 

In a similar way, it is possible to promote the action of A4* on the category of 
T-spectra to the category of symmetric T-spectra, i.e. the category of symmetric T- 
spectra Spt^(5m|s)ATi S has the structure of a closed _M*-module, which is obtained 
by extending the symmetric monoidal structure for .M* levelwise. 

The bifunctor giving the adjunction of two variables is defined as follows: 

- A - : Spt^(Sm\ s )Nis x X* >■ Spt^(Sm\ s )Nis 

(X, A) I ^ X A A 

with (X A A) n — X n A A which has an action of £„ induced by the one in X n and 
the functor — A A, and with bonding maps 

T A (X n A A) — (T A X n ) A A — ? X n+1 A A 
The adjoints are given by: 

0_- : MT x Spt^(Sm\ s )Nis *" Spt^(Sm\s)Nis 

(A, x) i ^ n A x 

hom^(- -) : (Spt%(Sm\ s ) Nts )°P x Spt|(Sm| s W >■ M* 

(X, Y) I hom, s (I, Y) 

where (VIaX)™ = fi^X™ which has an action of £„ induced by the one in X n and 
the A-loops functor, with bonding maps T A (f^X™) — ► Q,AX n+1 adjoint to 

TA(n A X n )AA ldAeVA : TAX n ^+X n+1 

and hom^(X, Y) is the following pointed simplicial presheaf on Sm\ s : 

homf(X, Y) : (Sm\ s x A)°p Sets 

(U, n) I Hom Sptf (Sm|s)jVts (X A (A£)+, Y) 
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The main difference between the categories of T-spectra and symmetric T- 
spectra is that the latter has a closed symmetric monoidal structure, i.e. it is 
possible to construct the smash product of two symmetric T-spectra. 

Definition 2.6.4 (cf. [14]). (1) A symmetric sequence X is a collection 

of pointed simplicial presheaves (JC")„>q on the smooth Nisnevich site 
Sm\s, together with left actions 

E„ x X n X n 

(2) A map f : X — > Y of symmetric sequences consists of a collection of 
T, n -equivariant maps 

fn . xn Y n 

in M*. 

(3) With these definitions we get a category, called the category of symmetric 
sequences which will be denoted by (.M*) s . 

Definition 2.6.5. LetX andY be two symmetric sequences. Then the product 
X <g) Y is given by the following symmetric sequence: 

(X®Y) n = y s n ® SpXS ,i?Ay« 

p+q=ll 

Remark 2.6.6. A symmetric T '-spectrum X can be identified with a symmetric 
sequence X equipped with a module structure over the sphere spectrum, i.e. with a 
map of symmetric sequences: 

1®X^+X 
satisfying the usual associativity conditions. 

Definition 2.6.7 (cf. |12| ). For every n > 0, we have the following adjunction: 

(G n ,Ev ni <p):M* ^(.M») E 

where Ev n is the n- evaluation functor 

Ev n : (7W*) S ^M* 

X\ >-X n 

and G n is the n-free symmetric sequence functor: 

G n : M* (.M,) 2 

X\ *G n (X) 

where 

{* if m ^ n. 

V ffe s„ X if m = n. 
Definition 2.6.8 (cf. [14] ) . For every n > 0, we have the following adjunction: 

(F^,Ev n , ip) : M, >■ Spt^{Sm\ s ) Nis 

where Ev n is the n- evaluation functor 

Ev n : Sp^{Sm\s)ma >■ M* 

X\ ^X n 



G n (xy 
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and F„ is the n-free symmetric T-spectrum functor: 

F^:M, ^Spt|(Sm|sW 

X\ *-l®G n {X) 

Definition 2.6.9 (cf. [14] V Let X andY be two symmetric T- spectra. Then 
the smash product X AY is given by the colimit of the following diagram 



i ® x ® y ; x ® r 

where the bottom arrow is the following composition 

^X® 1®Y ^X®Y 

Proposition 2.6.10 (Jardine). The category of symmetric T- spectra Spt^(Sm|s)jv is 
has a closed symmetric monoidal structure where the product is given by the smash 
product described in definition \2.6.9i and the functor that gives the adjunction of 
two variables is the following: 

Hbm^h-) : (Spt^(Sm|sW) op x Spt^{Sm\ s ) Nls Spt^{Sm\ s ) Nls 

(X, Y) I Hom Sp(? (X, Y) 

where Hom Spt s (X, Y) n = hom r (F^(S°) AX, Y), and the adjoints a™ to the bond- 
ing maps are given as follows: Let £ : F^ +1 (T) = F^ +1 (S°) A T — > F^(S°) be the 
adjoint corresponding to the inclusion determined by the identity in 

i e :T^Ev n+1 (F^(S°)) = n n+1 ^ lxSn (TA \f S°) = \f T 

it6E„ o-es„ + i 

then cr™ is the following map induced by £ A id: 

horn? : (F=(S°) A X, Y) (CA "°* > hom^(F„ s +1 (S°) AT A X,Y) 

The twist isomorphism t : X AY ^ Y A X is induced levelwise by: 
X p A yi - — =~ Y q A X p 



(x <g) Yf+i [y ® xy+i 

Finally, the unit is given by the sphere T -spectrum Fq(S°) = 1. 

PROOF. We refer the reader to [HI section 4.3]. □ 

Proposition 2.6.11. Let X,Y be two arbitrary symmetric T-spectra and let 
A in Ai* be an arbitrary pointed simplicial presheaf. Then we have the following 
enriched adjunctions: 

(18) Map{A, hom^(X, Y)) -§->■ Map E (X A A, Y) Map S (X, VL A Y) 

(19) Hom M , (A, hom^(X, Y)) homf(X A A, Y) horn^X, Q A Y) 



(i2 
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(20) Hom Sp(? (X A A, Y) Hom Sp(? (X, Sl A Y) 

where the maps in \18\) are isomorphisms of simplicial sets, the maps in M9\) are 
isomorphisms of simplicial presheaves, and the map in h2U\) is an isomorphism of 
symmetric T -spectra. 

Proof. We consider first the simplicial adjunctions: To any ro-simplex t in 
Map(A, hom, s (l, Y)) 

AAA™ — ^ homf(X, Y) 
associate the following n-simplex in Map A A, Y): 

a(t) 

X A A A A™ >■ Y 

corresponding to the adjunction between X A — and hom^(X, — ). 
To any n-simplex t in Map s (X A A, Y) 

A" A X A A — =^ X A A A A™ — ^ F 

associate the following n-simplex in Map s(X, 57^1^): 

s /9(t) 
X A A™ > A" A X > Hi7 

corresponding to the adjunction between — A A and VIa- 

We consider now the isomorphisms of simplicial presheaves: To any simplex s 
in Hom^, (A, homf(X, Y)) 

A A A£ — I* hom^X, y) 

we associate the following simplex in hom^ (X A A, Y) 

SM 

X A A A Aj} — -4- y 

corresponding to the adjunction between X A — and hom^(X, — ). 
To any simplex s in hom^ (X A A, Y) 

X A A]j A A — =^ XAAA Ay — y 

we associate the following simplex in hom^ (X, Q A Y) 

corresponding to the adjunction between — A A and Qa- 

Finally, we consider the isomorphism of symmetric T-spectra: Using the ad- 
junction given by e in (|19[) , we get for every n > the following commutative 
diagram, where the vertical maps are isomorphisms of simplicial presheaves: 

hom?(F= (5°) A X A A, Y) {aMdx ^ } » hom^(F,f +1 (T) AlAiJ) 



hom^F^S ) A X, (aMdx) , > hom r s (^ +1 (T) A X, A y) 
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By definition (see proposition 12.6.10]) the diagram above is equal to: 
Hom Spt . (X A A, Yf -^L ft T Hom Spt? (X A A, Y) n+1 

9i £ 9t £ 

Hom Spi? (X, n A Y) n n T Uom Spt¥ (X, SIaY)** 1 

This induces the isomorphism 7. □ 

Proposition 2.6.12. Let X, Y, Z be three arbitrary symmetric T -spectra. Then 
we have the following enriched adjunctions: 

(21) Mapx(X A Y, Z) — ^ Mapz(X, Hom Spt? (Y, X)) 

(22) homf(X A Y, Z) hom=(X, Hom S))j? (Y, Z)) 

(23) Hom S))j? (X A Y, Z) -JL^ Hom Sp(? (X, Hom Sp(? (Y, Z)) 



where the map in 121]) is an isomorphism of simplicial sets, the map in \22Xl is an 
isomorphism of simplicial presheaves, and the map in 123\) is an isomorphism of 
symmetric T -spectra. 

Proof. We consider first the simplicial adjunctions: To any n-simplex t in 
Mapv(X AY,Z) 

A™ AX AY — X AY A A™ Z 
associate the following n-simplex in Map s(X, Hom Spi s (Y, Z)): 

X A A" — A" A X -^*- Hom Spt | (Y, Z) 

corresponding to the adjunction between — AY and Hom Spt s(F. — ). 

We consider now the isomorphisms of simplicial presheaves: To any simplex s 
in homf(X AY,Z) 

Aj} A X AY — =->- X AY A A^ — Z 
we associate the following simplex in homf(X, Hom Spi s (Y, Z)) 

X A A" A£ A X J^L Hom Sp(? (Y, Z) 

corresponding to the adjunction between — AY and Hom Spt s(Y, — ). 

Finally, we consider the isomorphism of symmetric T-spectra: Using the ad- 
junction given by k in (f22|) . we get for every n > the following commutative 
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diagram, where the vertical maps are isomorphisms of simplicial presheaves: 
homf(F^{S°) AX AY,Z) 




hon£(F* +1 (T)AXAY,Z) 



hom r s (Tf (S°) A X, Hom Spt? (T, Z)) 




(aAidx)* 

hom?(F* +1 (T) A X, Hom Sp(? (Y, Z)) 
By definition (see proposition 12.6. the diagram above is equal to: 



Horn 



Spt^ 



{X A Y, zy 



■ n T Uom Spt¥ (X AY,Z) 



n+l 



Hom s P tp ( X , Hom Sp^ {Y, Z )) 
This induces the isomorphism [i. 



■ ^Hom^E (X, Hom Spi E (Y. Z)) 



n+l 



□ 



The following proposition will have remarkable consequences in our study of 
the multiplicative properties for Voevodsky's slice filtration. 

Proposition 2.6.13 (Jardine). Let A, B be two arbitrary pointed simplicial 
presheaves in M.*. Then we have an isomorphism: 



F*(A)AF*(B) 
which is natural in A and B . 



F% +n (AAB) 



Proof. We refer the reader to [141 corollary 4.18]. 



□ 



For the construction of the motivic stable model structure on the category of T- 
spectra, it was necessary to introduce the projective and injective model structures 
(see theorem 12.4. 16j) . In 



J, Jardine considers an injective model structure for 
symmetric T-spectra as a preliminary step in the construction of a model structure 
which turns out to be Quillen equivalent to Spt T .M*. We will also need to consider 
a projective model structure for symmetric T-spectra, in order to show that this 
stable model structure for symmetric T-spectra is cellular. 

Definition 2.6.14. Let f : X — > Y be a map of symmetric T-spectra. We say 
that f is a level cofibration (respectively level fibration, level weak equivalence), if 
for every n > 0, the map f n : X n — > Y n is a cofibration (respectively a fibration, a 
weak equivalence) in M.*. 

In proposition 12.3.71 we used Im, and Jm, to denote the sets of generating 
cofibrations and trivial cofibrations for M*. 

Theorem 2.6.15 (Hovey). There exists a cofibrantly generated model structure 
for the category Spt T (Sm\s)Nis of symmetric T-spectra with the following choices: 
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(1) The weak equivalences are the level weak equivalences. 

(2) The set I of generating cofibrations is 

n>0 

(3) The set J of generating trivial cofibrations is 

J=\J Fn(JM,) 
n>0 

This model structure will be called the projective model structure for symmetric 
T -spectra. Furthermore, the projective model structure is left proper and simplicial. 

Proof. Proposition 12.3.71 implies that the model category A4* is in particu- 
lar pointed, proper, simplicial and symmetric monoidal. We also have that every 
pointed simplicial presheaf in .A4* is cofibrant. Then the result follows immediately 
from theorems 8.2 and 8.3 in [11) . □ 

Remark 2.6.16. Let f : X — > Y be a map of symmetric T -spectra. 

(1) / is a fibration in Spt^(Sm\s)Nis equipped with the projective model struc- 
ture if and only if f is a level fibration. 

(2) / is a trivial fibration in Sptfi (Sm\s)Nis equipped with the projective model 
structure if and only if f is both a level fibration and a level weak equiva- 
lence. 

It follows directly from the definition that every symmetric T-spectrum after 
forgetting the Enactions becomes a T-spectrum in Spt T (S'm|s)Arj S . Therefore we 
get a functor: 

U : Spt? (Sm\s)Nis Spt T {Sm\ s )Nis 

It turns out that this forgetful functor has a left adjoint. 

Definition 2.6.17 (Jardine, cf. |14j). Let X be an arbitrary T-spectrum in 
S]it T {Sm\s) Nis ■ Then X has a natural filtration {L n X} n >Q called the layer filtra- 
tion, where L n X is defined as 

X°, X 1 , . . . , X n , T A X n ,T 2 A X n , . . . 

and furthermore 

X = limL n X 

It is also possible to give an inductive definition for the layers L n X using the 
following pushout diagrams (see definition \'2,.^.J^ : 

F n+l {TAX n ) ^L n X 

F n+1 (X n+1 ) ^L n+1 X 

PROPOSITION 2.6.18 (Jardine). We have the following adjunction 

(V, U, ip) : Spt T (Sm\ s )m s *■ Spt^(S , m| s ) Ar . iS 

The functor V is called the symmetrization functor and is defined as follows: 



(><; 
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(1) For every pointed simplicial presheaf X on the smooth Nisnevich site 
(Sm\s)Nis we have 

V(F n (X)) = F=(X) 

(2) V is constructed inductively using the layer filtration (see definition \2.6.17\ ) 
together with the following pushout diagrams (see definition \2.6.8]) : 

F n s +1 (TAX«) *V(L n X) 



F„ S +1 (X™+ 1 ) >V(L n+1 X) 

(3) Finally, V(X) = \hnV(L n X) 

Proof. We refer the reader to [T3J p. 507] □ 

Proposition 2.6.19. The adjunction 

(V, U, tp) : Spt T (Sm\ s )Nis »- Spty(S , m| s ) JVls 

is enriched in the categories of simplicial sets and pointed simplicial presheaves on 
(Sm\s)Nis, i-£- for every T -spectrum X and for every symmetric T -spectrum Y we 
have the following natural isomorphisms: 

Mapj:(VX, Y) — ^ Map(X, UY) 

hom^(yX, Y) hom r (X, UY) 

Proof. We consider first the simplicial isomorphism: Given any n-simplex t 
in Map S (VX,Y) 

VX A A™ — Y 

consider the map corresponding to the adjuntion between — A A" and — A in 
Sptr(S'm|s)jVi S 

VX — ^ Y A " 
Now use the adjunction between V and U to get the map: 

X^+U(Y A ") = (UY) A " 

and finally use the adjunction between — A A™ and — A in Spt T (Sm\s)Nis to get 
the associated n-simplex e(t) in Map(X, UY): 

e(t) 

X A A" *- UY 

We consider now the isomorphism of simplicial presheaves: Given any simplex 
s in homf(VX,Y) 

VX A A^ — ^ Y 

consider the map corresponding to the adjunction between — A A^ and £Ia^ — m 
Spty(5m|s)iVi S 
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Now use the adjunction between V and U to get the map: 

and finally use the adjunction between — A and Q A n in Spt^SYn^jvis to get 
the associated simplex rj(s) in hom r (X, UY): 

X A — UY 

a 

We say that a map / : X — > Y of symmetric T-spectra is an injective fibration 
if it has the right lifting property with respect to the class of maps which are both 
level cofibrations and level weak equivalences. 

Theorem 2.6.20 (Jardinc). There exists a model structure for the category 
S]it T (Sm\s)Nis of symmetric T-spectra with the following choices: 

(1) The weak equivalences are the level weak equivalences. 

(2) The cofibrations are the level cofibrations. 

(3) The fibrations are the injective fibrations. 

This model structure will be called the injective model structure for symmetric 
T-spectra. Furthermore, the injective model structure is proper, simplicial, and 
cofibrantly generated with the following sets I , J of generating cofibrations and 
trivial cofibrations, respectively (see theorem \2.4-S\ l: 

(1) The set I of generating cofibrations is 

I = {V{i) : VA -> VB} 

where i satisfies the following conditions: 

(a) i is a level cofibration in Spt T (Sm\s)Nis- 

(b) The codomain B of i is n-bounded. 

(2) The set J of generating trivial cofibrations is 

J = {V(j) : V(A) - V(B)} 

where j satisfies the following conditions: 

(a) j is a level trivial cofibration in Spt T (Sm\s)Nis- 

(b) The codomain B of j is n-bounded. 

PROOF. We refer the reader to [HI theorem 4.2]. □ 

Remark 2.6.21. The identity functor on Spt^(Sm\s)Nis induces a left Quillen 
functor from the projective model structure to the injective model structure. 

Definition 2.6.22. (1) Let Z be a symmetric T -spectrum. We say that 

Z is injective stably fibrant if Z satisfies the following conditions: 

(a) Z is fibrant in Spt T (Sm\s) Nis equipped with the injective model struc- 
ture. 

(b) UZ is fibrant in Spt r A4*. 

(2) Let f : X — > Y be a map of symmetric T-spectra. We say that f is 
a stable weak equivalence if for every injective stably fibrant symmetric 
T -spectrum Z , the induced map 

Map E (y, Z) — ^ Map s (X, Z) 
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is a weak equivalence of simplicial sets. 
(3) Let f : X — > Y be a map of symmetric T '-spectra. We say that f is a 
stable fibration if U f is a fibration in Spt T .A/(* (see theorem \2.J^.l(^ . 

In theorem l2.5.4l we used l\, and Jj [ to denote the sets of generating cofibra- 
tions and trivial cofibrations for Spt T ./W*. 

Theorem 2.6.23 (Jardine). There exists a model structure for the category 
Spt T (Sm\s)Nis of symmetric T -spectra with the following choices: 

(1) The weak equivalences are the stable weak equivalences. 

(2) The cofibrations are the projective cofibrations (see theorem \2.6.15\) . i.e. 
they are generated by the set 

(J F n(lM,) = V{ll u ) 
n>0 

(3) The fibrations are the stable fibrations. 

This model structure will be called motivic symmetric stable, and the category of 
symmetric T -spectra, equippped with the motivic symmetric stable model structure 
will be denoted by SptfiyVf* . Furthermore, Spt|i.A/f* is a proper and simplicial model 
category. 

Proof. We refer the reader to [141 proposition 4.4 and theorem 4.15]. □ 

Remark 2.6.24. Let p : X — > Y be a map of symmetric T -spectra. Then p is 
a trivial fibration in Sptfi.A/(* if and only if Up is a trivial fibration in Spt T .M*. 

Proposition 2.6.25. Spi^M* is a M^-model category (see definition \1. 7.1 Sty . 

Proof. Condition ([2]) in definition 11.7.121 follows automatically since the unit 
in M.* is cofibrant. It remains to show that 

- A - : Spt T (Sm\s)m s x M* >■ Spt^(Sm\s)m s 

is a Quillen bifunctor. By lemma [l.7.5l it is enough to prove the following claim: 

Given a cofibration i : A — » B in and a fibration p : X — > Y in Spt^AI*, 
then the map 

n B x — - - n B Y x 

is a fibration in Spt^A^* which is trivial if either i or p is a weak equivalence. 
But this follows immediately from the following facts: 

(1) A map of symmetric T-spectra / : X — > Y is a fibration (respectively a 
trivial fibration) in Spt^A^* if and only if Uf : UX — > UY is a fibration 
(respectively a trivial fibration) in Spt T .M*. 

(2) For every symmetric T-spectrum X and for any pointed simplicial presheaf 
A in .M*, we have that U(VLaX) — HaUX, where the right hand side 
denotes the action of M.* in Spt T 7U*. 

(3) Spt T M* is a A^*-model category (see proposition 12. 4. 24]) . 

□ 

COROLLARY 2.6.26. For every pointed simplicial presheaf A f= the adjunc- 

tion 

(- A A, Q A ~, <f) ■ Spt^X* ^ Spt^X* 

is a Quillen adjunction. 
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Proof. We have that every pointed simplicial presheaf is cofibrant in M.*. 
Then the result follows from proposition 12.6.251 □ 

Theorem 2.6.27 (Jardine). Let T = S 1 A G m G M*. Then the Quillen ad- 
junction: 

(- A T, n T , ip) : Spt^X* Spt^X* 

is a Quillen equivalence. 

Proof. Let n, e denote the unit and counit of the adjunction (— A T, fiy, <p)- 
By proposition 1.3.13 in [10] . it suffices to check that the following conditions hold: 

(1) For every cofibrant symmetric T-spectrum A in Spt|i./V(*, the following 
composition 

A n T (T A A) nT{RTAA K fi T n(T A A ) 

is a weak equivalence in Spt^Al*, where R denotes a fibrant replacement 
functor in Spt T .M». 

(2) For every fibrant symmetric T-spectrum X in Spt T .M*, the following 
composition 

t a Q(n T x) tdAQ " TX > T A (fl T X) X 

is a weak equivalence in Spt^Al*, where Q denotes a cofibrant replacement 
functor in SptyA't*. 
(TTJ: Follows directly from corollary 4.26 in [14] . 

(|5J): By construction the map Q nTX : Q{QtX) — > VItX is a weak equivalence 
in Spt^A^*. Therefore by lemma 4.25 in |14j . we have that id A Q nTX is also a 
weak equivalence in Spt T .M*. Then by the two out of three property for weak 
equivalences, it suffices to show that ex is a weak equivalence in Spt^.M*. 

Since X is fibrant in Sptfi.M*, it follows that UX is fibrant in Spt T .M*. There- 
fore by lemma |2.4.19I[ 2|) we have that UX is in particular level fibrant. Then by 
corollary 3.16 in [14) it follows that the map: 

e ux :TA (Sl T UX) UX 

is a weak equivalence in Spt T Al*, but this is just U{ex). Hence by proposition 4.8 
in [14] . we have that ex is a weak equivalence in Spt T ./W*, as we wanted. □ 

Proposition 2.6.28 (Jardine). Spt^-M* is a symmetric monoidal model cat- 
egory (with respect to the smash product of symmetric T -spectra) in the sense of 
Hovey (see definition ] 1.7. 7]) . 

Proof. We refer the reader to [141 proposition 4.19]. □ 

Corollary 2.6.29. Let A be a cofibrant symmetric T-spectrum in Spt^A^*. 
Then the adjunction: 

(- A A, Hom Spt E(i, -), <p) : Spt^M* Spt^M* 

is a Quillen adjunction. 

Proof. Follows directly from proposition 12.6.281 □ 
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Theorem 2.6.30 (Jardinc). The adjunction: 

{V, U, ip) : Spt T .M* »- Spt^X* 

given by the symmetrization and the forgetful functor is a Quillen equivalence. 
PROOF. We refer the reader to [T4j theorem 4.31]. □ 

2.7. Cellularity of the Motivic Symmetric Stable Model Structure 

In this section we will show that the model category Sptf^A^* is cellular. For 
this we will use the cellularity of (see proposition 12.3.7]) together with some 
results of Hovey [11] . 

Theorem 2.7.1 (Hovey). Let Spt^{Sm\s)Nis be the category of symmetric 
T -spectra equipped with the projective model structure (see theorem \2.6.15\ ). Then 
Spt T (Sm\s)Nis is a cellular model category where the sets of generating cofibrations 
and trivial cofibrations are the ones described in theorem \2.6.15\ 

Proof. Proposition ^ . 3 . 7l implics that M.* is in particular a cellular, left proper 
and symmetric monoidal model category. We also have that T — S 1 A G m is 
cofibrant in Therefore we can apply theorem A. 9 in [llj . which says that the 
category of symmetric T-spectra equipped with the projective model structure is 
also cellular under our conditions. □ 

Theorem 12.6.151 together with theorem 12.7.11 imply that the projective model 
structure on Spt T (S'm|s)jvis is cellular, left proper and simplicial. Therefore we 
can apply Hirschhorn's localization technology to construct left Bousfield localiza- 
tions. If we are able to find a suitable set of maps such that the left Bousfield 
localization with respect to this set recovers the motivic stable model structure on 
Spt^(Sm\s)Nis, then an immediate corollary of this will be the cellularity of the 
motivic stable model structure for symmetric T-spectra. 

Definition 2.7.2 (Hovey, cf. [TT])- Let I M , = {Y+ ^ (A£)+} be the set of 
generating cofibrations for (see propositon [2.3.7\ ). Notice thatY + may be equal 
to (Ajy) + . We consider the following set of maps of symmetric T-spectra 

Sx = {F? +1 (TAY + )^F?(Y + )} 

where £jf k is the adjoint corresponding to the inclusion determined by the identity 
in T, k+1 

i e : T M| m Evk+i(Fj?(Y+)) — Efc+i ®s: 1 xY; k (T A \J Y+) = \J T A Y+ 

coming from the adjunction between Fj^ +1 and Evk+i (see definition ] 2. 6. 8]) 

Proposition 2.7.3 (Hovey). Let X be a symmetric T- spectrum. The following 
conditions are equivalent: 

(1) X is stably fibrant, i.e. X is a fibrant object in Spt^A 7 !*. 

(2) X is Ss-local. 



Proof. Follows from definition 8.6 and theorem 8.8 in [llj . together with 
definition |2"X2"2"P|) and lemma 12X11)1 □ 
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Now it is very easy to show that the motivic symmetric stable model structure 
for symmetric T-spectra is in fact cellular. 

Theorem 2.7.4. Spt^X* is a cellular model category with the following sets 
/- , j£ of generating cofibrations and trivial cofibrations respectively: 

k>0 

= \J{F?(Y + ) - ((A£) + ) | U e (Sm\ s ),n> 0} 

fc>0 

Jl = {j:A^B} 

where j satisfies the following conditions: 

(1) j is an inclusion of l£- complexes. 

(2) j is a stable weak equivalence of symmetric T-spectra. 

(3) the size of B as an t^,- complex is less than k, where k is the regular 
cardinal described by Hirschhorn in definition 4.5.3]. 

PROOF. By theorem 12.7.11 we know that Spt T (S'm|s)ivis is cellular when it is 
equipped with the projective model structure. Therefore we can apply Hirschhorn 's 
localization techniques to construct the left Bousfield localization with respect 
to the set Ss of definition 12.7.21 We claim that this localization coincides with 
Sptfi.M*. In effect, using proposition 12.7.31 we have that the fibrant objects in 
the left Bousfield localization with respect to Ss coincide with the fibrant objects 
in Sptfi.M*. Therefore a map / : X — ► V of symmetric T-spectra is a weak 
equivalence in the left Bousfield localization with respect to Ss if and only if 
Qf* : Map(QY, Z) — ► Map(QX 1 Z) is a weak equivalence of simplicial sets for 
every stably fibrant object Z (here Q denotes the cofibrant replacement functor in 
Spt T (Sm\s)Nis equipped with the projective model structure). But since 
is a simplicial model category and the cofibrations coincide with the projective cofi- 
brations, using corollary 1 1 . 6 . 1 1 1( 2)) we get exactly the same characterization for the 
stable equivalences. Hence the weak equivalences in both the motivic symmetric 
stable structure and the left Bousfield localization with respect to Sy, coincide. This 
implies that the motivic symmetric stable model structure and the left Bousfield 
localization with respect to Sj; are identical, since the cofibrations in both cases 
are just the cofibrations for the projective model structure on S-pt T (Sm\s)Nis- 

Therefore using [3 theorem 4.1.1] we have that the motivic symmetric sta- 
ble model structure on Spt T (Sm\s)Nis is cellular, since it is constructed applying 
Hirschhorn technology with respect to the set Ss. 

The claim with respect to the sets of generating cofibrations and trivial cofi- 
brations also follows from theorem 4.1.1]. □ 

Theorem 12.7.41 will be used for the construction of new model structures on 
Ni s which are adequate to study the multiplicative properties of Vo- 
evodsky's slice filtration. 

2.8. Modules and Algebras of Motivic Symmetric Spectra 

In this section A will always denote a ring spectrum with unit in Spt^(Sm\s)Nisi 
and A-mod will denote the category of left (or right) A-modules. In case A is a 
commutative ring spectrum, we will denote the category of A-algebras by A-alg. 
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Our goal is to define the model structures induced by the motivic symmetric stable 
model structure on the categories of A-modules and A-algebras, and to show some 
of their properties. 

Proposition 2.8.1. We have the following adjunction between the categories 
of symmetric T-spectra and A-modules: 

(A A U, <p) : Spty(5m|s)Ari S *" A-mod 

where U(N) — N after forgetting the A-module structure, and A AX has a structure 
of A-module induced by the ring structure on A. 

Proof. The unit r\ and counit S of the adjunction are defined as follows: 

rjx :X = 1M UAMd > U(A A X) = A A X 
6 N : A A U(N) = A A N — ^ N 

where ua is the unit of A and hn is the map inducing the A-module structure on 
N. □ 

The category of A-modules inherits a simplicial structure from the one that 
exists on symmetric T-spectra (see section l2~b]) . 

Given an A-module M, the tensor objects are defined as follows: 

MA — : SSets s- A-mod 

K I M A K 

where (M A K) n — M n A K + , i.e. it coincides with the tensor object defined for 
symmetric T-spectra and has a structure of A-module induced by the one in M. 
The simplicial functor in two variables is: 

MapA-mod{-, -) : (A-mod)°P x A-mod ^ SSets 

(AT N) I Map A-mod (AT N) 

where Map A-mod (Af, N) n = Horn A-mod {M A A™ , N), and finally for any A-module 
N we have the following functor 

N- : SSets »- (A-mod) op 

K\ ^ N K 

where (N K ) n — (N n ) K + , i.e. it coincides with the cotensor object defined for 
symmetric T-spectra and has a structure of A-module A A (N) K + — * N K + adjoint 
to 

idAevK , w 

A A (N) K + A K+ ^ A AN »- N 

where \i is the map that induces the A-module structure on N. 

Similarly it is possible to promote the action of on the category of sym- 
metric T-spectra to the category of A-modules, i.e. the category of A-modules 
A-mod has the structure of a closed .M*-module, which is obtained by extending 
the symmetric monoidal structure for levelwise. 

The bifunctor giving the adjunction of two variables is defined as follows: 

- A - : A-mod x M* *- A-mod 

(M, D) I MAD 



2.8. MODULES AND ALGEBRAS OF MOTIVIC SYMMETRIC SPECTRA 



73 



with (M A D) n = M" A D, i.e. it coincides with the tensor object defined for 
symmetric T-spectra and has a structure of A-module induced by the one in M. 
The adjoints are given by: 

0_— : MT x A-mod *- A-mod 

{D, N) I *~ n D N 



hom^" mod (-, -) : (A-mod) °p x A-mod »- M* 

(M, N) I ^ hom^ mod (M, N) 

where (H,nN) n = il£>N n , i.e. it coincides with the cotensor object defined for 
symmetric T-spectra and has a structure of A-module A A (floN) — > £lr>N adjoint 
to 

^ »t\ t-. idAev D u 

AA(Q d N)AD ?-^ AaN —!L+ N 

and homJ 4_mod (M, N) is the following pointed simplicial presheaf on Sm\s- 

hom^" mod (M, TV) : (Sm\ s x A)°f ~- Sets 

(U, n) I Hom A . mod (M A (A» )+, N) 

PROPOSITION 2.8.2. The adjunction (see vrovosition \2.87J\) 

(A A — , U, tp) : Spt£(Sm|s) Nis *" A-mod 

is enriched in the categories of simplicial sets and pointed simplicial presheaves on 
(Sm\s)Nis, i-s. for every symmetric T -spectrum X and for every A-module N we 
have the following natural isomorphisms: 

Map A-mod (A A X, N) Map^(X, UN) 



hom^ mod (A A X, N) homf(X, UN) 

Proof. We consider first the simplicial isomorphism: Given any n-simplex t 
in Map A _ mod {AAX,N) 

A A X A A" —i-j- n 

use the adjunction between A A — and U to get the associated n-simplex e(t) in 
Mapv(X,UY): 

X A A« -^L UN 

We consider now the isomorphism of simplicial presheaves: Given any simplex 
sinhomf mod (AAl,JV) 

A AX A(A^) + ^+N 

use the adjunction between A A — and U to get the associated simplex r/(s) in 
hom^(X, UN): 

X A (Afr)+ - A- UN 

□ 
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If A is a commutative ring spectrum then A-mod is a closed symmetric monoidal 
category, where the monoidal structure is induced by the one exisiting on Spt^(5m|5)jv» 
Namely, 

— Aa — ■ A-mod x A-mod >■ A-mod 

(M, N) I *- M A A N 

Hom j4 _ mod (-, -) : (A-mod) op x A-mod >■ A-mod 

(Af, N) I Hom A _ mod (A/ ) N) 

where M Aa N is defined as the colimit of the following diagram 

/im Aid 

A AM AN I ' MAN 

with the bottom arrow given by the following composition 

tAid idAUN 

A AM AN » M A A A N *- MAN 

and Homyi. mo{ j (M, N) is defined as the limit of the following diagram 

(mm-)* 

Hom Sp(? (M, N) : Hom Spt? (A A M, N) 

If A is not commutative, the bifunctor — Aa — defines instead an adjunction 
of two variables from the categories of right and left A-modules to the category of 
symmetric T-spectra: 

- Aa — ■ A-mod r x A-mod; Spt^(Sm\s)Nis 

(M, N) I »- M A A N 

given a right A-module M, the right adjoint to 

M A A - ■ A-mod/ — > Spt^(Sm\s)ms 

is given by 

Hom Sfi E (M, -) : Spty(5m|,sr)jv»a — ► A-mod/ 
where Hom Sp( s(M, Z) has a structure of left A-module 

H : A A Hom Spj? (M, Z) -> Hom Spt? (M, Z) 
defined as the adjoint of the following composition 

Af A A A Hom Spj? (M, Z) , M A Hom Spi? (M, Z) Z 

where fiM denotes the map defining the right A-module structure for M and e 
denotes the counit of the adjunction between M A Z and Hom Spt s(M, — ). The 
construction of the remaining adjoint is similar. 

Theorem 2.8.3. Let A be a cofibrant ring object in Spt^./W*. Then the adjun- 
tion (see vrovosition 1 2. 8. T\) : 

(A A — , U, tp) : Spt^TW* *- A-mod 
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induces a model structure for the category A -mod oj A- modules, i.e. a map f in 
A-mod is a fibration or a weak equivalence if and only if U(f) is a fibration or a 
weak equivalence in Spt T .M* (see theorem \2.6. 23\) . 

This model structure will be called motivic stable, and the category of A-modules 
equipped with the motivic stable model structure will be denoted by A-mod(M.*). 

PROOF. We have that SptfiyVf* is a cellular model category (see theorcm l2.7.4j) . 
i.e. in particular a cofibrantly generated model category, and a monoidal model cat- 
egory in the sense of Hovey (see proposition 12 .6 . 28]) . Therefore, since A is cofibrant 
the result follows from [9l corollary 2.2]. □ 

Lemma 2.8.4. Let f : A — > A' be a map between cofibrant ring spectra in 
Spt^A^*, which is compatible with the ring structures. Then the adjunction: 

{A' A A -, U, tp) : A-mod{M*) -> A'-mod(M*) 

is a Quillen adjunction. Furthermore, a map w : M — > M' in A' -mod(.M*) is a 
weak equivalence if and only ifUw is a weak equivalence in A-mod(A / l*). 

Proof. It is clear that U : A'-mod(M*) — > A-mod(M*) is a right Quillen 
functor, since the fibrations (respectively, trivial fibrations) for both model struc- 
tures are detected in Spt T .A4*. Finally, the claim related to the weak equivalences 
follows immediately from theorem 12.8.31 □ 

Proposition 2.8.5. Let f : A —> A' be a weak equivalence between cofibrant 
ring spectra in Sptf^.M*, which is compatible with the ring structures. Then f 
induces a Quillen equivalence between the motivic stable model structures of A and 
A' modules: 

{A' A A -, U, tp) : A-mod(M*) ^ A'-mod(.M*) 

Proof. It follows immediately from theorem 2.4 in [9] together with the fact 
that the domains of the generating cofibrations for SptyVVf* are cofibrant (see 
theorem [2~7^)l . □ 

Proposition 2.8.6. Let f : A —> A' be a map between cofibrant ring spectra in 
Spt^Al*, which is compatible with the ring structures. Then the adjunction 

{A' A A -, U, Lp) : A-mod{M*) A'-mod{M*) 

is enriched in the categories of simplicial sets and pointed simplicial presheaves on 
(Sm\s)Nis, i-e. for every A-module M and for every A' -module N we have the 
following natural isomorphisms: 

Map A ' -mod (A' A A M, N) Map A . mod (M, UN) 

homf - mod ( A' A A M, N) homf mod (M, UN) 

Proof. The proof is exactly the same as the one in propositon 12.8.21 □ 

Proposition 2.8.7. Let A be a cofibrant ring spectrum in Spt^.A/f*, and let i 
be a cofibration in A-mod(A / (*). Then U(i) is also a cofibration in Spt^A'J*. 



76 



2. MOTIVIC UNSTABLE AND STABLE HOMOTOPY THEORY 



Proof. Theorem l2 . 7.41 implies in particular that Spt^A^* is a cofibrantly gen- 
erated model category. Therefore the proposition follows directly from [9| corollary 
2.2]. □ 

Proposition 2.8.8. A-mod(M*) is a: 

(1) proper model category. 

(2) simplicial model category. 

(3) Aisr-model category (see definition \1.1.12\j . 

Proof, ([lj: It follows directly from the fact that Spt^.M* is a proper model 
category (see theorem |2.6.23[) . together with theorem 12.8.31 and proposition 12. 8. 71 

((2]): Since the cotensor objects N K for the simplicial structure are identical 
in A-mod(M*) and Spt^.M*, the results follows from theorem 12.8.31 and theorem 
12.6.231 which implies in particular that Spt^.M* is a simplicial model category. 

([3]): Since the cotensor objects ilrjN for the A^*-action are identical in A-mod(M^) 
and Spt^TW*, the results follows from the fact that Spt^A^* is a A^*-model cate- 
gory (see proposition 12 . 6 . 25|) together with theorem 12.8.31 □ 

Theorem 2.8.9. A-mod(.M*) is a cellular model category with the following 
sets iA-mod, J A -mod of generating cofibrations and trivial cofibrations respectively 
(see theorem \2. 7.4\ ): 

iA-mod = A A l£ 

= \J{idAi:AAFZ(Y + )^AAFZ((AV) + ) \ U G (Sm\ s ),n > 0} 

k>0 

J A . mod = A A j£ = {id A j : A AX -> A AY} 

where j : X — > Y satisfies the following conditions: 

(1) j is an inclusion of l£- complexes. 

(2) j is a stable weak equivalence of symmetric T -spectra. 

(3) the size of Y as an l£ -complex is less than k, where k is the regular 
cardinal described by Hirschhorn in [3 definition 4.5.3]. 

PROOF. We have to check that the conditions (P)-((4]) of definition 1 1 . 3 . 1 21 hold . 

By construction (see theorem I2.8.3[) it is clear that /A-mod and JA-mod are 
generators for the model structure on A-mod(A^*). This takes care of (p}. 

By adjointness, to prove ([2]) it suffices to show that the domains and codomains 
of are compact relative to IA-mod- However, the domains and codomains of 
l£ are cofibrant in Spt T .M*, which is in particular a cellular model category (see 
theorem l2.7.4|) . Hence corollary 12.3.4] implies that the domains and codomains 
of are compact with respect to the class of cofibrations in Spt^.A/(*. Finally, 
proposition 12.8.71 implies that all the maps in iA-mod are cofibrations in Spt^.A/(*. 
Thus, the domains and codomains of f£ are compact with respect to iA-mod j as we 
wanted. 

Again by adjointness, to prove ([3]) it suffices to show that the domains of 
are small relative to ^A-mod- But proposition 12.8.71 implies that all the maps in 
iA-mod are cofibrations in Spt^Al*. Therefore by theorem 12.4.4] we have that 
the domains of are small relative to iA-mod, since Spt^M* is a cellular model 
category (see theorem |2.7.4|) . 
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Finally, proposition 12.8.71 implies that the cofibrations in A-mod(M*) are in 
particular cofibrations in Spt T .M*, which is a cellular model category (see theorem 
I2.7.4[) . Therefore the cofibrations in A-mod(A4*) are effective monomorphisms in 
Spt T .M*. This takes care of (j4} since the limits and colimits in A-mod(M*) are 
computed in Spt^.M*. □ 

Theorem 2.8.10. Let T — S 1 A G m e M*. Then the adjunction: 

(- A T, Q T , tp) : A-mod{M*) s~ A-mod(M*) 

is a Quillen equivalence. 

PROOF. Every pointed simplicial presheaf in A4* is cofibrant, therefore propo- 
sition HITS© implies that -AT: A-mod(M*) — > A-mod(A^*) is a left Quillen 
functor. 

Let rj, e denote the unit and counit of the adjunction (— A T, Qj>,(p). By 
proposition 1.3.13 in [10] . it suffices to check that the following conditions hold: 

(1) For every cofibrant A-module M in A-mod(.M*), the following composi- 
tion 

M n T (T A M) Q T R{T A M) 

is a weak equivalence in A-mod(A / [*) 1 where R denotes a fibrant replace- 
ment functor in A-mod(M^). 

(2) For every fibrant A-module M in yl-mod(A / (*), the following composition 

T A Q(Q T M) idAQ " rM , T A (fir AT) M 

is a weak equivalence in A-mod(.M*), where Q denotes a cofibrant re- 
placement functor in A-mod{M*). 

(fTJ): By proposition 12.8.71 we have that M is cofibrant in Spt^jM*. Thus the 
result follows immediately from theorems I2.6.27lf l|) and 12.8.31 

((2]): Follows directly from theorem r2.8.3l proposition ^. 8. 7l and theorem r2.6.27t[ 2|). 

□ 

Proposition 2.8.11. Let Abe a cofibrant commutative ring spectrum in Spt^A^» 
Then ^4-mod(.A4*) is a symmetric monoidal model category in the sense of Hovey 
(see definition ] 1.7. 7]) . 

Proof. This follows directly from theorem 12.7.41 proposition 12.6.281 and [9] 
proposition 2.8(2)]. □ 

If A is not commutative then we get a weaker version of the previous proposi- 
tion. 

Proposition 2.8.12. Let A be a cofibrant ring spectrum in Spt^.M*. Then 
— A a — defines a Quillen adjunction of two variables ( see definition \1.7.4\ ) from 
the motivic model structure for right and left A-modules to the motivic symmetric 
stable model structure: 

- Aa - ■ A-mod(M*) r x A-mod(M*)i -> Spt^Al* 



78 



2. MOTIVIC UNSTABLE AND STABLE HOMOTOPY THEORY 



Proof. We need to show that given a cofibration i : M — > M' in A-mod(A4*) r 
and a cofibration j : N — > N' in yl-mod(.M*)z, the induced map 

iU A j : M A A N' '\J M' A A N -> M' A A 2V' 

MA A N 

is a cofibration in SptyyVf*, which is trivial if either i or j are trivial. 

Clearly it is enough to do it for the generating cofibrations and trivial cofibra- 
tions in A-mod(.M*) (see lemma 3.5 in [23] ). Theorem 12.8.91 implies that A A 7^, 
A A (7|> A A, A A) are the sets of generating cofibrations and trivial cofibra- 
tions for A-mod(M*)i (respectively for A-mod(M*) r ), where l£, j£ denote the 
sets of generating cofibrations and trivial cofibrations for Spt^TW*. 

Now 

l£ A AH a A A 1% = I^DA A 7| C C 7| 

where the equality follows by definition, the first inclusion follows from the fact that 
A is cofibrant in SptyyVf* and Spt|i.M* is a symmetric monoidal model category 
(see proposition 1 2 . 6 . 25]) . and the last inclusion follows from the fact that Spt^TW* 
is a symmetric monoidal model category. A similar argument shows that 

j£ A AU A A A il = J^UA A C j£\3l£ C j£ 

and finally, the remaining case follows from this by symmetry. □ 

In the rest of this section, we assume that A is a commutative ring spectrum 
with unit in Spt^(Sm\s)Nis- The category of A-algebras is a symmetric monoidal 
category, where the monoidal structure coincides with the one exisiting on A-mod. 
Namely, 

- A A — ■ A-alg x A-alg >■ A-alg 

(C, D) i ^ C A A D 

However, the category of A- algebras is not a closed symmetric monoidal category, 
i.e. the functor C A A — : A-alg — > A-alg does not have in general a right adjoint. 

Proposition 2.8.13. We have the following adjunction between the categories 
of symmetric T-spectra and A-algebras: 

(T, U, if) : $pt^(Sm\s)m s >■ A-alg 

where U(N) = N after forgetting the A- algebra structure, andT(X) = A.A]j >0 X A7 
has a structure of A- algebra induced by concatenation together with the ring struc- 
ture on A. 

Proof. The unit 77 of the adjunction is 

X = 1 A X — A A X^^ U(T(X)) = A A U n > 

where u A is the unit of A. On the other hand, the counit 5 of the adjunction is 
induced by iterating the map that induces the A-algebra structure of B 

A A II A A U„> B An B 



□ 
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Lemma 2.8.14. Let f£, j£ be the sets of generating cofibrations and trivial 
cofibrations for the motivic symmetric stable model structure Spt^.A/f* of symmetric 
T -spectra (see theorem \2.7.4\ ) ■ Then: 

(1) The domains of dT are small relative to X A I^-cell for every symmetric 
T- spectrum X . 

(2) The domains of jT are small relative to X A J^-cell for every symmetric 
T- spectrum X . 

(3) The maps of X A J^-cell are weak equivalences for every symmetric T- 
spectrum X . 

PROOF. Let I, J denote the sets of generating cofibrations and trivial cofibra- 
tions for the category of symmetric T-spectra Spt|i {Sm\s)Nis equipped with the 
injective model structure (see theorem l2.6.20[) . where the cofibrations and the weak 
equivalences are defined levelwise. Hence every symmetric T-spectrum is cofibrant 
in the injective model structure. On the other hand, theorem 12.6.201 implies that 
the injective model structure is cofibrantly generated and that the codomains of 
the generating cofibrations I are small relative to /. Thus, applying [7J corollary 
11.2.4] we get that every symmetric T-spectrum is small with respect to the class 
of level cofibrations. 

(fT]): It suffices to show that every map in I A i| is a level cofibration. But 
this follows directly from |14[ proposition 4.19], since every symmetric T-spectrum 
X is cofibrant in the injective model structure. 

It suffices to show that every map in X A J- is a level cofibration. But 
this is a consequence of 1141 proposition 4.19], since every symmetric T-spectrum 
X is cofibrant in the injective model structure. 

|3]): This follows immediately from |14l proposition 4.19], since every symmet- 
ric T-spectrum is cofibrant in the injective model structure. □ 

Theorem 2.8.15. Let A be a cofibrant commutative ring object with unit in 
Spt^Al*. Then the adjuntion (see vrovosition \2.8.1S\) : 

(T, U, tp) : SptrjM* » A-alg 

induces a model structure for the category ^4-alg of A-algebras, i.e. a map f in 
A-alg is a fibration or a weak equivalence if and only if U (/) is a fibration or a 
weak equivalence in Spt T .M* (see theorem \2. 6.23)) . 

This model structure will be called motivic, and the category of A-algebras 
equipped with the motivic model structure will be denoted by A-alg(JA*). Further- 
more, A-alg(.M*) is a cofibrantly generated model category with the following sets 
Tt-aig; T4-aig of generating cofibrations and trivial cofibrations respectively (see the- 
orem \2.7.J$ : 

Tl-alg = T(7s) 

= |J {T(i) : T(Tf -> T(Tf ((A^) + )) | U e (Sm\ s ),n > 0} 

fc>0 

T4-ai g = T(j£) = {T(j) : T(X) - T(Y)} 
where j : X — » Y satisfies the following conditions: 

(1) j is an inclusion of l£- complexes. 

(2) j is a stable weak equivalence of symmetric T-spectra. 



so 
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(3) the size of Y as an I^-complex is less than K, where n is the regular 
cardinal described by Hirschhorn in [3 definition 4.5.3]. 

Proof. Theorem l2 . 7.41 implies that Sptfi.M* is in particular a cofibrantly gen- 
erated model category, and by proposition 1 2 . 6 . 251 we have that Spt^A^* is a sym- 
metric monoidal model category. Therefore the result follows immediately from 
lemma 12.8.141 and [H theorem 3.1]. □ 

Proposition 2.8.16. Let A be a cofibrant commutative ring object with unit in 
Spt^Al*, and let f : B — > B' be a map of A- algebras which is a cofibration in the 
motivic model category A-alg(J\A*) of A- algebras. If B is cofibrant in ^4-mod(A^*) ; 
then Uf is a cofibration in ^4-mod(A / l*). 



Proof. It follows directly from lemma 6.2 in [23 



□ 



CHAPTER 3 



Model Structures for the Slice Filtration 

This chapter contains our main results. In section [3~T1 we recall Voevodsky's 
construction of the slice filtration in the context of simplicial presheaves. In section 
13.21 we apply Hirschhorn's localization techniques to the Morel- Voevodsky stable 
model structure Spt T A^*, in order to construct three new families of model struc- 
tures, namely Rqi Spt T .A4*, L <q Spt T M* and S q Spt T JA*. These model struc- 
tures will provide a lifting of Voevodsky's slice filtration to the model category 
setting. Furthermore, we will also get a simple description for the exact functors 
fq ((? — l)-connective cover) and s q (g-slice) defined in section T3.ll in terms of a 
suitable composition of cofibrant and fibrant replacement functors. 

In section 13.31 we promote the model structures introduced in section 13.21 to 
the setting of symmetric T-spectra. These new model structures will be denoted 
by R C 9 Spty-M*, L <q Spt^M r and S q Spt^M*. We will prove that the Quillen 
adjunction given by the symmetrization and the forgetful functors descends to a 
Quillen equivalence for these three new model structures. As a consquence we will 
see that the model categories R c i Spty.M*, L< g SptyA / (* and S q Spt^M* provide 
a lifting for Voevodsky's slice filtration and give an alternative description for the 
functors f q and s q . The great technical advantage of these model structures relies 
on the fact that the underlying category is symmetric monoidal. Hence, we have a 
natural framework to describe the multiplicative properties of the slice filtration. 

In section [3T4l we will show that the slice filtration is compatible with the smash 
product of symmetric T-spectra. 

In section 13.51 we will promote the model structures constructed in section 
13.31 to the category of A-modules, where A is a cofibrant ring spectrum with unit 
in Spt^A4*. We will denote these new model structures by % i-mod(M,), 
i <(?J 4-mod(A4») and S q A-mod(M*). These new model structures will give an ana- 
logue of the slice filtration for the motivic stable homotopy category of A-modules. 
We will see that when one imposes some natural additonal conditions on the ring 
spectrum A, the free A- module functor (A A — ) induces a strict compatibility be- 
tween the slice filtration in the categories of symmetric T-spectra and A-modules. 

In section l3^6l we will use all our previous results to show that the smash product 
of symmetric T-spectra induces natural pairings (in the motivic stable homotopy 
category) for the functors f q and s q . We will see that for every symmetric T- 
spectrum X, and for every q 6 Z: 

(1) f^X is a module (up to homotopy) over the (— l)-connective cover of the 
sphere spectrum f^l. 

(2) X is a module (up to homotopy) over the zero slice of the sphere spec- 
trum Sq 1. 
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We will verify that the smash product of symmetric T-spectra induces natural 
external pairings in the motivic Atiyah-Hirzebruch spectral sequence (see definition 

MM- 

EP<«(Y; X) ® Ep'>i' (Y'\ X 1 ) (y A Y'\ X A X 1 ) 

(a, (3) I a ^ P 

We will also see that for an A- module M, with A a cofibrant ring spectrum with 
unit in Spty.M*, which also satisfies the additional hypothesis that are required in 
section 13.51 

(1) f^M is again an A-module in Spt|i.A/(» (not just up to homotopy, but in 
a very strict sense). 

(2) s^X is again an ^-module in Spt^.M* (not just up to homotopy, but in 
a very strict sense). 

Then we will prove that if the ring spectrum A and its unit map u : 1 — > A satisfy 
the conditions that are required in section 13.51 the free A-module functor A A — 
induces for every ggZ and for every symmetric T-spectrum X, a natural structure 
of A- module (in Spt^.M*, i.e. not just up to homotopy, but in a very strict sense) 
on its g-slice s^(X). 

Finally, we will be able to prove a conjecture of M. Levine (see |16l corollary 
11.1.3]), which says that if the base scheme S is a perfect field, then for every q 6 Z 
and for every symmetric T-spectrum X, its g-slice s^(X) is naturally equipped 
with a module structure over the motivic Eilenberg-MacLane spectrum HI. If we 
restrict the field even further, considering a field of characteristic zero, then as a 
consequence we will prove that all the slices s^X are big motives in the sense of 
Voevodsky. 

3.1. The Slice Filtration 

Let S7i(S) denote the homotopy category associated to Spt T 7W*. We call 
STL{S) the motivic stable homotopy category. We will denote by [—,—]spt the set 
of maps between two objects in SH(S). In [25) Voevodsky constructs the slice 
filtration on motivic stable homotopy theory, using sheaves on the Nisnevich site 
(Sm\s)Nis instead of simplicial presheaves as the underlying category. In this 
section we recall his construction in the context of simplicial presheaves. 

Definition 3.1.1. Let Q s denote a cofibrant replacement functor in Spt T 7V(„; 
such that for every T-spectrum X , the natural map: 

Qf 

QsX^+X 

is a trivial fibration in Spt T A^*. 

Proposition 3.1.2. The motivic stable homotopy category SH(S) has a struc- 
ture of triangulated category defined as follows: 

(1) The suspension functor is given by 



-AS 1 : SH(S) ^ SH(S) 

X I ^ Q S X A S 1 
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(2) The distinguished triangles are isomorphic to triangles of the form 

A — ^ B C — ^ E^°A 

where i is a cofibration in Spt T A4* ; and C is the homotopy cofibre of i. 

Proof. Theorem 12.4.161 implies in particular that Spt T .M* is a pointed sim- 
plicial model category, and theorem 12.4.291 implies that the adjunction: 

(- A S 1 , n s i , tp) : Spt T 7W* > Spt T X* 

is a Quillen equivalence. The result now follows from the work of Quillen in [211 
sections 1.2 and 1.3] and the work of Hovey in [1Q[ chapters VI and VII] (see [101 
proposition 7.1.6]). □ 

Note 3.1.3. For n G Z, E^ will denote the n th iteration of the suspension 
functor if n > (T, 1 ^ = id) or the (~n) th iteration of the desuspension functor for 
n<0. 

Lemma 3.1.4. Let X e M.* be a pointed simplicial presheaf which is compact in 
the sense of Jardine (see definition \2.3.1 0\) , and let F n (X) be the T -spectrum con- 
structed in definition \2.4-4\ Consider an arbitrary collection of T -spectra {Zi}i^i 
indexed by a set I. Then 

[F n (X),]]_Z l ] Spt ^l[[F n (X), ^i\Spt 

i£l iel 

Proof. If the indexing set / is finite then the claim holds trivially since STt(S) 
is a triangulated category and therefore finite coproducts and finite products are 
canonically isomorphic. Thus we can assume that the indexing set / is infinite. 

Choosing a well ordering for the set / there exists a unique ordinal fi which 
is isomorphic to the ordered set I (see proposition 10.2.7]). We will prove the 
lemma by transfinite induction, so assume that for every ordinal A < [i, F n (X) 
commutes in SH.(S) with coproducts indexed by A. If jj, = A + 1, i.e. if /x is the 
sucessor of A, then 

[] z a = (]iz a ) i[z x 

Q<A+1 a<A 

Therefore 

[^P0,LL<A +1 Z«]spt — ([Fn(X),U a< xZ a }s P t) LI {[F n {X),Z x ] Spt ) 
but by the induction hypothesis 

[F n (X), ]l Z a ] Spt = U [F n (X),Z a ] 

thus 

[F n (X), ]J Z a ] Sp t= [J [F n (X),Z a ] Spt 

a<A+l a<A+l 

as we wanted. 

It remains to consider the case when fi is a limit ordinal. In this case proposition 
10.2.7 in [7] implies that we can recover the map * — > II Q<M Z a as the transfinite 
composition of a /z-sequence: 

A a -> Ai > A fJ -> • • • (/3 < fj,) 
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where Aq = *, Ap — U a</ 3 Z a , and the maps in the sequence are the obvious ones. 
In particular we have that ]J Q< „ Z a = lim Ap. 

Since X is compact, proposition 12 . 4 . 33l implies that: 

[F n (X), limAp]s pt s lim[F„(X),^] Sf)4 

Now using the induction hypothesis we have: 

[F„(X),A /3 ] Spt = U [F n (X), 

a</3 

and using proposition 10.2.7 in [7] again, we get: 

Urn H [Fn(X),Z a } Spt S [] [F„(X) , Z a ]s P t 

thus 

[F„(X), J] Z Q ] Spt = ]J [F„(X),Z Q ] Spt 

a<fi a<fi 

as we wanted. □ 

Proposition 3.1.5. The motivic stable homotopy category S7i(S) is a com- 
pactly generated triangulated category in the sense of Neeman (see [191 definition 
1.7],). The set of compact generators is given by (see definition \2.4-4\ ) '■ 

C = U U F n (S r AG s m AU + ) 

n,r,s>0 U£(Sm\ s ) 

i.e. the smallest triangulated subcategory of S7i(S) closed under small coproducts 
and containing all the objects in C coincides with STi(S). 

Proof. Since SH(S) is closed under small coproducts, we just need to prove 
the following two claims: 

(1) For every F n {S r A G s m A U+) G C; F n {S r A G s m A U+) commutes with 
coproducts in SJi{S), i.e. given a family of T-spectra {Xi}i & j indexed by 
a set / we have: 

[F n (S r A G s m A U+), ]J Xi] 8pt = l[[F n (S r A G s m A U+), X,] Spt 
iei iei 

(2) If a T spectrum X has the following property: [F n (S r AGf n AU + ), X]s p t = 
for every F n {S r A& s m A U+) G C, then X = * in SH{S). 

JTJ): Follows immediately from lemma [5.1.41 since we know by proposition ^. 4.1| 
that the pointed simplicial presheaves S r A G s m A U+ are all compact in the sense 
of Jardine. 

Consider the canonical map X — > * in Spt T .M*. Corollary 12 .4. 281 together 
with our hypotheses implies that X — ► * is a weak equivalence in Spt T A4*, therefore 
X = * in SH(S) as we wanted. □ 

COROLLARY 3.1.6. Let / : X — > K foe a map in SH(S). Then f is an isomor- 
phism if and only if f induces an isomorphism of abelian groups: 

[F n (S r A G s m AU+), X] Spt - A*. [F„(^ A G s m A C/+), y] Spt 
/or evert/ F„(5 r A A U+) G C. 
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Proof. (=*-): If / is an isomorphism in SH(S) it is clear that the induced 
maps /* are isomorphisms of abelian groups for every F n (S r A G^ A U+) G C. 
(<=)■ Complete / to a distinguished triangle in SH(S): 



Then / is an isomorphism if and only if Z = * in STi.(S). 

Now since the functor [F n (S r A G^ A U+), — ]s P t is homological, we get the 
following long exact sequence of abelian groups: 



[F n (S r AG s m AU+),X} Spt 
f. 

[F n (S r AG s m AU+),Y] Sp t 



[F n (S r AG s m AU+),Z} Sp t 

h. 



[F n (S r A G s m A U+)^ T u X] Spt [F n+1 (S r A G^ 1 A U+), X] Spt 



[F n (S r A G* m A U+), ^°Y} Spt [F n +i{S r A G^ 1 A U+), Y] Spt 



But by hypothesis all the maps /* are isomorphisms, therefore [F n (S r A G^ A 
U+),Z] Spt = for every F n (S r A G° n A U+) G C. Since SH(S) is a compactly gen- 
erated triangulated category (see proposition 13. 1.5)) with set of compact generators 
C, we have that Z = *. This implies that / is an isomorphism, as we wanted. □ 

Definition 3.1.7 (Voevodsky, cf. [25]). We define the effective motivic stable 
homotopy category 57^ (5) C STC(S) as the smallest triangulated full subcategory 
of SH(S) that is closed under small coproducts and contains 

C ef f= |J (J F n (S r AG s m AU+) 

n,r,s>0;s~n>0 U£(Sm\ s ) 

Definition 3.1.8 (Voevodsky, cf. [25])- Let q&Z. We define Z q T SH eff (S) C 
SH(S) as follows: 

(1) lfq = 0, we just take SH eff {S). 
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(2) lfq^=0, then Y3pST-L e ^ (S) is the smallest triangulated full subcategory of 
STi(S) that is closed under small coproducts and contains 

Cl ff = (J |J F n (S r AG s m AU+) 

n,r,s>0;s—n>q UG(Sm\s) 

Definition 3.1.9 (Voevodsky, cf. [25] 1. The collection of triangulated subcat- 
egories Z q T SH eff {S) forqeZ give a filtration on SH.(S) which is called the slice 
filtration, i.e. we have an inductive system of full embeddings 

. . . C Y, q + l SH efl {S) C Z q T SH eff (S) C T, q r T 1 SH eff (S) C . . . 

and vrovosition \ 3. 1.5\ imvlies that the smallest triangulated subcategory of SH.(S) 
containing Y3pSTL e * * (S) for all q G Z and closed under small coproducts coincides 
with SH(S). 

Proposition 3.1.10. For every q G Z, Y3pSTL e3 {S) is a compactly generated 
triangulated category in the sense of Neeman, where the set of compact generators 
is 

C' q eff = |J |J F n (S r AG s m AU + ) 

n,r,s>0;s— n>q U£(Sm\s) 

Proof. By construction Y^STC** (S) is closed under small coproducts. There- 
fore we just need to check the following two properties: 

(1) For every F n {S r A G s m A U+) G C q ff ; F n (S r A G s m A U+) commutes 
with coproducts in T, q r ,STi. e: ' ' (S) , i.e. given a family of T-spectra {Xi G 
Y3 r STL e ^ (S)}i £ i indexed by a set I we have: 

Hom E?iSw ./, (s) (F n (^ A A U+), U ie i X i) 

IJ ieJ Hom nsn e f f (3) (F n (S r A Gf„ A U+), X t ) 

(2) If a T-spectrum X G Y? T SH ef f (S) has the following property: 

Bom^ SH . ff[s) (F n (S r A G r s „ A U+),X) = 

for every F n (S r A G s m A U+) G G\ fp then X = * in Y, q T SH ef f {S). 

(QJ: Follows immediately from proposition 13.1.51 since Y3pSTL e ^ ' (S) is in par- 
ticular a full subcategory of SH(S). 

([2]): The natural map X — » * is an isomorphism in Yij,STL e ^ {S) if and only if 
for every we get an induced isomorphism of abelian groups 

and since is a full subcategory of STC(S), this last condition is equiv- 

alent to: For every Z G Y3pST-L e ^ \S) we have an induced isomorphism of abelian 
groups 

[Z, X] Spt -=+[Z, *] Spt = 
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Let Ax be the full subcategory of SH(S) generated by the T-spectra Y satisfying 
the following property 

[E£°y, x] Spt *] Spt = o 

for all n G Z. To finish the proof it is enough to show that E^iSTi 6 -' (5) C .Axi 
and by construction of 12j.SH e ^(S), it suffices to prove that .Ax is a triangulated 
subcategory of SH(S) which is closed under small coproducts and contains the 
objects F n (S r A G s m A U+) G Cj//- The claim that Ax is triangulated follows 
immediately from the fact that the functor [— ,X\spt is cohomological. The claim 
that Ax is closed under small coproducts follows from the universal property of the 
coproduct. Finally by hypothesis Ax contains the generators F n (S r A A U+) G 
This finishes the proof. □ 

Corollary 3.1.11. Let f : X -> Y be a map in Z q T SH ef f (S) . Then f is an 
isomorphism if and only if one of the following equivalent conditions holds: 

(1) For every F n {S r AGJ, A U+) G @\ff> f induces an isomorphism of abelian 
groups: 

Hom KsW ff(s)(Fn(S r A <Sf n A U+),X) 
/« 

Hom s « sw ./ /(s) (F n (^ A G s m A U+),Y) 

(2) for every F n (S r AGJ, A E7+) G C*//' ^ induces an isomorphism of abelian 
groups: 

i ( f) 

[F n (S r A Gf„ A LT+), X] Spt [F„(5 r A Gf„ A C/+), y] Sp * 

PROOF. Since by construction E j,S"H e -' * (S) contains C q e ^ and it is a full sub- 
category of STL(S), we get immediately that (HJ and (JSJ) are equivalent. 

We will prove (fT]) . It is clear that if / is an isomorphism then the induced maps 
/» considered above arc all isomorphisms of abelian groups. Conversely, assume 
that all the induced maps: 

Rom^ TSH e ff{s) (F n (S r A G s m A U+),X) 
f, 

Rom KsH e ff(s) (F n (S r A G s m A U + ),Y) 

are isomorphisms for F n (S r A Gf„ A U+) G CLy. Complete the map / : X — » F to 
a distinguished triang lc in T, q T SH eff (S): 

X^Y^^Z^^^X 

then / is an isomorphism if and only if Z = * in EfuSW 6 (S 1 ). Now since the 
functor Hom E ^ 5W c//( S )(i ;l „(5 r A G,f„ A {/+), — ) is homological, we get the following 
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long exact sequence of abelian groups: 



Rom^ sn . ff(s) (F n (S r A G* m A U+),X) 



Rom^ TSmf f {s) (F n (S r A G° m A U+), Y) 



Hom^ SW e// (s) (F n (5 r A G s m A U + ), Z) 



Hom E , sw „ (S) (F n+1 (S r AGf+ 1 AU + ),X) 



(F n (S r AG;a[/ + ),E^°I) 



Rom^ sm „ {s) (F n+1 (S r AC; +1 A (7 + ),F) 




Hom s , 5w «// (s) (F n (ST AG; A U + ),^Y) 



But by hypothesis all the maps /* are isomorphisms, therefore 
Kom^ T sH'ff(S)(F n (S r AG s m AU+),Z) = 

for every F n (S r AG s m A U+) G C e 9 // . Since ?%,SH eff (S) is a compactly generated 
triangulated category (see proposition 13 . 1.10)) with set of compact generators C^ff, 
we have that Z = *. This implies that / is an isomorphism, as we wanted. □ 

Proposition 3.1.12. For every q £ Z the inclusion 

i q : T, q T SH eff {S) ^SH(S) 

has a right adjoint 

r q :SH(S) » Y, q T SU eff (S) 

which is also an exact functor. 

Proof. We have that T,j,STi. e ^ (S) is a compactly generated triangulated cat- 
egory (see proposition ^ . 1 . 1 0|) . and it is clear that the inclusion i q is an exact functor 
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which preserves coproducts. Then the existence of the exact right adjoint r q follows 
from theorem 4.1 in |19j . □ 

Remark 3.1.13. (1) Since the inclusion i q : Z q T SH ef f (S) -> SH(S) is a 
full embedding, we have that the unit of the adjunction id r q i q is an 
isomorphism of functors. 
(2) We define f q = i q r q . Then clearly f q +if q = f q +\ and there exists a 
canonical natural transformation f q +\ — * f q . 

PROPOSITION 3.1.14. Fix q e Z, and let g : X — > Y be a map in SH(S). 
Then f q {g) ■ f q X ~ > f q Y is an isomorphism in SH(S) if and only if for every 
F n (S r A Gf„ A U+) £ Cl ff the induced map: 

[F n (S r A GJ, A U+), X] Sp t - J* [F n (S r A G,f„ A U+),Y] Sp t 
is an isomorphism of abelian groups. 

PROOF. We have that f q = i q r q , where i q : S^5H e// (5) -> SH{S) is a full 
embedding. Therefore, f q (g) is an isomorphism in SH.(S) if and only if r q (g) is an 
isomorphism in Y3 r S'H (S). 

Hence, corollary 13.1.111 implies that f q (g) is an isomorphism if and only if for 
every F n (S r A G s m A U + ) E C q ef} the induced map: 

Hom 4swe „ (s) (F n (5 r A G' m A U+),X) 

r q (g)* 

Uom Ksn e f f {s) (F n (S r A G* m A U+),Y) 

is an isomorphism. Fix F n (S r A A U+) G ^eff Finally since i q ,r q are adjoint 
functors and C Hj-SH 6 ^ \S), we have the following commutative diagram, 

where the vertical arrows are all isomorphisms: 

Eom KSH e ff{s) (F n (S r A Q s m A U + ),r q X) 




Hom E . sw .„ (s) (F n (^ AG; A U+),r q Y) 



[F n (S r AG s m AU + ),X] Spt 



[F n (S r AG° m AU + ),Y] 



Spt 



Therefore, f q (g) is an isomorphism if and only if for every F n (S r A G^ A U+ ) £ C'// 
the induced map: 

[F n (S r AG;AP + ), X] Spt [F n (S r A G s m A U+),Y] Spt 

is an isomorphism, as wc wanted. □ 
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Proposition 3.1.15. For every q G Z the counit of the adjunction constructed 

in proposition \3. 1 . HH f q — i q r q — » id, has the following property: 

For any T- spectrum X , and for any compact generator F n (S r A G^ A [/+) G 

Ce//> the map f q X -5 X in SH.(S) induces an isomorphism of abelian groups: 
[F n (S r U+), f q X] Sp t -^V [F n (S r AG^A 17+) , X] Spt 

PROOF. Let F n (S r AG s m AU+) be an arbitrary element in C q ef} . Since F n (S r A 

G s m A U+) G Y, q T SH eff {S) for n,r,s > with s - n > q, we get the following 
commutative diagram: 

[F n (S r A G* m A U+)J q X} Sp t ~ [F n (S r A G s m A U+),X] Spt 



[i q {F n (S r AGJ.A U+)),i q r q X} Sp t 



[i q (F n (S r AG s m AU + )),X] Spt 



Now using the adjunction between i q and r q we have the following commutative 
diagram: 

[i q (F n (S r AG s m AU+)),i g r q X} Spt 



[i q (Fn(S r A G s m AU + )),X] s p t 



Kom^ T sHoff(s)(Fn{S r A G s m A U+),r q i q r q X) 




Kom^ TSn .ff {s) (F n (S r A G° m A U + ), r q X) 



Rom^ sneff(s) (F n (S r A G° m A U + ),r q X) 



id 



Rom^ TSHeff{s) (F n (S r A G s m A U+), r q X) 

where t is the unit of the adjunction between i q and r q . This shows that Ox* is an 
isomorphism, as we wanted. □ 

Theorem 3.1.16 (Voevodsky, cf. |25j). For every q G Z there exist exact 
functors 

s q : SH(S) ^SH{S) 

together with natural transformations 



: f q ■ 
a q : s q . 



y.1,0 f 
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such that the following conditions hold: 

(1) Given any T '-spectrum X , we get the following distinguished triangle in 
SH{S) 

(24) f q+1 X ^ f q X s q X -X- ^ T °f q+1 X 

(2) For any T '-spectrum X, s q X is in Y3pSTL e ^ (S). 

(3) For any T -spectrum X, and for any T spectrum Y in STi. e ^ ' (S) , 
[Y,s q X] Sp t = 0. 

Proof. Since the triangulated categories E^ +1 <SH e/ f (S) and T,^,SH ef f (S) are 
both compactly generated (see proposition 13.1.10)) , the result follows from proposi- 
tions 9.1.19 and 9.1.8 in [2D]. □ 

Definition 3.1.17 (Voevodsky). Given an arbitrary T -spectrum X, the se- 
quence of distinguished triangles {21$ is called the slice tower of X. The T -spectrum 
s q X is called the (/-slice of X . and the T -spectrum f q X is called the (q — 1)- 
connective cover of X . 

Theorem 3.1.18. For every ggZ there exist exact functors 

s <q :SH(S) ^SH(S) 

together with natural transformations 

n <q : id s- s <q 

a <q : s <q ^ S M /<? 

such that the following conditions hold: 

(1) Given any T -spectrum X , we get the following distinguished triangle in 
SH{S) 

(25) f q X >X^* s <q X -^V j%°f t X 

(2) For any T -spectrum X, and for any T spectrum Y in Y3pST-L e ^ (S), 
[Y, s<q X} Sp t = 0. 

Proof. The result follows from propositions 9.1.19 and 9.1.8 in [20j . using the 
fact that the triangulated categories T,^,SH e ^ (S) and STl(S) are both compactly 
generated (see propositions 13 . 1 . 5 l and 13 . 1 . TU|) . □ 



Proposition 3.1.19. Let X be an arbitrary T -spectrum. Then for every q G Z, 
we have the following commutative diagram, where all the rows and columns are 



1)2 
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distinguished triangles in SH(S): 




^Jrp S q X 



Proof. It follows from theorems 13. 1 . 161 and 13. 1 . 181 together with the octahe- 
dral axiom applied to the following commutative diagram: 



fqX 



X 



a 



Proposition 3.1.20. Fix q el* and let f : X — ► Y be a map in SH(S). Then 

s <qf '■ s <qX — > s <q Y 

is an isomorphism in STl(S) if and only if f induces the following isomorphisms 
of abelian groups: 

[F n (S r A G s m A U+), s <q X] Spt [F n (S r A G s m A U+), s <q Y] Spt 

for every F n {S r AG s m AU+)(£ C q eff . 

Proof. (=>): Assume that s <q f is an isomorphism. Then it is clear that 
i s <qf)* is also an isomorphism for every F n (S r A Gf n A U + ) ^ C\ff 

(<=): Corollary |3 . 1 . 61 implies that s <q f is an isomorphism in SH(S) if and only 
if for every F n (S r A Gf„ A U+) 6 C, the induced maps: 

[F n (S r A G s m A U+),8 <q X] Spt [F n (S r A G s rn A U+),s <q Y} Spt 



A U+) e C q eff , we 



are isomorphisms of abelian groups. 

But theorem I3.1.18p |) implies that for every F n (S r A 
have: 

= [F n (S r A G s m A U + ),s <q X} Sp t ( ^-* [F n (S r A G s m A U+),s <q Y] Spt £ 

thus (s<q/)* is an isomorphism in this case. 

Thus in order to show that s <q f is an isomorphism, we only need to check that 
for every F n (S r A Gf n A U + ) £ C^.*, the induced maps: 



[F n (S r AG; AU + ),s <q X] Sp t 



(s< q f), 



[F n (S r AG s m AU+),s <q Y} Spt 
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are all isomorphisms of abelian groups; but this holds by hypothesis. This finishes 
the proof. □ 

PROPOSITION 3.1.21. Fix q e Z and let f : X — > Y be a map in SH{S). Then 

S q f : S q X -> S q Y 

is an isomorphism in STl(S) if and only if f induces the following isomorphisms 
of abelian groups: 

[F n {S r A G s m AU+), s q X] Spt ^1 [F n (S r A Gf n A U+), s q Y] Spt 
for every F n (S r A G^ A U+) £ C*// w here s — n = q. 

Proof. Assume that s q f is an isomorphism. Then it is clear that (s 9 /)* 

is also an isomorphism for every F n (S r A Gf n A U+) G C q e ^ with s — n = q. 

O): Theorem EXHH2) implies that s q X and s q Y are both in Y, q T SH ef f (S). 
Therefore using corollary |3 . 1.111 and the fact that Y, q r ,STC e ^ (S) is a full subcategory 
of STi(S) 7 we have that s q f is an isomorphism if and only if the maps: 

[F n (S r A G s m AU+), s q X] Spt [F n (S r A Gf n AU+), s q Y} Spt 

are all isomorphisms of abelian groups for every F n {S r A Gf n A U + ) € ^tff 

But if s-n > q+1, we have that F n (S r AG s m AU+) is in fact in Y l q T +1 SH eff (S); 
and using theorem 13.1 . 16lf3|) again, we have that in this case: 

<* [F„ (S r A G s m A U+), s q X] Spt [^(S 1 - A G s m AU+), s q Y] Spt = 

Thus in order to show that s q f is an isomorphism, we only need to check that 
the maps: 

[F n (S r A G s m A U + ), s q X] Spt [F n (S r A G s rn A U + ),s q Y} Spt 

are all isomorphisms of abelian groups, for every F n (S r A Gf n A U+) G C*// w itb 
s — n = q. This finishes the proof. □ 



3.2. Model Structures for the Slice Filtration 

Our goal in this section is to use the cellularity of Spt T ./W* (see theorem !2.5.4l) . 
to construct using Hirschhorn's localization techniques, several families of model 
structures on Spt T (S'm|s)jvis via left and right Bousfield localization. This new 
model structures will provide liftings in a suitable sense for the functors 

f qi s <q ,s q :SH(S)^SH(S) 

described in section |3~T1 

The first family of model structures on Spt T (S'm|s)Afis will be constructed via 
right Bousfield localization. These model structures will have the property that 
the cofibrant replacement functor coincides in a suitable sense with the functor f q 
defined in remark 13.1.131 This will provide a natural lifting of Voevodsky's slice 
filtration to the level of model categories. 
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Theorem 3.2.1. Fix Consider the following set of objects in Spt T .M* 

c q eff = |J |J f#ag;ap+) 

n,r,s>0;s— n>q UG(Sm\ s ) 

Then the right Bousfield localization o/Spt T A4* with respect to the class of C q e ^- 
colocal equivalences exists (see definitions \1.8.6\ and \1.9T^) . This model struc- 
ture will be called (q — l)-connected motivic stable, and the category of T '-spectra 
equipped with the (q — 1 )-connected motivic stable model structure will be denoted by 
Rc<q^Spt T A4*. Furthermore R c i^$pt T A4* is a right proper and simplicial model 
category. The homotopy category associated to R c i Spt T M* will be denoted by 
R ctf SH{S). 

Proof. Theorems 12. 4. 161 and !2. 5.41 imply that Spt T A^* is cellular, proper and 
simplicial. Therefore we can apply theorem 5.1.1 in [7] to construct the right Bous- 
field localization of Spt T M* with respect to the class of C^-colocal equivalences. 
Using theorem 5.1.1 in |7J again, we have that this new model structure is right 
proper and simplicial. □ 

Definition 3.2.2. Fix q G Z. Let C q denote a cofibrant replacement functor 
in R c g^^Spt T M*; such that for every T -spectrum X , the natural map 

c x 

c q x^+ x 

is a trivial fibration in R(ji^Spt T A4^, andC q X is always a C^j-colocalT '-spectrum. 

Proposition 3.2.3. Fix q G Z. Then IQtJ is also a fibrant replacement 
functor in Rc<i^Spt T M* (see corollary \2. 4- 20\ l . 

Proof. Since Rc ff Spt T M* is the right Bousfield localization of Spt T 7W* 
with respect to the C^y-colocal equivalences, by construction we have that the 
fibrations and the trivial cofibrations are indentical in R c i^Spt T A4^ and Spt T ./V(* 
respectively. This implies that for every T-spectrum X, IQtJX is fibrant in 
i? c <j^Spt T .M*, and using proposition 3.1.5] we have that the natural map: 

x i -Si^U I q t jx 

is a weak equivalence in R c i Spt T yV(*. Hence IQtJ is also a fibrant replacement 
functor for i?^ Spt T .M». □ 

Proposition 3.2.4. Fix q G Z and let f : X ->7 be a map in Spt T M*. Then 
f is a C^ff-colocal equivalence if and only if for every F n (S r A Gf n A E/+) G Cf//; 
/ induces the following isomorphisms of abelian groups: 

[F n (S r AG;AP + ), X] Spt -JU- [F n (S r A G s m AU+), Y] Spt 

Proof. (=>): Assume that / is a C^j-colocal equivalence. Since all the com- 
pact generators F n (S r A Gf n A U + ) are cofibrant in Spt T M*, we have that / is a 
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C|^-colocal equivalence if and only if the following maps are weak equivalences of 
simplicial sets: 

Map{F n {S r A G s m A U+),IQ T JX) 
(iQtJI). 

Map(F n (S r AG^A L7+), IQtJY) 

for every F n (S r A Gf„ A U+) 6 Ceff Since Spt T .M* is a simplicial model category 
and F n (S r AG^ AU+) is cofibrant, we have that Map(F n (S r A G s m A U+), IQ T JX) 
and Map(F n (S r A G^ A U + ), IQtJY) are both Kan complexes, thus we get the 
following commutative diagram where the top row and the vertical maps are all 
isomorphisms of abelian groups: 

n Map(F n (S r AG s m A U+),IQ T JX) 




s ir Map(F n (S r AG s m A U+), IQtJY) 

[F n (S r AG s m AU+),X] Sp t 




[F n (S r AG s m AU + ),Y] Sp t 

Therefore 

[F n (S r AG s m A U+),X] Sp t — [F n (S r A G r s „ A U+),Y] Spt 

is an isomorphism of abelian groups for every F n (S r A G^ A U+) G ^tff as we 
wanted. 

(<=): Fix F n (S r A Gf n A U+) E C\ff Let u)q, f]o denote the base points 
corresponding to Map*(F n (S r A G s m A U+),IQ T JX) and Map*(F n (S r A G s m A 
£/+), IQtJY) respectively. We need to show that the map: 

Map(F n (S r A G r s n A U+),IQ T JX) 

{IQtJ})* 

Map{F n {S r A G s m A U+), IQtJY) 

is a weak equivalence of simplicial sets. 
We know that the map 

3 ■ F n+1 (S r+1 A G^ 1 A U+) - F n (S r A G r s „ A U+) 

which is adjoint to the identity map 

id : S r+1 A G^ +1 A U+ -» Ev n+1 (F n (S r AG s m AU+))= S r+1 A G^ +1 A U+ 

is a weak equivalence in Spt T .M». Now since F n (S r A G^ A U + ) and F n+ i(S r+1 A 
Gf^ 1 AU + ) are both cofibrant and Spt T .M* is a simplicial model category, we can 
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apply Ken Brown's lemma (see lemma [I.1.4[) to conclude that the horizontal maps 
in the following commutative diagram are weak equivalences of simplicial sets: 



Map(F n (S r A G s m A U+),IQ T JX) 



(iQ T Jf). 



Map(F n+1 {S r+1 A A U+), IQ T JX) 



Map(F n (S r A& s m A U+),IQ T JY) 



(iQ T Jf), 



Map(F n+1 (S r+1 A Gfjf 1 A U+),IQ T JY) 



Hence by the two out of three property for weak equivalences, it is enough to show 
that the following induced map 



Map(F n+1 {S r+1 AGJ+ 1 A U+),IQ T JX) 

(IQtJJ), 

Map(F n+1 {S r+1 A A U+), IQtJY) 



is a weak equivalence of simplicial sets. 

On the other hand, since Spt T .M* is a pointed simplicial model category, we 
have that lemma 6.1.2 in [10] together with remark [2.4.3t[ 2|) imply that the following 
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diagram is commutative for k > 0: 



Tr k ,„ Map(F n (S r AG s m A U+),IQ T JX) 

LIQtJJ). 



n k , Vo Map(F n (S r AG s m A U+), IQtJY) 



TT k , U0 Map*(F n (S r AG s m A U+),IQ T JX) 

(JQ T Jf), 



ir k , Vo Map*(F n (S r A G r s „ A U+),IQ T JY) 



[F n (S r AG;A U+) A S\ IQ T JX} Spt 



LKhJf)* 

[F n (S r A G s rn A U+) A S\ IQ T JY] Sp t 



[F n (S r AG s m AU + )AS k ,X] Sp t 



f. 



[F n (S r AG s m AU+) AS k ,Y] Sp t 



[F n (S k+r AG» m AU+),X]i 




[F n (S k + r AG s m AU + ),Y] Sp t 

but by hypothesis we have that the bottom row is an isomorphism of abelian groups. 
Therefore all the maps in the top row are also isomorphisms. Then for every 
F n {S r A G s m A U + ) € C q eff , the induced map 

Map(F n (S r AG s m A U+),IQ T JX) (IQtJ}) * , Map(F n (S r AG s m A U+), IQtJY) 

is a weak equivalence when it is restricted to the path component of Map(F n {S r A 
G s m A U+),IQ T JX) containing uj . But F n+1 (S r A G£+ J A U+) is also in C q eff , 
therefore the following induced map 

Map*(S\Map*{F n+1 (S r AGJ* 1 AU+),IQ t JX)) 
(iQ T Jf). 

■ 

Map*{S\Map*{F n+1 {S r A G^ 1 A U+),IQ T JY)) 
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is a weak equivalence of simplicial sets, since taking S'Moops kills the path compo- 
nents that do not contain the base point. 

Finally, since Spt T .M* is a simplicial model category we have that the rows in 
the following commutative diagram are isomorphisms: 

Map*{S\Map r {F n+1 {S r A G^ 1 A U + ),IQ T JX)) 



(iQ T Jf), 



Map*{F n+1 {S r A Gf+i A U+) A S 1 ,IQ T JX) 



Map*(S\Map*(F n+1 (S r A G^ 1 A U+),IQ T JY)) 



(IQTJf), 



Map,{F n+1 (S r A Gf+i A U+) A S\IQ T JY) 

Hence the two out of three property for weak equivalences implies that the right 
vertical map is a weak equivalence of simplicial sets. But F n +i(5 r AG^ 1 AU+) A5 1 
is clearly isomorphic to F n+ i(S r+1 A G^ 1 A U+), therefore the induced map 

Map{F n+1 {S r+1 A Gf, +1 A U+), IQ T JX) 

[IQTJf), 



Map(F n+1 {S r+1 A Gtf 1 A U+), IQtJY) 
is a weak equivalence, as we wanted. 



□ 



COROLLARY 3.2.5. Fix q e Z and let f : X — > Y be a map in Spt T A4*. Then 
f is a C^ff-colocal equivalence if and only if the following map 



r q X^lr q Y 



is an isomorphism in Y^STi.^ * (S) 



Proof. The result follows immediately from proposition 13.2.41 and corollary 

isxnpji . □ 

COROLLARY 3.2.6. Fix ggZ and let X be an arbitrary T -spectrum X . Then 
X = * in Rqi SH(S) if and only if the following condition holds: 
For every F n (S r A G s m A 17+) € C q e}} : 

[F n {S r AG s m AU+),X} Spt ~0 

PROOF. We have that X is isomorphic to * in Rq<i S7-C(S) if and only if the 
map * — > X is a Cgyj-colocal equivalence. But corollary 13.2.51 implies that * — > X 
is a C|jj-colocal equivalence if and only if 



r 9 X 



becomes an isomorphism in T^ST-C ' (S) 
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Finally by corollary I3.1.11lf 2|) we have that * 
H q T Sn eff {S) if and only if for every F n (S r A G; 
induced maps are isomorphisms of abelian groups: 



— * r q X is an isomorphism in 
A U+) G C*ff the following 



0^ [F n (S r AG s m AU+),* 



Spt 



[F n (S r AG s m AU+),X} Spt 



as we wanted. 



□ 



Lemma 3.2.7. Fix g€Z and let f : X — > Y be a map in Spt T .M*, then f is a 
C\f j-colocal equivalence if and only if Qg 1 IQtJ(J) is a C q e ^-colocal equivalence. 



Proof. Assume that / is a C^-colocal equivalence. We need to show that 



Q s iIQ T J(f) is a C e 9 // -colocal equivalence. Fix F n (S r A G? n A U+) G C q eff . Since 
Spt T 7W* is a simplicial model category and all the compact generators F n (S r A 
G^, A U+) are cofibrant, we have the following commutative diagram: 



[F n (S r A< 



AU + ),fl s iIQ T JX} Spt 

UQ T Jf), 




[F n (S r A G s m A U+), n sl IQ T JY] Sp t 



[F n (S r AG s m AU+)AS\X} Sp t 



[F n (S r+1 AG;A[/ + ),I] Spf 



[F n {S r AG s m AU+) AS\Y] Sp t 



[F n (S r+1 A& ni AU + ),Y} Spt 



but using proposition 13.2.41 and the fact that / is a C^j-colocal equivalence, we 
have that the bottom row is an isomorphism, therefore the top row is also an 
isomorphism. Using proposition 13.2.41 again, we have that ClgilQxJif) is a C q e ^- 
colocal equivalence, as we wanted. 

Conversely, assume that ^s^-IQtJU) 1S a C^-colocal equivalence. Fix F n (S r A 
Gf n A U + ) G C-eff Proposition 13.2.41 implies that the top row in the following 



100 



3. MODEL STRUCTURES FOR THE SLICE FILTRATION 



commutative diagram is an isomorphism: 
[F n+1 (S r A G^t 1 A U+),n s iIQ T JX] Spt 




[F n+1 (S r A A U + ),n S tIQ T JY] Sp t 



[F n+1 (S r A G^ +1 A U+) A S\X] Svt 




[F n+1 (S r A A 17+) A S\Y} Spt 



[F n {S r AG s m AU+),X} Sp t 




[F n {S r A<&° n AU + ),Y}s P t 

therefore the bottom row is also an isomorphism. Finally using Proposition 13.2.41 
again, we have that / is a C^-colocal equivalence. This finishes the proof. □ 

Corollary 3.2.8. For every q £ Z, the adjunction 

(- A S 1 ,n s i,(f) : Re* Spt T .M* s- R c « ff Spt T M* 

is a Quillen equivalence. 

Proof. Using corollary 1.3.16 in |10j and proposition 13.2.31 we have that it 
suffices to verify the following two conditions: 

(1) For every cofibrant object X in R c u Spt T M.*, the following composition 

x — n S i (x a s 1 ) — ^ n S iiQ T J(x a s 1 ) 

is a C^j-colocal equivalence. 

(2) flgi reflects C\ j^-colocal equivalences between fibrant objects in Rc" ff Spt T .M* . 
(JTJ) : By construction Spt T .M* is a right Bousfield localization of Spt T .M*, 

therefore the identity functor 

id : R c , ff Svt T M* Spt T M* 

is a left Quillen functor. Thus X is also cofibrant in Spt T A4*. Since the adjunction 
(— A S 1 ,Q s i,ip) is a Quillen equivalence on Spt T A^*, [101 proposition 1.3.13(b)] 
implies that the following composition is a weak equivalence in Spt T A^*: 

x n S i(x a s 1 ) — ^ n S iiQ T J{x a s 1 ) 

Hence using [7J proposition 3.1.5] it follows that the composition above is a Ce//~ 
colocal equivalence. 
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|(5J): This follows immediately from proposition 13.2.31 and lemma 13.2.71 □ 

Remark 3.2.9. The adjunction (£t, £It, V 5 ) * s a Quillen equivalence on Spt T .M*. 
However it does not descend even to a Quillen adjunction on the (q — l)-connected 
motivic stable model category R c i^Spt T A4*. 

Corollary 3.2.10. For every q 6 7L, R c i^STi.(S) has the structure of a tri- 
angulated category. 

Proof. Theorem 13.2.11 implies in particular that i?c<i^Spt T .M* is a pointed 
simplicial model category, and corollary 13.2.81 implies that the adjunction 

(-AS 1 ,^^) : Rc«j f Spt T M* -> Rc« ff Spt T M* 

is a Quillen equivalence. Therefore the result follows from the work of Quillen in 
[21[ sections 1.2 and 1.3] and the work of Hovey in [10[ chapters VI and VII]. □ 

Proposition 3.2.11. We have the following adjunction 

[C q , IQ T J, <p) : R clf SH(S) >- SH(S) 

between exact functors of triangulated categories. 

Proof. Since Rci ff Spt T A4* is the right Bousfield localization of Spt T 7W* 
with respect to the Cg^-colocal equivalences, we have that the identity functor 
id : R c i^Spt T A4* — > Spt T .A/f* is a left Quillen functor. Therefore we get the 
following adjunction at the level of the associated homotopy categories: 

(C q , IQ T J, tp) : R ch SH(S) ^ SH(S) 

Now proposition 6.4.1 in |10j implies that C q maps cofibre sequences in R c i SH(S) 
to cofibre sequences in SH(S). Therefore using proposition 7.1.12 in [10] we have 
that C q and IQtJ are both exact functors between triangulated categories. □ 

Proposition 3.2.12. Fix q e Z. Then the unit of the adjunction 

(C q , IQ T J, <p) : R clj SH{S) >- SH(S) 

ax ■ X — > IQtJC q X is an isomorphism in R c i STC(S) for every T -spectrum X, 
and the functor: 

C q : R ch SH(S) SH{S) 

is a full embedding. 

Proof. For any T-spectrum X, we have the following commutative diagram 
in R c i^Spt T A4*: 



C q X ! ^ X 



IQ T J C " } 



IQtJ* 



IQ T JC q X > IQ T JX 

IQtJ(C^) 
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where IQt J 5 is in particular a weak equivalence in Spt T A^*. But since Rc« Spt T A^* 
is the right Bousfield localization of Spt T A4* with respect to the C|^-colocal equiv- 
alences, proposition 3.1.5 in 7\ implies that IQTJ CqX is also a C^-colocal equiv- 
alence. 

On the other hand, by construction we have that C x is a C|y^-colocal equiva- 
lence. Therefore IQTJ CqX and C x both become isomorphisms in R^i .STC(S). 
Finally, since ax is the following composition in R c i^STL(S): 

it follows that ax is an isomorphism in R c i^STi.(S) as we wanted. This also 
implies that the functor 

C q : R cif SH(S) -> SH(S) 
is a full embedding. □ 

Proposition 3.2.13. Fix q 6 Z, and let f : X — > Y be a map in R c i SH{S). 
Then f is an isomorphism if and only if the following condition holds: 
For every F n (S r A A U+) € ^tff> induced maps 

[F n (S r A G s m A U+), C q X] Spt [F n (S r AG^A t/+), C g Y]<j pt 

are all isomorphisms of abelian groups. 

Proof. Complete the map / to a distinguished triangle in R c i STL(S): 



We have that 



X — Y Z >- YilfX 



c q f 



(26) C q X—^C q Y ^C q Z ^Y^C q X 



is also a distinguished triangle in R c i SH(S), therefore C q f is an isomorphism 
in R C 9 SH(S) if and only if C q Z = * in R c i SH(S); and since C q is a cofi- 
brant replacement functor in Rc q fj ,Spt T A^* we have that / is an isomorphism in 
Rc q S7i(S) if and only if C q f is an isomorphism in R c i SH(S). 

Hence, / is an isomorphism in R^i SH(S) if and only if C q Z = * in Rq* SH(S) . 
Now corollary 13.2.61 implies that C q Z = * in R c i SH(S) if and only if for every 
F n (S r AG s m AU+)eC« ff : 

[F n (S r AG s m AU + ),C q Z} Sp t = 

But proposition 13 . 2 . 1 II implies that the diagram (|2T))) is a distinguished triangle 
in SH(S); and since for every F n (S r A A £7+) G C e 9 // , the functor [F„(S"" A 
<G s m A L7+), — ]spt is homological, we get the following long exact sequence of abelian 
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groups 



[F n (S r AG s m AU+),C q X} Sp t 
{c q f), 

[F n (S r AG, s m hU+) 1 C q Y] Spt 



[F n {S r AG* m AU + ),C q Z] Sp t 



[F n (S r A G s m A U+), T% C q X\ Sp t -^5- [F n+ i(S r A G^ 1 A U+), C q X] Spt 

(C q f), 

[F n (S r AG s m A U+), ^°C q Y] Spt [F n+1 (S r A G'+ l A U+), C q Y] Spt 



Therefore [F n {S r A G s m A U+), C q Z] Spt = for every F n (S r A G s m A U+) G C q eff if 
and only if the induced map 



[F n (S r AG° n AU+),C q X} Spt 



(c q f), 



[F n (S r A Gf„ AU+), C q Y]s p t 



is an isomorphism of abelian groups for every F n (S r A A U + ) G Cg//- This 
finishes the proof. □ 

Proposition 3.2.14. Fix g G Z, and Zei A oe an arbitrary T-spectrum in 
Y3pSTL e ^ ' (S) . Then (Q S A) AS 1 is a C q ^-colocal T-spectrum in Spt^-M*. 

Proof. Letwo, ?7o denote the base points corresponding to Map* (Q s A, IQtJX) 
and Map*(Q s A, IQtJY) respectively. 

It is clear that Q S A = A in SH(S); then Q S A is in T,^SH eff (S), since A is in 
Y> q T SW sf {S) and S^5H e// (S") is a triangulated subcategory of SH{S). 

Since Spt T .M* is a simplicial model category, we have that QgAAS 1 is cofibrant 
in Spt T .M*, hence it suffices to check that for every C^j-colocal equivalence / : 
X — > Y, the induced map 



Map(Q s A A S 1 ,IQtJX) ■ 



(iQxJf), 



■Map{Q s AAS 1 : IQ T JY) 



is a weak equivalence of simplicial sets. 

Now corollarv l3. 2. 81 together with proposition 13 . 2 .31 imply that for every n > 0, 
Qs™IQtJ(/) is also a C|jj-colocal equivalence. Hence corollary 13.2.51 implies that 
r q n S nIQ T J{f) is an isomorphism in ^SH eff {S). Since Q S A G Z q T SH eff {S), we 



104 



3. MODEL STRUCTURES FOR THE SLICE FILTRATION 



have that i q Q s A = Q S A, then by proposition 13 . 1 . 121 we get the following commuta- 
tive diagram where both rows and the left vertical map are isomorphisms of abelian 
groups: 



Hom s«5-H^/(s)(Q s - 4 : r q n S r,IQ T JX) 

(r q n sn IQ T Jf), 



[Q s A,n S nIQ T JX] Spt 

(Cl sn IQ T Jf), 

[Q s A,Q S nIQ T JY] 



Spt 

Therefore the right vertical map is also an isomorphism of abelian groups. 

Now since Spt T .M* is a pointed simplicial model category, we have that lemma 
6.1.2 in |10j together with remark r2.4.3p |) imply that the following diagram is 
commutative for n > 0, where all the vertical maps together with the bottom row 
are isomorphisms of abelian groups: 



Map(Q s A, IQtJX) 



(iQrJf), 



Map(Q s A, IQtJY) 



7r n ^ Map,(Q s A 7 IQ T JX) {IQTJf) ' , n n , VQ Map,(Q s A, IQ T JY) 



lQ s A,n S r>IQ T JX} Spt 



[Q s A,n S r>IQ T JY} Spt 



Therefore all the maps in the top row are also isomorphisms. Thus, the induced 
map 

{iQtJI), 



Map(Q s A, IQtJX) ■ 



Map(Q s A, IQtJY) 



is a weak equivalence when it is restricted to the path component of M ap(Q s A, IQtJX) 
containing loq. This implies that the following induced map 

Map, (S* 1 , Map, {Q S A, IQ T JX)) 

(iQ T Jf), 

Map, (S 1 , Map, (Q S A, IQtJY)) 

is a weak equivalence since taking .SMoops kills the path components that do not 
contain the base point. 

Finally, since S\it T M., is a simplicial model category we have that the rows in 
the following commutative diagram are isomorphisms: 



Map, (S 1 , Map, {Q S A, IQtJX)) 

(IQTJf), 

Map*{S l ,Map4Q s A, IQtJY)) 



Map,{Q s A AS 1 , IQtJX) 

(IQTJf), 

Map,(Q s A A S 1 , IQtJY) 



Hence the two out of three property for weak equivalences implies that the right 
vertical map is a weak equivalence of simplicial sets, as we wanted. □ 
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Corollary 3.2.15. Fix ggZ and let X be an arbitrary T -spectrum in Y3pSTL e ^ 
Then Q S X is a C q e ^-colocal T -spectrum in Spt T .M* 

Proof. Let R denote a fibrant replacement functor in Spt T .M* such that for 
every T-spectrum Y, the natural map 

r y 

Y ^RY 

is a trivial cofibration in Spt T ./Vf*. Then RQ S X is cofibrant in Spt T .M*. Now the 
map 

Q S X RQ S X 

is in particular a weak equivalence in Spt T .M», therefore using [Tj lemma 3.2.1(2)] 
we get that Q S X is C'jj-colocal if and only if RQ S X is C^j-colocal. We will show 
that RQ S X is C^j-colocal. 

By hypothesis X is in Z q T SH ef 1 {S) and it is clear that Q S X X in SH(S). 
Hence Q S X is also in H q r ,STi e ^ (S) since it is a triangulated subcategory of SH(S). 
Therefore fl s iRQ s X is also in T, q T SH ef f (S) since VLs^RQ s X computes the desus- 
pension T,^, 1,0 Q S X of Q S X. 

Using proposition 13 . 2 . 14l we have that (Qgfls^^RQsX) A S 1 is (Tf^-colocal. But 
since the adjunction 

(- AS 1 ,fl s i,tp) : Spt T X» ^Spt T X» 

is a Quillen equivalence, we have the following weak equivalence in Spt T .M*: 

i £RQ.X°(Qs Aid) 

{Q s n S iRQ s X) A S 1 RQ S X 

where e denotes the counit of the adjunction considered above. 

Finally using O lemma 3.2.1(2)] again, we get that RQ S X is C|^-colocal. 
This finishes the proof. □ 

Proposition 3.2.16. Fix q G Z and let p be the counit of the adjunction: 

[C q , IQtJ, ip) : Rcl f SH{S) SH(S) 

Then for every T-spectrum X , the map 

r q (px) ■ r q C q IQTJX -> r q X 

is an isomorphism in Y^STC 2 ^ (S); and this map induces a natural isomorphism 
between the following exact functors 

r q C q IQ T J 



SH(S) ; Z q T SH eff {S) 



Proof. The naturality of the counit p, implies that r q (p ) : rqCqlQxJ — > r q 
is a natural transformation. Hence, it is enough to show that for every T-spectrum 
X, r q (px) is an isomorphism in 12j,SH e ^ \S). 

Consider the following diagram of T-spectra: 

c iq t jx x 
CqIQ T JX ! » IQtJX < Qt X 
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where IQtJ x is a weak equivalence in Spt T .M* and C^ tJX is a C^j-colocal 
equivalence. Then it is clear that r q (IQxJ x ) is an isomorphism in T,^,STl e ''(S). 
On the other hand, corollary 13 . 2 . 51 implies that r q (C q ® Tjx ) is also an isomorphism 
inSf,5H e// (5). 

And this proves the result, since px is just the following composition in STL{S): 



CJQtJX 



-,IQ T JX 



IQtJX 



X 



□ 



Proposition 3.2.17. Fix q 6Z and let 8 be the counit of the adjunction 

(i q ,r qt <p) : Z q T SH eff (S) ^SH eff (S) 

Then for any T -spectrum X in Spt T .M*, the map 

IQtJ(9x) : IQ T J{i q r q )X »- IQ T JX 

is an isomorphism in Rqi SH(S); and this map induces a natural isomorphism 
between the following exact functors 

IQTJ(i q r q ) 



SH(S) 



IQtJ 



R ch SH(S) 



Proof. The naturality of the counit 8, implies that IQtJ (8^) : IQTJ{i q r q ) — > 
IQtJ is a natural transformation. Hence, it is enough to show that for every T- 
spectrum X, IQtJ(&x) is an isomorphism in Rqi ST-L{S). 

By proposition 13.2.151 it is enough to show that for every F n (S r AG^, A U+) 6 
C'yj the induced maps 

[F n (S r A& s m A U+), C q IQ T J(i q r q )X] Spt 

c q iQ T J(e x ), 

[F n (S r AG s m A U+), C q IQ T JX] Spt 

are all isomorphisms of abelian groups. 

Consider the following commutative diagram in STi(S): 

C q IQ T J(i q r q )X c « IQtJ(9x \ C q IQ T JX 



IQ T J(i q r q )X 



IQ T J(0x) 



-,IQ T JX 



IQtJX 



where C, 



IQt JiqTqX 



and C i( ^ tJX are by construction maps of T-spectra and C q 



eff 



colocal equivalences. Therefore proposition 13.2.41 implies that for every F n (S r A 
A U+) £ C'// the induced maps 

[F n {S r A Gf„ A U + ),C q IQ T J(i q r q )X] Sp t [F n (S r A G s m A U+), C q IQ T JX] Sp t 



^qIQt JiqTqX ^ 



[F n (S r A G s m A U + ),IQ T J{i q r q )X} Sp t 



[F n (S r AG s m A U+), IQ T JX] Sp t 



3.2. MODEL STRUCTURES FOR THE SLICE FILTRATION 



107 



are both isomorphisms of abelian groups. 

On the other hand, proposition 13 . 1 . 151 implies that we have an induced isomor- 
phism of abelian groups: 

[F n (S r A G s m A U + ),IQ T J(i q r q )X] Spt 

IQ T J(6x)* 

[F n {S r A& s m A U+), IQ T JX} Sp t 

for every F n (S r A G r s n A U+) 6 C q eff . 

Finally, this implies that for every F n (S r A A U+) € ^eff we § et trie 
following induced isomorphisms of abelian groups 

[F n (S r A G s m A U+), C q IQ T J{i q r q )X] Spt 

c q iQ T J(e x ), 

[F n (S r AG s m A U+), C q IQ T JX] Spt 

as we wanted. □ 

Proposition 3.2.18. Fix q eZ, and let 8 be the counit of the adjunction 

(i q ,r q ,<p) : Z q T SH eff (S) >Sn eff (S) 

Then for any T -spectrum X , the map 

C q IQ T J(0x) ■ C q IQ T J(i q r q )X ^ C q IQ T JX 

is an isomorphism in STl(S); and this map induces a natural isomorphism between 
the following exact functors 

C q IQ T J(i q r q ) 

SH{S) I SH(S) 

C q IQ T J 

Proof. The naturality of the counit 6, implies that C q IQrJ{0-) : C q IQTJ(i q r q ) 
CqlQrJ is a natural transformation. Hence, it is enough to show that for every 
T-spectrum X, C q lQT J (® x) is an isomorphism in SH,(S). 

But this follows immediately from proposition 13 . 2 . 17l together with proposition 
13.2.111 □ 

Proposition 3.2.19. Fix q g Z. Then for every T-spectrum X , the natural 

map 

c IQ T J(i q r q )X 

C q IQ T J{i q r q )X ! > IQ T J{i q r q )X 

is a weak equivalence in Spt T .M*. Therefore we have a natural isomorphism between 
the following exact functors 

C q IQTJ(i q r q ) 

SH(S) r~ SH(S) 

IQTJ{i q r q ) 
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PROOF. The naturality of the maps C x : C q X — > X implies that we have an 
induced natural transformation of functors C q IQTJ(iqf q ) — ► IQTJ(i q r q ). Hence, it 
is enough to show that for every T-spectrum X, (j^Q Tj ( l i r ^ x [ s a wea k equivalence 
in Spt T .M*. 

Consider the following commutative diagram in Spt T A^*: 



Q s C q IQ T J{i q r q )X ■ 

^C q IQ T J(i q r q )X 

C q IQ T J(i q r q )X 



IQ T J(i q r q )X 



^IQ T J(i q r q )X 



QJQ T J(i q r q )X 

jIQ T J(i qrq )X 

IQ T J(i q r q )X 



Since Q s is a cofibrant replacement functor in Spt T .A/(*, it follows that the vertical 
maps are weak equivalences in Spt T .M*. Hence by the two out of three property for 
weak equivalences it suffices to show that Q s (C q ® TJ< ' l ' ,r9 ^ X ) is a weak equivalence 
in Spt T .M*. 

On the other hand we have that by construction (jjQ' rJi ' l t r t^ x j s a C^y-colocal 
equivalence, and [7J proposition 3.1.5] implies that the vertical maps in the diagram 
above are also Cg^j-colocal equivalences. Then by the two out of three property for 

C^-colocal equivalences we have that Q s (C q ® TJ ^ 9Tq ' >X ) is a Cj^-colocal equiva- 
lence. 

Now by construction we have that C q IQTJ(i q r q )X is a C'^-colocal T-spectrum, 
and that Q s C q IQTJ(i q r q )X is cofibrant in Spt T M*. Since Q^" I< ^ Tj ^" r ^ x [ s m 
particular a weak equivalence in Spt^-M*, using [7j lemma 3.2.1(2)] we have that 
Q s C q IQTJ(i q r q )X is also a C^-colocal T-spectrum. 

It is clear that IQTJ(i q r q )X = i q r q X in STi(S) 1 therefore IQTJ(i q r q )X is in 
YSpSH 6 ^ (S) since Hj,SH e ^ (S) is a triangulated subcategory of SH(S) and i q r q X 
is in Y3pSTi e f f {S). Then using corollary 13. 2. 151 we have that Q s IQTJ(i q r q )X is a 
Cf^-colocal T-spectrum. 

Finally we have that Q s (C q QT J{i « r « )x ) is a Cgjj-colocal equivalence, and that 
QsCqIQTJ(i q r q )X , Q s IQTJ{i q r q )X are both --colocal T-spectra. Then [7J 

theorem 3.2.13(2)] implies that Q s (C q QT J(l " r " )x ) is a weak equivalence in Spt T .A/(*, 
as we wanted. □ 



Theorem 3.2.20. Fix q G Z. Then for every T-spectrum X, we have the 
following diagram in STL{S): 



f g X = i q r q X IQtJ J qX : IQ T Jf g X 



(27) 



C q IQ T Jf q X ■ 



c q iQ T J(e x ) 



C q IQ T JX 
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where all the maps are isomorphisms in STi.(S). This diagram induces a natural 
isomorphism between the following exact functors: 

U 

SH(S) ; SH{S) 

C q IQ T J 

Proof. Since IQtJ is a fibrant replacement functor in Spt r j\4*, it is clear that 
IQtJ^" x becomes an isomorphism in the associated homotopy category SH{S). 

The fact that (j^ Tj h x j g an isomorphism in S7i(S) follows from proposition 
13.2.191 Finally, proposition 13 . 2 . 1 51 implies that C q IQTJ(&x) is also an isomorphism 
in SH(S). This shows that all the maps in the diagram (|27|) are isomorphisms in 
SH(S), therefore for every T-spectrum X we can define the following composition 
in SH{S) 



f q X ^ ^IQ T Jf q X 



(28) 



IQ T Jf q X J 



C q IQ T Jf q X ■ 



C q IQ T J(6x) 



C q IQ T JX 



which is an isomorphism. The fact that IQtJ is a functorial fibrant replacement in 
Spt T A^», propositions 13.2. and [5. 2 . 1 81 imply all together that the isomorphisms 

defined in diagram (|28[) induce a natural isomorphism of functors f q ^ C q IQxJ- 
This finishes the proof. □ 



Theorem 13.2.201 gives the desired lifting to the model category level for the 
functor f q . Now we proceed to show that the homotopy categories R c q SH(S) 

are in fact equivalent to the categories Z q T SH eff {S) defined in section O 

Using propositions 13.1.121 and 13.2.111 we get the following diagram of adjunc- 
tions: 



(29) 



R cli SH{S) (C - /0rJ ' y) , SH(S) 



V q T SH eff (S) 



Rci f SH{S) 



IQtJ 



SH(S) 



Z q T SH eff (S) 



where all the functors are exact. 
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Proposition 3.2.21. For every q E Z the adjunctions of diagram Ii29\) induce 
an equivalence of categories: 



R clf SH{S) 



E q T sn eff {s) 



(30) 

between R c * SH(S) and T, q T SH ef 1 (S). 

Proof. It is enough to show the existence of the following natural isomor- 
phisms between functors: 



id ■ 



(31) 



(r q C q )(IQ T Ji q ) 



{IQ T Ji q ){r q C q ) 



id 



We construct first the natural equivalence e. Let / : X — * Y be a map in 
R<3<t SH(S). Applying the functor i q r q C q , we get the following commutative dia- 
gram in STL{S): 

ec„x 



iqTqCqX 



c q x 



iq r qC q f 



C q f 



iq T qC q Y 



C q Y 



where denotes the counit of the adjunction between i q and r q . Now if we apply 
the functor IQtJ , we have the following commutative diagram in Rqi ^S1-L{S): 



IQrJiqTqCqX 

IQ T Ji q r q C q f 

IQrJiqrqCqY ■ 



IQ T J(9 Cq 



IQ T JC q X ■ 
IQ T JC q f 

IQ T JC q Y ■ 



X 



Y 



iQ T J{e Cq Y) 

where a denotes the unit of the adjunction between C q and IQtJ ■ But propo- 
sitions 13.2.171 and 13.2.121 imply that all the horizontal maps are isomorphisms in 
Rci ff S7i(S). Now if we define 

ex = (IQTJiOcqx))- 1 o (a x ) 

we get the natural isomorphism of functors e : id —> (IQTJiq)(f q Cq). 

To finish the proof, we proceed to construct the natural equivalence i]. Let 
/ : X — > Y be a map in Y. q nSH e ^ (S). Applying the functor CqlQrJiq, we get the 
following commutative diagram in STi(S): 



C q IQrJi q X 

C q IQ T Ji q f 

CqlQrJiqY ■ 



IqX 



Hi 



■i q Y 
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where p denotes the counit of the adjunction between C' q and IQtJ ■ Now if we 
apply the functor r q , we have the following commutative diagram in 'S^,STl e ^ (S): 



rqCqIQ T JiqX 

r q C q IQTJiqf 

r q C q IQTJiqY ■ 



r q (p, 



q xl . tx 

^ TqlqX X 



rqiqf 



r q {Pi, 



r i Y 



Y 



where t denotes the unit of the adjunction between i q and r q . But proposition 
13.2.161 and remark 13.1.131 imply that all the horizontal maps are isomorphisms in 
Y, q T ST-L eff {S). Now if we define 

HX = (rxy 1 °r q {p lqX ) 

we get the natural isomorphism of functors 77 : {r q C q )(IQTJiq) — ► id. This finishes 
the proof. □ 

Proposition 3.2.22. Fix q e Z. 

(1) We have the following commutative diagram of left Quillen functors: 



R c q , SptjJW, 



(32) 



Spt T A1* 

(2) For every T-spectrum X , the natural map: 



' Cq+lX 



CqCq+\X ■ 



is a weak equivalence in STi.(S), and it induces a natural equivale 
C q 9+1 : C q o C q +i — > C g +i between the following functors: 



R ( jq+lSl~C(S) 



R c q f SH{S) 





SH(S) 



(3) The natural transformation f q+ \X — > f q X (see theorem \3.1. 16§ T\) ) gets 
canonically identified, through the equivalence of categories r q C q , IQrJiq 
constructed in proposition \3.2. 21\ with the following composition in S7i(S) 

CqCq+lIQxJ X 




Cq+lIQxJX 



CqIQ T JX 



112 



3. MODEL STRUCTURES FOR THE SLICE FILTRATION 



which is induced by the following commutative diagram in Spt T .M* 



(33) c c q 



CqCq+lIQrJX 3- CqlQxJX 

IQ T JX 



C q+1 IQ T JX , IQ T JX 



PROOF. (J]): Since i? c g+iSpt T .M* and R c i Spt T M* are both right Bousfield 
localizations of Spt T A4*, by construction the identity functor 



i? c , Spt x M* ^ Spt T 7W» 

eJ 1 id 



is in both cases a left Quillcn functor. To finish the proof, it suffices to show that 
the identity functor 

id : Rc* fJ ,Spt T A4* — * -R C 9+iSpt T .M* 

is a right Quillen functor. Using the universal property of right Bousfield localiza- 
tions (see definition II. 8. 2|) . it is enough to check that if / : X — > Y is a C'^-colocal 

equivalence in Spt T M* then IQxJ(f) is a (7|t^ -colocal equivalence. But since 
IQtJX and IQtJY are already fibrant in Spt T .M*, we have that IQtJ{J) is a 
Cf^-colocal equivalence if and only if for every F n (S r A Gf„ A U+) G Cf/V j the 
induced map: 

Map{F n {S r A G r s n A U + ),IQ T JX) 
iQtJ(J), 

Map(F n (S r A G s m A U+), IQtJY) 

is a weak equivalence of simplicial sets. But since Cft* Q ^e//> an< ^ by hypothesis 
/ is a C|^j-colocal equivalence; we have that all the induced maps IQtJ(/)* are 
weak equivalences of simplicial sets. Thus IQxJ(f) is a Cl^-colocal equivalence, 
as we wanted. 

Finally @ and §5§ follow directly from proposition 13.2.211 theorem 13.2.201 to- 
gether with the commutative diagram (|32p of left Quillen funtors constructed above 
and [101 theorem 1.3.7]. □ 
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Theorem 3.2.23. We have the following commutative diagram of left Quillen 
functors: 




and the associated diagram of homotopy categories: 



lSH ( S) 



IQtJ 



(35) 



Rd f SH{S) 



IQtJ 



R cq -iSH{S) 




* SH{S) 
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gets canonically identified, through the equivalences of categories r q C q , IQrJiq con- 
structed in proposition \3.2.21\ with Voevodsky 's slice filtration: 



(36) 



iq+l T 1 

T, q T sn eff {s) 



E?T 1 5W(5) 



'SH(S) 



Jq-1 

r q -i' 



Proof. Follows immediately from propositions 13.2.221 and 13. 2. 2 H □ 

Remark 3.2.24. The drawback of the model structures on R c i^Spt T A4* is 
that it is not clear if they are cellular again. Therefore in order to recover a lifting 
for the slice functors s q , we are forced to take an indirect approach. 

The first step in this new approach will be to construct another family of model 
structures on Spt T (S , rn|s)Ari i5 , via left Bousfield localization; such that the fibrant 
replacement functor provides an alternative description of the functors s< q defined 
in theorem 13.1.181 

Definition 3.2.25. For r > 1, we define D r using the following pushout dia- 
gram of simplicial sets: 

S^^+Sr- 1 x A 1 

V 

* ^D r 

where j is the following composition: 

gr-1 g gr-1 x A S r-1 x A l 

and let i\ : S r ~ 1 — > D r be the following composition: 

n id,Xdn ^ , V 

gr-1 ^ gr-1 x A ° ^ gr-1 x A l _ jjr 

Remark 3.2.26. It is clear that the canonical map * — > D r is a trivial cofibra- 
tion in the category of pointed simplicial sets. 

Proposition 3.2.27. For every r > 1, s > 0, and for every scheme U £ Sm\s; 
the pointed simplicial presheaf on the smooth Nisnevich site over S 

D r A G s m A U+ 

has the following properties: 
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(1) it is compact in the sense of Jardine (see definition 1 2. 3.1(H) . 

(2) the canonical map * — > F n (D r A G^ A U+) is a trivial cofibration in 
SptrpM*. 

(3) the canonical map F n (D r A G^ A [/+) — > * is a weak equivalence in 
Spt T 7W*. 

PROOF. ([I]): It is clear from the construction that D r has only finitely many 
non-degenerate simplices. Therefore the result follows from 1141 lemma 2.2]. 

©: Proposition 12.3.71 implies that M.* is a SSets»-model category; and since 
GJ^ A U+ is cofibrant, we have the following Quillen adjunction: 

-AG 3 m f\U + 

SSets* , * M* 

Map«(Gf n AU + ,-) 

But * — > D r is a trivial cofibration of pointed simplicial sets, therefore the induced 
map 

* = * A Gf n A U+ >■ D r A <& s m A U+ 

is a trivial cofibration in A'f*. Finally using proposition 12.4. 171 we have that 

(F n ,Ev n , <p) : M* >■ Spt T X„ 

is a Quillen adjunction. Hence the canonical map 

* = F n (*) F n (D r A G s m A U+) 

is a trivial cofibration in Spt T .M*, as we wanted. 

Follows immediately from $2$ and the two out of three property for weak 
equivalences. □ 

Proposition 3.2.28. For every compact generator F„(5 r AG^ A U+) G C (see 
proposition 1 3. 1 . 5\) . there exists a natural cofibration: 

F n (S r A & m A U+) — > F n (D r+1 A G s m A U+) 

in Spt T .M*. 

PROOF. We define L^_ rs as F n (n A <G s m A U + ), where l\ : S r — ► D r+1 is the 
map constructed in definition 13.2.251 

It is clear that i\ is a cofibration of pointed simplicial sets, therefore the result 
follows from propositions 12.4.171 and 12.3.71 which imply that F n and — A G^ A U+ 
are both left Quillen functors. □ 

Theorem 3.2.29. Fixq G Z, and consider the following set of maps in Spt T .M*.' 

(37) L(< q) = {t£ rf> : F n (S r A G s m A U+) -> F n (.D r+1 A G s t A C/+) | 

F n (^AG s l A(7 + )GC7f // } 

T/ien i/ie left Bousfield localization of Spt T .M* with respect to the L(< q)-local 
equivalences exist. This new model structure will be called weight <9 motivic sta- 
ble. L <q Spt T M* will denote the category of T -spectra equipped with the weight <q 
motivic stable model structure, and L <q SH.(S) will denote its associated homotopy 
category. Furthermore the weight <q motivic stable model structure is cellular, left 
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proper and simplicial; with the following sets of generating cofibrations and trivial 
cofibrations respectively: 

h« q) = II, = \J n > {F n (Y+ - (A» )+)} 

J L « q ) ={j:A^B} 
where j satisfies the following conditions: 

(1) j is an inclusion of ij^ -complexes. 

(2) j is a L{< q)-local equivalence. 

(3) the size of B as an ij^-complex is less than k, where n is the regular 
cardinal defined by Hirschhorn in [TJ definition 4.5.3]. 

PROOF. Theorems 12.5.41 and 12.4.161 imply that Spt T .M* is a cellular, proper 
and simplicial model category. Therefore the existence of the left Bousfield localiza- 
tion follows from theorem 4.1.1]. Using theorem 4.1.1] again, we have that 
L <q Spt T A4* is cellular, left proper and simplicial; where the sets of generating 
cofibrations and trivial cofibrations are the ones described above. □ 

Definition 3.2.30. Fix ggZ and let W q denote a fibrant replacement functor 
in L< g Spt T A^* ; such that the for every T -spectrum X , the natural map: 

X^+WqX 

is a trivial cofibration in L <q Spt T M*, and W q X is L(< q)-local in Spt T M*. 

Proposition 3.2.31. Fix q G Z. Then Q s is also a cofibrant replacement 
functor in L <q Spt T M.*, and for every T -spectrum X the natural map 

Q S X X 

is a trivial fibration in L <q Spt T M*. 

Proof. Since L <9 Spt T .M* is the left Bousfield localization of Spt T .M* with 
respect to the L{< g)-local equivalences, by construction we have that the cofibra- 
tions and the trivial fibrations are indentical in L <q Spt T M if and Spt T .M* respec- 
tively. This implies that for every T-spectrum X , Q S X is cofibrant in L <q Spt T A4*, 
and we also have that the natural map 

Qf 

QsX^^X 

is a trivial fibration in L <q Spt T A4*. Hence Q s is also a cofibrant replacement 
functor for L <g Spt T 7W*. □ 

Proposition 3.2.32. Fix q £ Z and let Z be an arbitrary T-spectrum. Then 
Z is L(< q)-local in Spt T .M* if and only if the following conditions hold: 

(1) Z is fibrant in Spt T M*. 

(2) For every F n {S r A G s m A U+) G C q eff , [F n {S r A G s m AU+),Z] Spt = Q 

Proof. (=>): Assume that Z is L(< q)-\oc&\. Then by definition we have 
that Z must be fibrant in Spt T M*. Since all the T-spectra F n (S r A A U + ) and 
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F n (D r AGf„AC/+) are cofibrant, and Z is L(< g)-local; for every F n (S r AG^ AU+) G 
C q e ^ we get the following weak equivalence of simplicial sets: 

('»r„)* 

Map(F n (D r+1 A G s m A U+),Z) ^ Map(F n (S r A G» m A U+), Z) 

Now we have that Spt T .M* is in particular a simplicial model category, therefore 
we get the following commutative diagram: 

('«r.)* 

TToMap(F n (D r+1 A G s m A U+), Z) ir Map(F n (S r A<S s m A U+), Z) 



[F n (D r+1 AG^A U+),Z] Spt -7— [F n (S r AG^A U+),Z] Spt 

where the vertical arrows and the top row are isomorphisms. Therefore we get the 
following isomorphism: 

[F n (D r+1 A G s m A U+), Z] Spt > [F n (S r A G s m A U+), Z] Spt 

Finally proposition [M^T© implies that [F n (D r+1 A G s m A U+), Z] Spt = 0. Thus, 
for every F n (S r AG s m A U+) G C q eff we have that [F n {S r A G s m A U+), Z] Spt 0, as 
we wanted. 

(<=): Assume that Z satisfies (fTJ and ((2|). Let ujq, r/o denote the base points 
corresponding to the pointed simplicial sets Map*(F n (D r+1 A G^ A C/+), Z) and 
Map*(F n (S r AG s m A U+), Z) respectively. Since F n (S r A G s m A U+) and F n {D r A 
G s m A U+) are always cofibrant, it is enough to show that the induced map: 

Map(F n (D r+1 A G s m A U+), Z) >■ Map(F n (S r AG s m A U+), Z) 

is a weak equivalence of simplicial sets for every map t%r s G L(< q). 

Fix <%,r,s e L (< 0)- B y proposition ^. 2. 27p|) we know that the map F n (D r+1 A 
G s m A U+) — » * is a weak equivalence in Spt T .M*. Then Ken Brown's lemma (see 
lemma IT.1.4j) together with the fact that Spt T 7W* is a simplicial model category, 
imply that the following map is a weak equivalence of simplicial sets: 

* Map(*, Z) Map(F n (D r+1 A G s m A U+), Z) 

In particular Map(F n (D r+1 AGf n AU+), Z) has only one path connected component. 

Since Spt T .M* is a simplicial model category, we have the following isomor- 
phism of abelian groups 

Tr Map(F n (S r A G s m AU+),Z) -=->■ [F n (S r A G* m A U+), Z] Spt 

but our hypothesis implies that [F n (S r AG^ n AU+), Z]s p t — 0, hence itqM ap(F n (S r A 
G s m A U+), Z) = 0, i.e. Map{F n (S r A G s m A U+), Z) has only one path connected 
component. 

Now proposition 13. 2. 271j2"j) implies that * -> F n (D r+1 A G b m A U+) is a trivial 
cofibration in Spt T .A/f*, and since — A S 1 is a left Quillen functor, it follows that 

* = * A S k F n (D r+1 A G s m A U+) A S k 
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is also a trivial cofibration for k > 0. Therefore [F n (D r+1 A& s m AU + )AS k , Z] Sp t = 0, 
and this implies that the induced map (t%r »)* ^ s an isomorphism of abelian groups: 

S [F„(^ +1 A Gf n A E/+) A Z] Spt 

[F„(^ AG^A U+) A S k , Z] Spt = [F n (S k+r AG s m A U+), Z] Spt 

since by hypothesis [F n (S k+r A G s m A U+), Z] Sp t = 0. 

On the other hand, since Spt T .M* is a pointed simplicial model category, we 
have that lemma 6.1.2 in [101 together with remark ^. 4. 3t |2")) imply that the following 
diagram is commutative for k > and all the vertical arrows are isomorphisms: 

ir+1 



Tr k , Uo Map(F n (D r+1 AG s m AU+),Z) 



ir kiTlQ Map(F n (S r AG s m AU+), Z) 



ir kiUJ0 Map*{F n (D r + 1 A G* m A U+), Z) 

' 'n k< r, Map*(F n (S r A G s m AU+),Z) 
[F„ (D r+1 AGf n A U+) A S k ,Z} Spt = 

[F n (S r AG* m A U+) A S k ,Z] Spt 



[F n (D r+1 A G s m A U+) A S k , Z] Spt 




[F n (S k+r A& m AU + ),Z] Spt 

but we know that the bottom row is always an isomorphism of abelian groups, 
hence the top row is also an isomorphism. This implies that the map 

Map(F n {D r+1 A G s m A U+), Z) Map(F n (S r A G s m A U+), Z) 

is a weak equivalence when it is restricted to the path component of M ap(F n (D r+1 A 
G^ A [/+), Z) containing uj . However we already know that Map(F n (D r+1 AG^ A 
U + ),Z) and Map(F n (S r AG^ AU+),Z) have only one path connected component. 
This implies that the map defined above is a weak equivalence of simplicial sets, as 
we wanted. □ 
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Corollary 3.2.33. Let m,n 6 Z with m > n. If Z is a L(< n) -local T- 
spectrum in Spt T Al* then Z is also L{< m)-local in Spt T A4*. 

PROOF. We have that C^jj C C™jj, since m > n. The result now follows 
immediately from the characterization of L(< g)-local objects given in proposition 
13.2.321 □ 



Corollary 3.2.34. Fix q € Z and let Z be a fibrant T -spectrum in Spt T A4*. 
Then Z is L{< q)-local if and only ifQs 1 ^ is L(< q) -local. 

Proof. (=>): Assume that Z is L{< g)-local. We have that Z is fibrant in 
SptyA'f*; and since Spt T A4* is a simplicial model category, it follows that QgiZ is 
also fibrant. 

Fix F n (S r A G^ A J7+) S C%*f Since Spt T A1* is a simplicial model category, 
we have the following natural isomorphisms: 

[F n (S r A G s m AU + ),n s rZ} Sp t = [F n (S r A G s m AU+)hS\Z] Spt 

S [F, l (5 r+1 AG^AC/ + ) I Z] Spi 

but proposition implies that [F„(5 r+1 AG, S „ AC/+), Z] Spt S 0, hence [F n (S r A 

G ™ A = fOT every F„(S r A Gf„ A [/+) e C q eff . Finally, using 

proposition I3.2.3"2l again, we have that QgiZ is L(< q)-\ocal, as we wanted. 

(<=): Assume that Q s iZ is L(< q)-\oc&\. Since by hypothesis Z is fibrant 
in SptyA 7 !*, proposition I3.2.3"2l implies that it is enough to show that for every 
F n (S r AG s m AU + )eC 9 eff : 

[F n (S r AG s m AU+),Z} Spt -0 

Fix F n (S r A Gf n A U+) S Cf//- Since Spt T Al* is a simplicial model category, and 
i? is fibrant by hypothesis; we have the following natural isomorphisms of abelian 
groups: 

[F n+1 (S r A G^ 1 A U+), n s iZ] Spt S* [F n+1 (S r+1 A G^ 1 A U+), Z] Spt 

- [F n (S r AG s m AU+),Z} Spt 

Now using proposition l3. 2.321 and the fact that VigiZ is L(< g)-local, it follows that 
[F n+1 (S r AG^ 1 AU+),n S iZ} Sp t S 0. Therefore, [F„(5 r A Gf n A C/+), Z] Spt S for 
every F n (S r A Gf n A U+) € Ce//> as we wan ted- □ 



COROLLARY 3.2.35. Fke geZ, cmrf /e£ Z be a fibrant T -spectrum in Sptj^AI*. 
TTien ^ is £(< q)-local if and only if IQtJ{Q s Z A S 1 ) is L(< q)-local. 

Proof. Assume that Z is L{< g)-local. Since IQtJ{Q s Z AS 1 ) is fibrant, 

using proposition 13 . 2 .321 we have that it is enough to check that for every F n (S r A 
G s m A U+) G C q efp [F n {S r A G s m A U+),IQ T J{Q S Z A S^spt = 0. But since -AS 1 
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is a Quillen equivalence, wc get the following diagram: 
[F n (S r AG s m A U+),IQ T J(QsZ A S^spt 




[F n+1 (S r+1 A Gf+! A U+),IQ T J{Q S Z A S 1 )^ 
[F n+1 (S r AG°+ l AU+),Z] Spt 




[F n+1 (S r+1 A G^ 1 A U+), Q S Z A S^spt 

where all the maps are isomorphisms of abelian groups. Since Z is L(< <7)-local, 
proposition [3X32 implies that [F n+ i{S r A G^ 1 A U+), Z] Sp t = 0. Therefore 

[F n (S r AG s m A U + ),IQ T J(Q S Z A S 1 )^ £ 

for every F n (S r A Gf n A U+) G C^//' as we wanted. 

(<=): Assume that IQtJ(Q s Z A S 1 ) is L(< q)-\oc&\. By hypothesis, Z is 
fibrant; therefore proposition 13.2.321 implies that it is enough to show that for 
every F n (S r A G r s n A 17+) G C q eff , [F n {S r A G^ A U + ) 1 Z} Spt = 0. Since Spt T M* 
is a simplicial model category and - A 5 1 is a Quillen equivalence; we have the 
following diagram: 

[F n {S r A G r s n A U+),n s iIQ T J{Q s Z A S^spt 

[F n {S r A Gf n A 17+) A S\Q S Z A S^spt < J [F n (S r A & m A U+), Z] Spt 

where all the maps are isomorphisms of abelian groups. On the other hand, using 
corollary 13 . 2 . 341 we have that £Is 1 IQtJ{QsZ AS 1 ) is L(< q)-local. Therefore using 
proposition 13 . 2 . 321 again, we have that for every F n (S r A Gf n A U+) G C\^: 

[F n (S r A G s m AU + ), Z] Spt = [F n (S r A G s m A U+),Sl s iIQ T J{Q s Z A S^spt = 
and this finishes the proof. □ 

Corollary 3.2.36. Fix q G Z and let f : X Y be a map in Spt T A4*. Then 
f is a L(< q)-local equivalence if and only if for every L(< q)-local T '-spectrum Z, 
f induces the following isomorphism of abelian groups: 

[Y,Z] Spt ^^[X, Z] Spl 

Proof. Suppose that / is a L(< q)-\ocal equivalence, then by definition the 
induced map: 

Map(Q s Y, Z) Map(Q s X, Z) 

is a weak equivalence of simplicial sets for every L{< g)-local T-spectrum Z. Propo- 
sition [3232HT]) implies that Z is fibrant in Spt T A4*, and since Spt T .M* is in partic- 
ular a simplicial model category; we get the following commutative diagram, where 
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the top row and all the vertical maps are isomorphisms of abelian groups: 



7r Map{Q s Y, Z) TT Map{Q s X, Z) 



[Y, Z]s P t — [X, Z)s p t 

hence /* is an isomorphism for every L(< g)-local T-spectrum Z, as we wanted. 
Conversely, assume that for every L(< q)-\ocal T-spectrum Z, the induced map 

\y> Z]spt [X, Z]s p t 

is an isomorphism of abelian groups. 

Since T< g Spt T .M* is the left Bousfield localization of Spt T .M* with respect to 
the L(< g)-local equivalences, wo have that the identity functor id : Spt T (S'm|s)Ari s - 
T <9 Spt T .A/(* is a left Quillen functor. Therefore for every T-spectrum Z, we get 
the following commutative diagram where all the vertical arrows are isomorphisms: 

(Q S Y, Z) Ho mi< q SH(S)(QsX, Z) 



[Y, W q Z] S pt j, [X, W q Z] Sp t 

but W q Z is by construction L(< q)-local, then by hypothesis the bottom row is an 
isomorphism of abelian groups. Hence it follows that the induced map: 

(Q S Y, Z) y ^±L Hom L< q SH(S)(QsX, Z) 

is an isomorphism for every T-spectrum Z . This implies that Q s f is a weak equiv- 
alence in T <9 Spt T A^*, and since Q s is also a cofibrant replacement functor in 
i <9 Spt T 7V(„, it follows that / is a weak equivalence in L <9 Spt T A / l*. Therefore we 
have that / is a L(< q)-local equivalence, as we wanted. □ 

Lemma 3.2.37. Fix q G Z and let f : X — > Y be a map in Spt T A4*, then f is 
a L{< q)-local equivalence if and only if 

Qsf A id : Q S X A S 1 -> Q S Y A S 1 

is a L(< q)-local equivalence. 

PROOF. Assume that / is a L{< g)-local equivalence, and let Z be an arbitrary 
L(< g)-local T-spectrum. Then corollary 13 . 2 .341 implies that flgiZ is also L(< q)- 
local. Therefore the induced map 

Map(Q s Y, Q s iZ) Map(Q s X, S iZ) 
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is a weak equivalence of simplicial sets. Now since Spt T .M* is a simplicial model 
category, we have the following commutative diagram: 



Map(Q s Y,n s iZ) 



(Qsf)* 



Map(Q s X, n s iZ) 



Map(Q s Y A S 1 , Z) {QstMd) - Map(Q s X A S 1 , Z) 

and using the two out of three property for weak equivalences of simplicial sets, we 
have that 

Map(Q s Y A S 1 , Z) {QsfMd) , Map(Q s X A S 1 , Z) 

is a weak equivalence. Since this holds for every L(< g)-local T-spectrum Z 1 it 
follows that 

Qsf A id : Q S X A S 1 -> Q S Y A S 1 

is a £(< g)-local equivalence, as we wanted. 
Conversely, suppose that 

Q s f A id : Q S X AS 1 -* Q S Y A S 1 

is a L(< g)-local equivalence. Let Z be an arbitrary L(< g)-local T-spectrum. 
Since Spt-p.A/1* is a simplicial model category and — A S 1 is a Quillen equivalence, 
we get the following commutative diagram: 

[Q S Y A S\IQ T J(Q S Z A S l )] Spt iQsfAldr ; [Q sX A S\IQ T J(Q S Z A S 1 )]^* 



[Q s y A S 1 , Q S Z A S' 1 ]spt 



(Q s f/\idy 



[Q S X AS x ,Q s ZAS 1 ]spt 



[Y,Z] 



Spt 



r 



[X,Z] 



Spt 



Now, corollary 13.2.351 implies that IQtJ(QZ A S 1 ) is also L(< g)-local. There- 
fore using corollary 13.2.361 we have that the top row in the diagram above is an 
isomorphism of abelian groups. This implies that the induced map: 



[Y,Z] Spt 



r 



[X, Z] Sp t 



is an isomorphism of abelian groups for every L(< g)-local spectrum Z. Finally 
using corollary 13 . 2 . 361 again, we have that / : X — > Y is a L(< <7)-local equivalence, 
as we wanted. □ 

COROLLARY 3.2.38. For every q £ Z, the following adjunction: 

(- AS 1 ,fl s i,ip) : L <q Spt T M* *- L <q Spt T M* 

is a Quillen equivalence. 



Proof. Using corollary 1.3.16 in [10] and proposition 13. 2.311 we have that it 
suffices to verify the following two conditions: 
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(1) For every fibrant object X in L <q Spt T M*, the following composition 

(Q s n s iX) a s 1 — — m+ (n s iX) A s 1 X 

is a L(< g)-local equivalence. 

(2) - AS 1 reflects L{< g)-local equivalences between cofibrant objects in 
L <q Spt T M*. 

([T]): By construction L <( jSpt T .M* is a left Bousfield localization of Spt T .M*, 
therefore the identity functor 

id : L <g Spt T .A/(* s- Spt T .M* 

is a right Quillen functor. Thus X is also fibrant in Spt T .M*. Since the adjunction 
(— A S 1 ,n s i,ip) is a Quillen equivalence on Spt T M*, [101 proposition 1.3.13(b)] 
implies that the following composition is a weak equivalence in Spt T ./V(*: 

(Q s n s iX) a s 1 — — ^ (n s tx) a s 1 v 

Hence using [7J proposition 3.1.5] it follows that the composition above is a L(< q)- 
local equivalence. 

© : This follows immediately from proposition 13.2.311 and lemma 13.2.371 □ 

Remark 3.2.39. We have a situation similar to the one described in remark 
\3.2.9\ for the model categories Rqi ^Spt T A4*; i.e. although the adjunction (St> ^t, f) 
is a Quillen equivalence on Spt T .M* 7 it does not descend even to a Quillen adjunc- 
tion on the weight <q motivic stable model category L <q Spt T Ai*. 

COROLLARY 3.2.40. For every q G Z, the homotopy category L <q STL{S) asso- 
ciated to L< 9 Spt T .M* has the structure of a triangulated category. 

PROOF. Theorem 13.2.291 implies in particular that i< g Spt T A^* is a pointed 
simplicial model category, and corollary 13. 2. 381 implies that the adjunction 

(— A S , Qgi, ip) : i< g Spt T A / (» — » L< 9 Spt T .M* 

is a Quillen equivalence. Therefore the result follows from the work of Quillen in 
[211 sections 1.2 and 1.3] and the work of Hovey in [101 chapters VI and VII]. □ 

COROLLARY 3.2.41. For every g e Z, L< q Spt T ./V(* is a right proper model 
category. 

Proof. We need to show that the L{< g)-local equivalences are stable under 
pullback along fibrations in L <<3 Spt T .M*. Consider the following pullback diagram: 




where p is a fibration in L< g Spt T A4*, and w is a L(< g)-local equivalence. Let F 
be the homotopy fibre of p. Then we get the following commutative diagram in 
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L <q SH(S): 




Since the rows in the diagram above are both fibre sequences in L <g Spt T A / (*, it 
follows that both rows are distinguished triangles in L <q SH(S) (which has the 
structure of a triangulated category given by corollary I3.2.40p . Now w,id,F are 
both isomorphisms in L <q SH.(S), hence it follows that w* is also an isomorphism 
in L <q STL{S). Therefore w* is a L{< g)-local equivalence, as we wanted. □ 

Proposition 3.2.42. For every q 6 Z we have the following adjunction 

^L <q SH{S) 



(Q s ,W q ,^):SH(S) — 

of exact functors between triangulated categories. 

Proof. Since L <9 Spt T .M* is the left Bousfield localization of Spt T A4* with 
respect to the L{< g)-local equivalences, we have that the identity functor id : 
Spt T .M* — > £< g Spt T 7W* is a left Quillen functor. Therefore we get the following 
adjunction at the level of the associated homotopy categories: 



(Q.,W q ,<p) :SH(S) 



j<CqSTt(S) 



Now proposition 6.4.1 in [10] implies that Q s maps cofibre sequences in SH(S) 
to cofibre sequences in L <q SH(S). Therefore using proposition 7.1.12 in [lOj we 
have that Q s and W q are both exact functors between triangulated categories. □ 



Proposition 3.2.43. Fix q e Z and let tjx ■ Q s W q X — 
of the adjunction 

^L <q SH(S) 



X denote the counit 



(Q 3 ,W q> <p):SH(S)- 

Then the following conditions hold: 

(1) For every T -spectrum X , we have that r\x is an isomorphism in L <q SH.(S) . 

(2) The exact functor 

^ SH(S) 



W q : L <q SH(S) - 
is a full embedding of triangulated categories. 
Proof. (QJ: We have that r\x is the following composition in L <q SH(S): 



W q X (w xy 

Q s w q x w q x 



X 



where QY qX is a weak equivalence in Spt T A^*. Now [3 proposition 3.1.5] implies 
that Q s q is a L(< q)-\oc&\ equivalence, i.e. a weak equivalence in i< 9 Spt T A / (*. 
Therefore Q s q becomes an isomorphism in L <q STL{S), and this implies that r\x 
is an isomorphism in L <q STt(S), as we wanted. 

Follows immediately from |T|). □ 



Proposition 3.2.44. Fix q el. Then for every F n (S r A G r s n A U+ 
the map * — > F n (S r A A £7 + ) is a L{< q)-local equivalence in SptyA'J, 



G C eff 
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PROOF. Let Z be an arbitrary L(< a)-local T-spectrum. Then proposition 
I3.2.32t[ 2|) implies that the following induced map 

a [F n (S r A G s m A U+), Z] Spt [*, Z] Spt S 

is an isomorphism of abelian groups. Therefore using corollary 13.2.361 it follows 
that * — > F n (S r A G^ A U+) is a L(< g)-local equivalence. □ 

PROPOSITION 3.2.45. Fix q e Z and let f : X Y be a map in L <q STL(S). 
Then f is an isomorphism in L <q SH.(S) if and only if one of the following equiv- 
alent conditions holds: 



(1) The following map 



W q X^l Wq Y 



is an isomorphism in STl(S). 
(2) For every F n (S r A G^ A U+) ^ C*//' ^ e induced map 

[F n (S r A G s m A U+), W q X] Spt [F n (S r A G s m A U+), W q Y] Spt 



(3) For every F n (S r A G^ A U+) ^ C'ff ^ e induced map 



is an isomorphism of abelian groups. 

'eff> 

Kom L<qSH(s) (Q s F n (S r A G s m A U+),X) 
f. 

Kom L<tSns) (Q a F n (S r A G s m A U+),Y) 
is an isomorphism of abelian groups. 



Proof. Proposition 13.2.431 implies that / is an isomorphism in L <q S7i{S) if 
and only if W q f becomes an isomorphism in STL(S). Thus it only remains to show 
that ((I]), @ and §S§ are all equivalent. 

(HJ) <^ ((2|) Corollary 13 . 1.61 implies that W q f is an isomorphism in SH(S) if and 
only if for every F n (S r A G^ A U + ) G C the following induced map 

[F n (S r A G s m A U+), W q X] Spt [F n (S r A G s m A 17+) , W q Y] Spt 

is an isomorphism of abelian groups. But using proposition 13.2. 3"2"l| 2"j) we have that 
for every F n (S r A G r s n A U+ ) e C q eff , 

S* [F n (S r A G s m A U+),W q X] Sp t = [F n (S r A G s m A U+), W q Y] Spt 

since by construction W q X and W q Y are both L(< o)-local T-spectra. Hence W q f 
is an isomorphism in SH(S) if and only if for every F n (S r A G^ A U+) ^ C'^ the 
following induced map 

[F n (S r A G s m AU+), W q X] Spt [F n (S r A G s m A U+),W q Y} Sp t 

is an isomorphism of abelian groups. 
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(J2J) By proposition l3. 2.421 we have the following adjunction between exact 
functors of triangulated categories: 

{Q s , W q ,(p): SH(S) L <q SH{S) 

In particular for every F n (S r AG^ AE/+) ^ Ce//> we ^ ne following commutative 
diagram, where all the vertical arrows are isomorphisms of abelian groups: 

[F n (S r AG s m AU + ),W q X] Spt 




[F n (S r AG s m AU+),W q Y} Spt 

Kom L<qSnis) (Q s F n (S r AG s m A U+),X) 




Bom L<qSH{s) (Q s F n (S r AG; A t/+),Y) 

therefore the top row is an isomorphism if and only if the bottom row is an isomor- 
phism of abelian groups, as we wanted. □ 

Lemma 3.2.46. Fix q £ Z and let Z be a L(< q)-local T-spectrum. Then 
f q Z = * in SH(S) (see remark WTJ^) . 

PROOF. Let j : * — ► Z denote the canonical map. Proposition 13.1. 141 implies 
that fq(J) : * = fq(*) f q X is an isomorphism in SH.(S) if and only if for every 
F n (S r A G£, A U+) G C v eff the induced map 

f (i) 

= [F n (S r A<G s m A U+), *} Sp t [F n (S r A G s m A U+), Z] Spt 

is an isomorphism of abelian groups. Therefore it is enough to show that for every 
F n (S r A G s m A U+) G C« ff , we have [F n (S r A G s m A U+),Z] Spt = 0. But this follows 
from proposition 13.2. 32l| 2|) . since Z is L(< g)-local by hypothesis. □ 

COROLLARY 3.2.47. For every g£2, and for every T-spectrum X , Q s f q X = * 
in L <q SH(S). 

Proof. We will show that the map * — > Q s f q X is an isomorphism in L <q STL(S). 
By Yoneda's lemma it suffices to check that for every T-spectrum Z, the induced 
map 

HomL <q SH(S)(Qsf q X, Z) ^Rom L<qSn{s) (*,Z) = 

is an isomorphism of abelian groups. Now propositions 13 . 2 .4"2l and 13"^ 1 . 1 21 imply that 
we have the following isomorphisms: 

ttom L<qSn(s) (Q s f q X, Z) = [f q X, W q Z] Spt = [i q r q X, W q Z] Spt 

- Hom 2 « 5W e// (Sf) (r 3 -X" ) r g W g Z) 

Finally since i q is a full embedding, we have 

^■om^s^ff (s) (r q X,r q W q Z) ^ [i q r q X,i q r q W q Z] Spt = [f q XJ q W q Z] Spt 
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and lemma [3.2.461 implies that f q W q Z = * in SH(S). Hence 

Rom L<gSH(s) (QJ g X,Z) = [f q X,f q W g Z] Spt £* [f q X, *} Spt = 
as we wanted. □ 

Proposition 3.2.48. For every ggZ and for every T '-spectrum X , the natural 
map in L <q STL{S) 

Q S X s- Q s s <q X 

is an isomorphism, where ~n <q is the natural transformation defined in theorem 
Iff. 1.181 Furthermore, these maps induce a natural isomorphism between the follow- 
ing exact functors 

Q s 

SH(S) !~ L <q SH(S) 

QsS <q 

Proof. The naturality of ir <q and the fact that Q s is a functor imply that the 
maps Q s (ir <q X) induce a natural transformation Q s — > Q s s <q . Hence it suffices 
to show that for every T-spectrum X, the map Q s (w <q X) is an isomorphism in 
L <q SH{S). 

Theorem 13.1.181 implies that we have the following distinguished triangle in 
SH{S): 

f q X X s <q X ^ T f q X 

and using proposition l3. 2.421 we get the following distinguished triangle in L <q SH.(S): 

Qsf q X Q S X s- Q s s <q X Y^QsfqX 

But corollary 13 . 2 . 471 implies that Q s f q X = * in L <q SH(S), therefore Q s (Tr <q X) is 
an isomorphism in L <q Sl-L{S), as we wanted. □ 

COROLLARY 3.2.49. For every q £ Z and for every T-spectrum X , the natural 
map in STL{S) 

W q Q s X ^ W q Q s s <q X 

is an isomorphism. Furthermore, these maps induce a natural isomorphism between 
the following exact functors 

w q Q s 

SH{S) ; SH(S) 

W q Q s s <q 

Proof. Since Q s , W q are both functors and 7r <9 : id — > s <q is a natural 
transformation (see theorem I3.1.18|) : we have that the maps W q Q s (ir <q X) induce 
a natural transformation W q Q s — > W q Q s s <q . Therefore it suffices to see that for 
every T-spectrum X, the map W q Q s (jr <q X) is an isomorphism in STi(S). 

But proposition 13.2.481 implies that the map Q s (^< q X) is an isomorphism in 
L <q STL(S). Therefore using proposition 13.2. 42l we have that W q Q s {n <q X) is also 
an isomorphism in STL{S). □ 

Lemma 3.2.50. Fix q € Z. Then for every T-spectrum X , IQtJ{Q s s <ci X) is 
L(< q)-local in Spt T .M*. 
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PROOF. Proposition ^ . 2 .32l implies that it is enough to show that IQrJiQsS^qX) 
satisfies the following properties: 

(1) IQTJ{Q s s<qX) is fib-rant in Spt T .M*. 

(2) For every F n (S r A & m A U+) G C q eff 

[F n {S r A G s m A U+), IQ T J(Q s s< q X)] Spt = 

The first condition is obvious since IQtJ is a fibrant replacement functor in 
Spt T .M*. 

Fix F n (S r A G s m A U + ) G C q eff . Using theorem EXH® and the fact that 
C q eff C S^5H e// (S'), we have that 

[F n (S r AG s m AU + ),s <q X} Spt = Q 

Therefore 

[F n (S r A G r s n A E7+), IQ T J(Q s s <q X)] Spt = [F n (S r A G s m A [/+), s< ? X] Spt = 

for every F n (S r A Gf n A C/ + ) G ^e//- This takes care of the second condition and 
finishes the proof. □ 

Proposition 3.2.51. Fix 5 6 Z. Then for every T '-spectrum X the natural 

map 

Q s s <q X W q Q s s <q X 

is a weak equivalence in Spt T .A4*. Therefore, we have a natural isomorphism be- 
tween the following exact functors 

QsS <q 

SH(S) ; SH(S) 

W q Q s s <q 

Proof. The naturality of the maps : X — ► W q X implies that we have an 
induced natural transformation of functors Q s s< q — » W q Q s s <q . Hence, it is enough 
to show that for every T-spectrum X, w® sS<qX [ s a we ak equivalence in Spt T 7W*. 

Consider the following commutative diagram in Spt T A4*: 



Q s s< q X 5- IQ T J(Q s s <q X) 



(38) w« 



W q Q s s <q X >. IQ T J(W q Q s s <q X) 



<<qJ 



where the horizontal maps are weak equivalences in Spt T A^*. Hence, the two out 
of three property for weak equivalences implies that it is enough to show that 
IQTJ(W® sS<qX ) is a weak equivalence in Spt T .M*. 

By construction the map W® BS<qX is a L(< q)-\ocal equivalence, and since the 
horizontal maps in diagram (|38p are weak equivalences in Spt T .M*, it follows from 
proposition 3.1.5] that these horizontal maps are also L(< g)-local equivalences. 
Therefore, the two out of three property for L(< g)-local equivalences implies that 
is a L(< g)-local equivalence. 

Now lemma |3~.2.50I implies that IQTJ{Q s s< q X) is L(< g)-local. On the other 
hand, since the map 

W q Q s s <q X IQ T J(W q Q s s <q X) 
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is a weak equivalence in Spt T yVf„, W q Q s s< q X is by construction L{< g)-local, and 
IQTJ{W q Q s s <q X), W q Q s s <q X are both fibrant in Spt T .M*; it follows from [7j 
lemma 3.2.1] that IQTJ{W q Q s s <q X) is also L{< q)-\oca\.. 
Finally we have a L(< g)-local equivalence 



IQ T J{Q s s <q X) 



/QtJ(w, QsS<9 ' 



IQ T J{W q Q s s <q X) 



where the domain and the codomain are both L(< g)-local. Then theorem 3.2.13 in 



implies that IQ T J(W? 
the proof. 



is a weak equivalence in Spt T .M». This finishes 

□ 



Theorem 3.2.52. Fix q G Z. Then for every T-spectrum X, we have the 
following diagram in STL(S): 



s< q 



X 



■ QsS<qX 



(39) 



W q Q sS<q X ■ 



W q Q s (TT <q ) 



W q Q s X 



where all the maps are isomorphisms in STi.(S). This diagram induces a natural 
isomorphism between the following exact functors: 



SH(S) 



[SH(S) 



Q 



Proof. Since Q s is a cofibrant replacement functor in Spt T .M*, it is clear that 
s<qX becomes an isomorphism in the associated homotopy category STt(S). 
The fact that W q <q is an isomorphism in SH(S) follows from proposition 



13.2.511 Finally, corollary 13.2.491 implies that W q Q s (TT< q ) is also an isomorphism 
in SH(S). This shows that all the maps in the diagram (|39|) are isomorphisms in 
STl(S), therefore for every T-spectrum X we can define the following composition 
in SH(S) 



s <q X 



k?:. 



x 



(40) 



W q Q 



x 



{W q Q s (-n <q )Y 



W q Q S X 



which is an isomorphism. The fact that Q s is a functorial cofibrant replacement 
in Spt T A^*, proposition I3.2.5T1 and corollary 13.2.491 imply all together that the 
isomorphisms defined in diagram (|40[) induce a natural isomorphism of functors 

s <q W q Q B . This finishes the proof. □ 
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Remark 3.2.53. Theorem \3.2.52\ gives the desired lifting to the model category 
level for the functors s< q defined in theorem \3.1.18\ 

Proposition 3.2.54. For every q G Z, we have the following commutative 
diagram of left Quillen functors: 

Spt T .M* 

id 

L <q+ iSpt T M* 5- L<„Spt T A^* 

id 

Proof. Since L< g Spt T A^* and L <g+ iSpt T .M* are both left Bousfield local- 
izations for Spt T Al*, we have that the identity functors: 

id : Spt T .M* L <q Spt T M* 

id : Spt T M* L <9+ iSpt T A^* 

are both left Quillen functors. Hence, it suffices to show that 

id : L <9+ iSpt T .M* s- L <q Spt T M* 

is a left Quillen functor. Using the universal property for left Bousfield localizations 
(see definition ll.8.1[) , we have that it is enough to check that if / : X — > Y is a 
L(< g+l)-local equivalence then Q s (f) ■ Q S X — > Q S Y isaL(< g)-local equivalence. 

But theorem 3.1.6(c) in [7] implies that this last condition is equivalent to 
the following one: Let Z be an arbitrary L(< q)-\oc&\ T-spectrum, then Z is also 
L(< q + l)-local. Finally, this last condition follows immediately from corollary 
13.2.331 □ 




COROLLARY 3.2.55. For every q £ Z, we have the following adjunction 
{Q s , W q , if) : L <q+1 SH(S) ^ L <q SU{S) 

of exact functors between triangulated categories. 

PROOF. Proposition 13 . 2 . 541 implies that id : L< 9+ iSpt T A / J* — > i< g Spt T 7W* is 
a left Quillen functor. Therefore we get the following adjunction at the level of the 
associated homotopy categories 

(Q„ W q , v?) : L <q+1 SH(S) ^ L <q SH(S) 

Now proposition 6.4.1 in [lOj implies that Q s maps cofibre sequences in L <q +\STL{S) 
to cofibre sequences in L <q SH(S). Therefore using proposition 7.1.12 in [10] we 
have that Q s and W q are both exact functors between triangulated categories. □ 
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id 



(41) 



Spt T 7W 




L <q+ iSpt T M* 



id 



L <q Spt T M* 



L <q -iSpt T M* 

id 



together with the corresponding tower of associated homotopy categories: 



(42) 



SH(S) 




Furthermore, the tower \4>ty satisfies the following properties: 

(1) All the categories are triangulated. 

(2) All the functors are exact. 

(3) Q s is a left adjoint for all the functors W q . 



PROOF. Follows immediately from propositions 13.2.421 13.2.541 and corollary 
I3"2351 □ 

Remark 3.2.57. The great technical advantage of the categories L <q Spt T M* 
over the categories Rci ff Spt T A4* is the fact that L <q Spt T M* are always cellular, 
whereas it is not clear if Re? ^Spt T A4* satisfy the cellularity property. Therefore we 
still can apply Hirschhorn's localization technology to the categories L <g Spt T A4*. 
This will be the final step in our approach to get the desired lifting for the functors 
s q (see theorem \3.1.16\) to the model category level. 
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Definition 3.2.58. For every q € Z, we consider the following set of T -spectra 

y eff 



S(q) = {F n (S r A A U+) £ C\s -n = q}CC q e 



(see vrovosition \3. 1 . 5\ and definition ! 3.1.8]) . 

Theorem 3.2.59. Fix q € Z. Then the right Bousfield localization of the model 
category L <g+ iSpt T A1* with respect to the S(q)-colocal equivalences exists. This 
new model structure will be called g-slice motivic stable. S q Spt T A4i, will denote 
the category of T -spectra equipped with the q-slice motivic stable model structure, 
and S q STL{S) will denote its associated homotopy category. Furthermore the q-slice 
motivic stable model structure is right proper and simplicial. 

Proof. Theorem l3 . 2 .29l implies that L <g+ iSpt T .M* is a cellular and simplicial 
model category. On the other hand, corollary 13.2.411 implies that L <q+1 Spt T M* 
is right proper. Therefore we can apply theorem 5.1.1 in [7] to construct the right 
Bousfield localization of L <9+ iSpt T A / t* with respect to the S(q)-co\oc&\ equiva- 
lences. Using theorem 5.1.1] again, we have that S q Spt T M* is a right proper 
and simplicial model category. □ 

Definition 3.2.60. Fix q e Z. Let P q denote a functorial cofibrant replacement 
functor in S q Spt T M* such that for every T -spectrum X, the natural map 

pX 

P q X^+X 

is a trivial fibration in S q Spt T M*, and P q X is a S(q)-colocalT -spectrum in L <q+ iSptr l 

Proposition 3.2.61. Fixq G Z. Then W q+ i is also afibrant replacement func- 
tor in S q Spt T M* (see definition 1 3.2.30]) . and for every T -spectrum X the natural 
map 

X — — * w q+1 x 

is a trivial cofibration in S q Spt T A4*. 

Proof. Since S q Spt T M* is the right Bousfield localization of L <g+ iSpt T .M* 
with respect to the S'(q)-colocal equivalences, by construction we have that the fi- 
brations and the trivial cofibrations are indentical in S q Spt T A4* and L <g+ iSpt T A^* 
respectively. This implies that for every T-spectrum X, W q+ iX is fibrant in 
<S ,,? Spt T .M*, and we also have that the natural map: 

X ^1L^ Wq+1 X 

is a trivial cofibration in S q Spt T JH*. Hence Wq+i is also a fibrant replacement 
functor for S q Spt T M*. □ 

PROPOSITION 3.2.62. Fix q e Z and let f : X — » Y be a map of T -spectra. 
Then f is a S(q)-colocal equivalence in L <(3+ iSpt T 7V(* if and only if for every 
F n (S r A <G^ A U+) G S(q) the induced map 

[F n (S r A G' m A U+), W q+1 X] Sp t {Wq+ 2 f) * * [F n (S r A Gf n A U+), W q+1 Y] Spt 



is an isomorphism of abelian groups. 
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PROOF. (=>): Assume that / is a S , (g)-colocal equivalence. All the compact 
generators F n (S r AG^ n AU+) are cofibrant in L <q+ iSpt T M*, since they are cofibrant 
in Spt T A4*, and the cofibrations are exactly the same in both model structures. 

Therefore we have that / is a S'(g)-colocal equivalence if and only if for every 
F n (S r A A [/+) G S(q) the following maps are weak equivalences of simplicial 
sets: 

Map(F n (S r A G s m A U+),W q+1 X) {w * +lf) * , Map(F n (S r A G s m A 17+) , W q+1 Y) 

Since L <9 +iSpt T A^* is a simplicial model category, we have that Map(F n (S r AG^A 
17+), Wq+iX) and Map(F n {S r A Gf n A E/+), W^+iF) are both Kan complexes. Now 
proposition l3.2.32"lT Tj) implies that W q+ iX, W q+ {Y are both fibrant in SptyAI*, 
therefore since Spt T A4* is a simplicial model category we get the following com- 
mutative diagram where the top row and all the vertical maps are isomorphisms of 
abelian groups: 

n Map(F n (S r AG s m AU+), W q+1 X) 




n Map(F n (S r A<S s m A U+), W q+1 Y) 



[F n {S r A<S s m AU+),W q+1 X}s P t 

[F n (S r AGf n AU + ),W q+1 Y} Spt 

Therefore 

[F n (S r A G s m A U+), W q+1 X] Spt {Wq+ ^ f) ' ; [F n (S r A G s m A U+), W q+1 Y] Sp t 

is an isomorphism of abelian groups for every F n (S r A Gf„ A Z7+) G S(q), as we 
wanted. 

(<=): Fix F n (S r AGf n AU + ) G S(q). Let wo, ?7o be the base points corresponding 
to Map*(F n+ i(S r AG s + 1 AU+), W q+1 X) and Map*(F n+1 (S r AG^ 1 AE7+), W q+X Y) 
respectively. We need to show that the map: 

Map(F n (S r AG s m A U+),W q+1 X) {W * +lfh > Map(F n (S r A G s m A U+), W q+1 Y) 

is a weak equivalence of simplicial sets. Let 

j : F n+1 (S r+1 A G^ 1 A U+) -> F n (5 r A G, s „ A C/+) 

be the adjoint to the identity map 

id : 5 r+1 A G^ 1 A U+ -» £v„+iF n (,S' r A G^ A J7+) = S"^ 1 A G^ 1 A C/+ 

We know that j is a weak equivalence in Spt T .M*, therefore proposition 3.1.5] 
implies that j is a L(< g+l)-local equivalence, i.e. a weak equivalence in 7 <9+ iSpt T A / l*. 
Now since F n {S r A G s m A U+) and F„+i(5 r+1 A G^ 1 A U+) are both cofibrant in 
7< 9 +iSpt T A / {*, and L <9+ iSpt T A^* is a simplicial model category, we can apply 
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Ken Brown's lemma (see lemma fl.l.4|) to conclude that the horizontal maps in the 
following commutative diagram are weak equivalences of simplicial sets: 



Map{F n {S r A Gf n A U+), W q+1 X) ■ 
Map(F n (S r A G s m A U+), W q+l Y) 



Map(F n+1 (S r+1 A G* n +1 A U+), W q+1 X) 
(W 4 +i/). 

Map(F n+1 (S r+1 A G^ 1 A U+), W q+1 Y) 



Hence by the two out of three property for weak equivalences, it is enough to show 
that the following induced map 

Map(F n+1 (S r+1 A G^ 1 A U+), W q+1 X) 

Map(F n+1 (S r+1 A G^ 1 A [/+), W q+1 Y) 

is a weak equivalence of simplicial sets. 

On the other hand, since Spt T .M* is a pointed simplicial model category and 
W q+ \X, W q+ {Y are both fibrant in Spt T .M* by proposition 13. 2. 32lf Tj); we have that 
lemma 6.1.2 in [lOj together with remark l2.4.3t f2"l) imply that the following diagram 
is commutative for k > 0: 



Tfk,uj Map(F n+ i(S r A 1 



18+1 



AU+),W q+1 X) 



n k , V0 Map(F n+1 (S r A G^ +1 A U+),W q+1 Y) 



ir KuJ0 Map*(F n+1 {S r A G^ 1 A U+), W q+1 X) 




Tr k , V0 Map*{F n+1 (S r A G^ +1 A 17+), W q+1 Y) 



[F n+1 (S r A G^ 1 A U+) A S k , W q+1 X] Spt 




[F n+1 (S r A G s m +1 A U+) A S k ,W q+1 Y] Sp t 



[F n+1 (S k+r A G^ 1 A U+), W q+1 X] Sp t 




[F n+1 (S k+r A G^ 1 A U+), W q+x Y] Spt 

but by hypothesis we have that the bottom row is an isomorphism of abelian groups, 
since F n+1 {S h+r A G^ 1 A U + ) is also in S(q). Therefore all the maps in the top 
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row are also isomorphisms. Hence, the induced map 

Map(F n+1 (S r A G^ +1 A L7+), W q+1 X) 

(W q +if), 

i 

Map(F n+1 (S r A G^ +1 A U+), W q+1 Y) 

is a weak equivalence when it is restricted to the path component of Map(F n+1 (S r A 
G^+ x A U + ), W q+ \X) containing ui a . This implies that the following induced map 

Map* (S 1 , Map* (F n+ i (S r A G^ 1-1 A U+),W q+1 X)) 

(W g +if). 

Map*{S\Map*{F n+1 {S r A G^ +1 AU+),W q+1 Y)) 

is a weak equivalence since taking S^-loops kills the path components that do not 
contain the base point. 

Finally, since Spt T .M* is a simplicial model category we have that the rows in 
the following commutative diagram are isomorphisms: 

Map*{S\ Map*(F n+1 {S r A G^ +1 A U+), W q+1 X)) 



(W q+1 f). 



Map*(F n+1 (S r A G^ +1 A U+) A S\ W q+1 X) 



Map* (S 1 , Map* (F n+ i (S r A G£+ x A U+),W q+1 Y)) 



(W q +if), 



Map*(F n+1 (S r A G^ +1 A U+) A S\W q+1 Y) 

Hence the two out of three property for weak equivalences implies that the right 
vertical map is a weak equivalence of simplicial sets. But F n+ i(S r AG^ 1 AU + ) AS 1 
is clearly isomorphic to F n+ i(S r+1 A G^ 1 A U+), therefore the induced map 

Map(F n+1 (S r+1 A GJ* 1 A U+), W q+1 X) 
(w q+1 f). 



Map(F n+1 (S r+1 A G r s n +1 A L7+), W q+1 Y) 
is a weak equivalence, as we wanted. 



□ 



Corollary 3.2.63. Fix q e Z and let f : X — > Y be a map of T -spectra. Then 
f is a S(q)-colocal equivalence in L <q+ iSpt T M* if and only if 



W q+1 X ■ 



W q+ if 



W q+1 Y 



is a Cgff-colocal equivalence in Spt T .M*. 
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PROOF. (=>): Assume that / is a S'(g)-colocal equivalence, and fix F n (S r A 
Gf n A U+) G C%ff By proposition 13.2.41 it suffices to show that the induced map 

[F n (S r AG s m AU + ),W q+1 X] Sp t 
(43) (w g+1 f), 

[F n (S r AG s m AU+),W q+1 Y} Spt 

is an isomorphism of abelian groups. 

Since F n (S r A A 17+) G C^,, we have two possibilities: 

(1) s-n = q, i.e. F n (S r A G s m A 17+) G S(q). 

(2) s - n > q + 1, i.e. F n (S r AG^A U+) G C e 9 +/ 

In case ([T]), proposition 13 . 2 .621 implies that the induced map in diagram ((43]) is 
an isomorphism of abelian groups. 

On the other hand, in case ([2]), we have by proposition 13 . 2 .32lj 2j) that 

[F n (S r A G, s „ A U+),W q+1 X] Spt S £* [F n (S r A G r s n A 17+) , W q+1 Y] Spt 

since by construction W q +iX and W^+iY are both L{< q + l)-local T-spectra. 
Hence the induced map in diagram (|43[) is also an isomorphism of abelian groups 
in this case, as we wanted. 

(<=): Assume that W q+ \f is a C 9 ^-colocal equivalence in Spt T 7W*, and fix 
F n (S r AG s m AU + )eS(q). 

Since S(q) C C\jp it follows from proposition 13 . 2 .41 that the induced map 

[F n (S r AG^A U+), W g+1 X] Spt {Wq+lf) * ; [F„(S r A G s m A CT+), ^ +1 r] Spt 

is an isomorphism of abelian groups. Therefore, proposition 13.2.521 implies that / 
is a S , (<7)-colocal equivalence in L <9+ iSpt T A4*. This finishes the proof. □ 

Lemma 3.2.64. Fix q G Z and let f : X — » Y be a map of T-spectra, then f is 
a S(q)-colocal equivalence in L <g+ iSpt T .A/(* if and only if 

n S iW q+1 (f) : n S i\v q+1 x — ^ n s i\v q+1 Y 

is a S{q)-colocal equivalence in 7 <9+ iSpt T .M* . 

Proof. Assume that / is a 5(g)-colocal equivalence. We need to show that 
f2siWg+i(/) is a S'(q)-colocal equivalence in 7 <g+ iSpt T A4*. 

Fix F n (S r A G s m A U+) G S{q). Corollary 13.2.341 implies that Q. S xW q+1 X 
and ilsiW q +iY are both L{< q + l)-local; and proposition I3.2.32T T1"]) implies that 
tlgiWq+iX and OgiW^+iF are both fibrant in Spt T A^*. Therefore using the fact 
that SptyA'f* is a simplicial model category, we get the following commutative 
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diagram: 



[F n (S r A G s m A E7+), n S iW q+1 X] Sp t 



[F n (S r A A U + ), n sl W q+1 Y] Spt 



[F n (S r A G s m A U+) A S\ W q+1 X] Sp t 




[F n {S r AG s m A U+) A S\ W q+1 Y} Spt 



[F n (S r+1 AG s m A U+), W q+1 X] Sp t 




[F n (S r+1 AG s m A U+),W q+1 Y} Spt 



but using proposition 13.2.621 and the fact that / is a S(q)-co\oc&\ equivalence, we 
have that the bottom row is an isomorphism, therefore the top row is also an 
isomorphism. Hence, the induced map: 



[F n {S r A G s m A U+), n s iW q+1 X] Spt 

(n s i%i/). 
[F n (S r AG s m AU+), n s iW q+1 Y} Sp t 



is an isomorphism of abelian groups for every F n (S r A G^ A U + ) G S(q). Fi- 
nally, using proposition 13.2.621 again, together with the fact that QgiW q +iX and 
QgiW q +iY are both L(< q + l)-local T-spectra; we have that QgiW q +i(f) is a 
S , (g)-colocal equivalence in L <g+ iSpt T A / (*, as we wanted. 

Conversely, assume that QgxW q +i(f) is a 5'(g)-colocal equivalence in L <q+ iSpt T M*, 
and fix F n (S r A G° n A U+) G S(q). Corollary [3231 implies that QgiW q+1 X 
and SlgiW q +iY are both L(< q + l)-local; and proposition l3.2.32T fTj) implies that 
VLgiW q +iX and Q,giW q +iY are both fibrant in Spt T .M*. Therefore using the fact 
that Spt T A^* is a simplicial model category, we get the following commutative 
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diagram: 

[F n+1 (S r A G£+ J A U+), n s tW q+1 X} Sp t 



in sl w q+1 f), 
[F n+1 (S r AC 1 A C7+), Slsi W q+1 Y] Spt 



[F n+1 (S r A G^ 1 A 17+) A S\W q+1 X] Spt 

jw q+1 f), 



[F n+1 (S r A G^ +1 A U+) A S\W q+1 Y] 



Spt 



[F n+1 {S r+1 A Gtn 1 A U+), W q+1 X] Sp t 




[F n+ i(S r+1 A G^ 1 A U+), W q+1 Y] Spt 



[F n (S r AG; AU + ),W q+1 X] Spt 




[F n (S r AG s m AU+),W q+1 Y} Spt 

Since ^IgiWq+if is a 5(?)-colocal equivalence, we have that proposition 13.2.621 
together with the fact that Q,giW q +\X and fls^Wq+iY are both L{< q + l)-local 
imply that the top row in the diagram above is an isomorphism; therefore the 
bottom row is also an isomorphism. Thus, the induced map: 

[F n (S r A & m A U+), W q+1 X] Spt iWq+ ^ fU > [F n (S r AG^A U+), W q+1 Y] Spt 

is an isomorphism of abelian groups for every F n (S r AGf n AJ7+) G S(q). Now using 
proposition 13. 2.621 again, we have that / is a 5'(g)-colocal equivalence. This finishes 
the proof. □ 

Corollary 3.2.65. For every q £ Z, the adjunction 

(- AS\n s i,v) ■ S 9 S P t T .M» r~S q Spt T M* 

is a Quillen equivalence. 

PROOF. Using corollary 1.3.16 in [10] and proposition 13. 2.611 we have that it 
suffices to verify the following two conditions: 

(1) For every cofibrant object X in S 9 Spt T M*, the following composition 

X Slgx (X A S 1 ) fl S i Wg+i (IAS 1 ) 

is a S'(g)-colocal equivalence. 
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(2) O51 reflects 5(g)-colocal equivalences between fibrant objects in 5 9 Spt T yV(*. 
|U): By construction S q Spt T M* is a right Bousfield localization of L <q+1 Spt T M*, 
therefore the identity functor 

id : S q Spt T M* L <q+1 Spt T M* 

is a left Quillen functor. Thus X is also cofibrant in L <g+ iSpt T .M*. Since the 
adjunction (—AS" 1 , tig 1 , y) is a Quillen equivalence on L <g+ iSpt r .M*, [101 propo- 
sition 1.3.13(b)] implies that the following composition is a weak equivalence in 
L <q+1 Spt T M*: 

X S i {X A 5 1 ) - fl S iW q+1 (X A S ) 

Hence using proposition 3.1.5] it follows that the composition above is a 5(g)- 
colocal equivalence. 

|2]): This follows immediately from proposition 13.2.611 and lemma 13.2.641 □ 

Remark 3.2.66. We have a situation similar to the one described in remarks 
\3.2.9\ and \3.2.1Hh for the model categories Rqi Spt T M* and L <q Spt T A4*; i.e. 
although the adjunction (T,t,Qt,<P) is a Quillen equivalence on Spt T .M* ; it does 
not descend even to a Quillen adjunction on the q-slice motivic stable model category 
S q Spt T M*. 

COROLLARY 3.2.67. For every q G Z, S q STL{S) has the structure of a triangu- 
lated category. 

Proof. Theorem 13.2.591 implies in particular that 5 9 Spt T .M* is a pointed 
simplicial model category, and corollary 13 . 2 . 651 implies that the adjunction 

(- A£\n s i,p) : 5 9 S P t T M* -» S q Spt T M* 

is a Quillen equivalence. Therefore the result follows from the work of Quillen in 
|21l sections 1.2 and 1.3] and the work of Hovey in [10[ chapters VI and VII]. □ 

Proposition 3.2.68. For every q 6 Z we have the following adjunction 

(P q , W q +i,<p) : S q SH(S) > L <q+1 SH(S) 

of exact functors between triangulated categories. 

Proof. Since 5 9 Spt T .M* is the right Bousfield localization of L <g+ iSpt T .M* 
with respect to the 5(g)-colocal equivalences, we have that the identity functor 
id : 5 9 Spt T A / (* — > L <9+ iSpt T .M* is a left Quillen functor. Therefore we get the 
following adjunction at the level of the associated homotopy categories: 

{P q , W q+1 ,<p) : S q SH(S) L <q+1 SH(S) 

Now proposition 6.4.1 in [10 implies that P q maps cofibre sequences in S q SH(S) 
to cofibre sequences in L <q+ iSH.(S). Therefore using proposition 7.1.12 in [10] we 
have that P q and W q +i are both exact functors between triangulated categories. □ 

Proposition 3.2.69. Fix q e Z. Then the identity functor 

id : S q Spt T M* »- Rci ff Spt T M* 

is a right Quillen functor. 
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PROOF. Consider the following diagram of right Quillcn functors 
L <q+1 Spt T M* — ^ Spt T M* R c * f Spt T M* 

id 

_____ — id 

S 9 Spt T .M, " 

By the universal property of right Bousfield localizations (see definition ll.8.2|) it 
suffices to check that if / : X — ► Y is a S , (g)-colocal equivalence in L <9+1 Spt r .M*, 
then W q+ if : W q+ \X —> W q+ \Y is a C^-co local equivalence in Spt T .A4*. But 
this follows immediately from corollarv l3.2.63l □ 

Corollary 3.2.70. For every q £Z we have the following adjunction 

(C q , W q+1 , tp) : R c « f SH(S) ^ S"SH(S) 

of exact functors between triangulated categories. 

Proof. By proposition 13.2.691 the identity functor id : Spt T .M* — » 

S ,,? Spt T 7W* is a left Quillcn functor. Therefore we get the following adjunction 
at the level of the associated homotopy categories: 

(C q , W q+ i, tp) : Rc lf SU{S) _ S"SH(S) 

Now proposition 6.4.1 in [10] implies that C q maps cofibre sequences in R c i SH(S) 
to cofibre sequences in S q STt(S). Therefore using proposition 7.1.12 in |10j we have 
that C q and W q +i are both exact functors between triangulated categories. □ 

Lemma 3.2.71. Fix q € 7L, and let A be a cofibrant T -spectrum in S q Spt T A4*. 
Then the map * — > A is a trivial cofibration in L <q Spt T A4*. 

Proof. Let Z be an arbitrary L(< g)-local T-spectrum in Spt T .M*. We claim 
that the map Z — > * is a trivial fibration in S' 9 Spt T .M*. In effect, using corollary 
13.2.331 we have that Z is L(< q + l)-local in Spt T .M*, i.e. a fibrant object in 
L <q+1 Spt T M*. By construction S q Spt T M* is a right Bousfield localization of 
L <q+1 Spt T M*, hence Z is also fibrant in S q Spt T M*. Then by proposition 13.2.621 
it suffices to show that for every F n (S r A <Gf n A U+) G S(q) (i.e. s — n = q): 

0^ [F n (S r AG; AU+),Z] Spt 

But this follows immediately from proposition 13 . 2 .321 since Z is L(< q)-\oc&\. 

Now since S q Spt T M-^, is a simplicial model category and A is cofibrant in 
S q Spt T A4*, we have that the following map is a trivial fibration of simplicial sets: 

Map(A, Z) s- Map(A, *) = * 

The identity functor 

id : S q Spt T M* >■ L <q+1 Spt T M* 

is a left Quillen functor, since S q Spt T M* is a right Bousfield localization of L <q+ iSpt T M.* 
Therefore A is also cofibrant in L< 9 +iSpt T .M*, and since L< 9 +iSpt T .A/f* is a left 
Bousfield localization of Spt T .M*; it follows that A is also cofibrant in Spt T .M*. 
On the other hand, we have that Z is in particular fibrant in Spt T A4*. Hence 



3.2. MODEL STRUCTURES FOR THE SLICE FILTRATION 



141 



tvq Map(A, Z) computes [A,Z]s P t, since Spt T .M* is a simplicial model category. 
But Map(A, Z) — > * is in particular a weak equivalence of simplicial sets, then 

[A, Z]s p t = 

for every L(< q)-\oc&\ T-spectrum Z. Finally, corollary 13.2.361 implies that * — > A 
is a weak equivalence in L <q Spt T M.*. This finishes the proof, since we already 
know that A is cofibrant in Z/< g Spt T .M*. □ 

Lemma 3.2.72. Fix q G Z. T/ien i/ie natural map 

Q s q X 

CqSqX 5- S<j^ 

is a weak equivalence in Spt T ./Vl*. 

Proof. Consider the following commutative diagram in Spt T .M»: 

Q"s qX 

S q X -< ^ QsSqX 



c? 3 



CqSqX ■< CqQ s SqX 

C q (Ql qX ) 

By construction Cq qX , C^ sSqX are both weak equivalences in R c <i^Spt T A4*; and 

[3 proposition 3.1.5] implies that Q s s qX is a Cjy^-colocal equivalence in SptyA'l*, 
i.e. a weak equivalence in R c q^Spt T A4^. Then the two out of three property for 

weak equivalences implies that C q (Q s s qX ) is a weak equivalence in i? c g^Spt T .A/(*. 

Now [H theorem 3.2.13(2)] implies that C q (Q s s q ) is a weak equivalence in 
Spt T ./Vf*, since C q s q X and C q Q s s q X are by construction C'^y-colocal T-spectra 

in Spt T .M*. It is clear that Q s s qX is a weak equivalence in Spt T .M*, then by the 
two out of three property for weak equivalences, it suffices to show that Cq 3 9 is 
a weak equivalence in Spt T Ai^. 

By theorem l3.1.16l[ 2|) we have that s q X is in Z^SH eff (S), then corollaryEXjl 
implies that Q s s q X is C^-colocal in Spt T A^*. We already know that C® sSqX is 
a Cgj^-colocal equivalence in Spt T A^*; then [7J theorem 3.2.13(2)] implies that 
£iQ a s q x . g ^ weak equivalence in Spt T A4*, since by construction C q Q s s q X is 
a Cgj^-colocal T-spectrum. This finishes the proof. □ 

Lemma 3.2.73. Fix q € Z. T/ien /or every T-spectrum X, we have that 
IQxJsqX (see theorem \3.1.16\) is L(< q+ l)-local. 



Proof. Proposition 13 . 2 . 321 implies that it suffices to check that IQxJsqX sat- 
isfies the following conditions: 

(1) IQrJsqX is fibrant in Spt T Ai*. 

(2) For every F n {S r A G' m A U+) £ Cg} 1 , 

[F„(5 r A A U + ),IQ T Js q X] Spt £* 

Condition ([lj holds trivially, since IQtJ is a fibrant replacement functor in 
Spt T .M*. 
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Fix F n (S r A <G s m A U+) G C q +). Since C*f} C E^ 1 SH ef f (S) , it follows from 
theorem EXHP that: 

[F n (S r AG;aP + ), IQ T J Sq X] Spt S [F„(5 r A G, 5 „ A £/+), s ? X] Spt £* 

and this takes care of condition ©. □ 

Lemma 3.2.74. Fke g e Z. Tften /or euen/ T-spectrum X, CqlQxJ f q +\X = * 
inS"SH(S). 

PROOF. Consider the following commutative diagram in Spt T ./Vf*: 

Ar + l X 



Qsfq+lX — fq+\X - ^ IQtJ fq+lX 



-,Q s f q+ lX 



CqQ s fq + lX — ^ C q f q+ lX J- CglQxJ fq+lX 



(44) 



We claim that all the maps in the diagram (|44|) above are weak equivalences in 
Spt T .M*. In effect, it is clear that all the maps in the top row are weak equivalences 
in Spt T A4*. Hence, by the two out of three property for weak equivalences it suffices 
to show that C^ sfq+lX , C q (Q f s q+lX ) and C q {IQ T J fq+lX ) are all weak equivalences 
in Spt T .M*. 

On the other hand, [7J proposition 3.1.5] implies that all the maps in the top 
row are weak equivalences in Rc q ff . Spt T .A4*, and it is clear that all the vertical 
maps are also weak equivalences in R c i SptyA'l*. Thus, by the two out of three 
property for weak equivalences we have that all the maps in the diagram (|44|) above 
are weak equivalences in i?c*i^Spt T .M*. 

By construction we have that C q Q s f q +\X , C q f q +\X and CqlQrJ f q +iX are 
all C^j-colocal T-spectra in Spt T .M*. Then [7J theorem 3.2.13(2)] implies that 

Cq(Qy +1 ) and C q {IQTJ iq+lX ) are both weak equivalences in Spt T 7W*. 

Now, by propositionl3TT2|we have that f q+1 X G Y^ l SU efs {S) C H q T SU efS {S). 
Thus, corollarv l3 . 2 . 1 5l implies that Q s f q+ \X is a C^-colocal T-spectrum in Spt T .M* . 



Then using [7J theorem 3.2.13(2)] again, we have that C q s ^ q+lX is a weak equiv- 
alence in Spt r .M* since by construction C q Q s f q +iX is a C^-colocal T-spectrum 

Of X 

and C q 3 5+1 is a Cjy^-colocal equivalence in Spt T .A4*. 

This proves the claim, i.e. all the maps in the diagram (|44p above are weak 
equivalences in Spt T .M*. Then using [71 proposition 3.1.5] again, we have that 
all the maps in the diagram ([4"4"]l above are also weak equivalences in S^Spty-M*. 
Therefore, to finish the proof it is enough to check that * — > Q s f q +iX is a weak 
equivalence in «S' 9 Spt T .M*. 

But corollary 13.2.471 implies that * — > Q s f q+ \X is a weak equivalence in 
L< 9 +iSpt T A4*. Therefore, using [7, proposition 3.1.5], we have that * — > Q s f q+ iX 
is a S'(g)-colocal equivalence in L <(?+ iSpt T A / l*, i.e. a weak equivalence in S q Spt T M* 
This finishes the proof. □ 

Proposition 3.2.75. Fix q £ Z. T/ien /or every T-spectrum X , the following 
maps of T-spectra: 

( 45 ) s ? X — ^ ^ IQrJsqX C q IQ T JSqX 
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are both weak equivalences in Spt T .M*. 

Furthermore, these weak equivalences induce natural isomorphisms between the 
following exact functors 

a, 

SH(S) ; SH{S) 

IQtJs 9 
IQ T Js q 

SH(S) ; SH(S) 

C q IQ T Js q 

PROOF. The naturality of the maps IQtJ X ■ X — > IQ T JX and C x : C q X — > 
X implies that we have induced natural transformations of functors s q — > IQxJsq 
and CqlQxJsq — > IQtJs q . Hence, it is enough to show that for every T-spectrum 
X, 1QtJ Sc,x and (j^ tJs i x are weak equivalences in Spt T M*. 

It is clear that IQTJ SqX is a weak equivalence in Spt T M*, since IQtJ is a 
fibrant replacement functor for Spt T .M*. 

We now proceed to show that (J^Q tJs i x j s a wea k equivalence in Spt T M. t . 
Consider the following commutative diagram in Spt T A4*: 

C q qX 

S q X -s CqSqX 



IQtJ b 



C q (IQ T J SqX ) 



IQ T JSqX S rn - CqIQ T JSqX 

Lemma 13.2.721 implies that C\ qX is a weak equivalence in SptyAf,,. Since we 
know that IQTJ SqX is always a weak equivalence in Spt T .M*, the two out of three 
property for weak equivalences implies that it suffices to check that C q (IQTJ SqX ) 
is also a weak equivalence in Spt T .M*. 

Using [7j proposition 3.1.5], we have that IQTJ SqX is a C|^-colocal equiv- 
alence. Then the two out of three property for C^j-colocal equivalences implies 
that C q {IQTJ SqX ) is a C^j-colocal equivalence, since by construction Cq qX and 
^iQrJsgX both Cg^j-colocal equivalences. 

Finally, by construction C q s q X and CqlQrJ s q X are both C^-colocal, there- 
fore theorem 3.2.13(2)] implies that C q (IQTJ SqX ) is a weak equivalence in 
Spt T .M*, as we wanted. □ 

Proposition 3.2.76. Fix q £ Z. TTien for every T-spectrum X , the natural 
map: 

y,C q IQ T Js q X 

CqIQ T JSqX — ^ W q+1 CqIQ T JSqX 

is a weak equivalence in Spt T .M*. 

Further emore, this weak equivalence induces a natural isomorphism between the 
following exact functors 

C q IQ T Js q 

SH(S) ; SH(S) 

W q+ iC q IQ T Js q 
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PROOF. The naturality of the maps W x +1 : X — » W q +iX implies that we 
have an induced natural transformation of functors CqlQrJsq — » Wq+iCqlQrJsq. 
Hence, it is enough to show that for every T-spectrum X, W q +-y 9 is a weak 
equivalence in Spt T A1*. 

Consider the following commutative diagram in Spt T M*: 



IQ T Js q X 



M" 



IQ T .Js q X 



W q+1 IQ T Js q X 



^IQ T JSgX 



w, +1 (c 1 q QTj '"' x ) 



CqIQ T JSqX 



IV. 



CqIQj'JsqX 
5 + 1 



Wq +1 CqIQ T JSqX 



By construction, W q +± Sq is a L(< q + l)-local equivalence, and Wq+iIQrJ s q X 
is L(< q + l)-local in Spt T .M*. By lemma 13.2.731 we have that IQxJsqX is also 
L(< q + l)-local. Therefore, [7J theorem 3.2.13(1)] implies that W^[ J ' SqX is a 
weak equivalence in Spt T .M*. 

Now, it follows directly from proposition l3 . 2 . 75l that (J^ tJs i x [ s a we ak equiv- 
alence in Spt T .M*. Hence by the two out of three property for weak equivalences, 
it suffices to show that W q+1 (Cq QTJSqX ) is a weak equivalence in Spt T .M*. 

We already know that (j^ tJs i x j g a wea k; equivalence in Spt T A^*, then us- 
ing [7J proposition 3.1.5] we have that (j^ tJs i x [ s a q _|_ l)-local equiva- 
lence. Then the two out of three property for L(< q + l)-local equivalences implies 
that W q j r i(C I q® T ' JSqX ) is also a L(< q + l)-local equivalence, since by construction 
w iQTJs q x and w c q iQ T j Sq x are both L ( <q + 1 y local equivalences. 

Finally, by construction W q+ iIQTJs q X and W q+ iC q IQTJs q X are L{< q+l)- 
local in Spt T A4», then 7, theorem 3.2.13(1)] implies that W q+1 (Cq QTJSqX ) is a 
weak equivalence in Spt T .M*, as we wanted. □ 

Proposition 3.2.77. Fix q G Z. Then for every T-spectrum X , the natural 
map: 

c ,W q + 1 C q IQ T Js q X 
Wq+lCqlQrJSqX ^ Cq Wq+ 1 CqIQ T JSqX 

is a weak equivalence in Spt T .M*. 

Furtheremore, this weak equivalence induces a natural isomorphism between the 
following exact functors 

W q+ iC q IQ T Js q 

sh(S) r - sn(S) 

C q W q+1 C q IQ T Js q 

Proof. The naturality of the maps C q : C q X — > X implies that we have an 
induced natural transformation of functors CqWq+iCqlQrJ s q — > Wq+iCqlQrJsq. 
Hence, it is enough to show that for every T-spectrum X, (jW q +iC q iQ T Js q x . g ^ 
weak equivalence in Spt T .M*. 
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Consider the following commutative diagram in Spt T A^*: 

C q IQ T Js q X Cq " C q C q IQ T Js q X 

W q+1 C q IQ T Js q X - c IO , x C q W q+1 C q IQ T Js q X 

By construction (jC q iQT.Js q x . g & _ C oIocal equivalence, and CqlQrJsqX, C q C q IQrJs 
are both C|^-colocal in Spt T A^*. Therefore, [7J theorem 3.2.13(2)] implies that 
C q tJs " x j g a we ak equivalence in Spt T M*. 

Now, it follows directly from proposition 13.2.761 that y\r^^ TjSqX i s a weak 
equivalence in Spt T A^*. Hence by the two out of three property for weak equiva- 
lences, it suffices to show that C q (W^[^ T ' JSqX ) is a weak equivalence in Spt T .M*. 

We already know that w^qiQT-Js q x ^ & W eak equivalence in Spt T .M*, then 
using [7J proposition 3.1.5] we have that w^qiQTJs q x . g & co i oca i equiva- 

lence. Then the two out of three property for Cgj^-colocal equivalences implies 

that C q (Wq+l® TJSqX ) is also a C^y-colocal equivalence, since by construction 
c c q iQ T Js q x and c w q+1 c q iQ T J Sq x aj . e both c ?^_ colocal equivalences. 

Finally, by construction C q C q IQTJs q X and C q W q+ \C q IQTJs q X are C^-j- 

colocal in Spt T 7W*, then [7J theorem 3.2.13(2)] implies that C q (Wq+(® T Js " x ) is a 
weak equivalence in SptyA'U, as we wanted. □ 

Proposition 3.2.78. Fix q £ Z. Then for every T-spectrum X , the following 
natural maps in R c i^S7i(S) (see proposition \3.1.15\ and theorem \3.1.16\) : 

IQtJX t xJ IQ T Jf q X LLU IQ T Js q X 



become isomorphisms in S q SH.(S) after applying the functor C, 



C q lQ T JX C q lQ T J f q X ^ C q IQ T Js q X 

Proof. Proposition 13 . 2 . 1 71 implies that the map 

IQ T Jf q X IQTJ f x) , IQ T JX 
is an isomorphism in R c « S7i(S). Hence using corollary 13 . 2 . 701 we have that 

CqlQrJ f q X CqIQ f ex \ Cq IQ T JX 

is an isomorphism in S q SH.(S). 

On the other hand, theorem l3.1.16t [Tj) implies that we have the following dis- 
tinguished triangle in SH(S): 

f q+1 X ^ f q X s q X ^ T °f q+ iX 
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Proposition 13.2.111 implies that after applying IQtJ we get the following distin- 
guished triangle in R C 9 SH(S) 

IQ T Jf q+1 X ^ IQ T Jf g X IQTJ{7Tq ] > IQ T Js q X > ^ T Q IQ T Jf q+1 X 

Now corollary 13.2.701 implies that after applying C q we get the following distin- 
guished triangle in S q SH(S) 

C q IQ T J{n q ) 

C q IQ T J f q +iX s- CgIQ T Jf q X ^ C q IQ T Js q X 



Erp CqIQtJ fq+lX 

Therefore it is enough to check that C q IQrJ f q +\X = * in S q STL{S). But this 
follows directly from lemma [5.2.741 □ 

COROLLARY 3.2.79. Fix q S Z. Then for every T '-spectrum X , the following 
natural maps in STl{S) (see vrovosition \3.1.T5\ and theorem \3.1.16\ ): 

X fgX ^ S q X 

become isomorphisms in SH.(S) after applying the functor CqWq+iCqlQrJ '■' 

C q W q+1 CqIQ T JX , g^gffgl^ C q W q+1 C q I Q T J f q X 

C q W q+1 C q IQ T J(-x?) 

C q W q+1 CqIQ T JSqX 

Furtheremore, these maps induce natural isomorphisms between the following 
exact functors 

C q W q+ iC q IQ T Js q 

SH(S) *~ SH(S) 

C q W q+1 C q IQ T Jf q 
C q W q+1 C q IQ T Jf q 

SH(S) " SH(S) 

C q W q+1 C q IQ T J 

Proof. The naturality of the maps -k* : f q X — » s q X and Ox '■ f q X — > X im- 
plies that we have induced natural transformations of functors C q W q+ iC q IQTJf q — > 
CqW q+ iC q IQTJsq and CqWq+xCqlQrJ f q — > C q W q+ iC q IQr J ■ Hence, it is enough 
to show that for every T-spectrum X, C q W q+ iC q IQTJ(^ q ) and C q W q+ \C q IQTJ{0x) 
are weak equivalences in Spt T .M*. 

Proposition 13.2.781 implies that the following natural maps 

C q lQ T JX -s C q lQ T Jf q X s- CqlQTJSqX 

are isomorphisms in S q SH.(S). Then the result follows immediately from corollary 
13.2.701 and proposition 13.2.111 □ 
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Theorem 3.2.80. Fix q 6 Z. Then for every T-spectrum X, we have the 
following diagram in SH.(S): 



(46) 



W q+1 C q IQ T Js q X 




W q+1 C q IQ T Js q X 




C q IQ T Js q X 

IQ T Js q X 

IQxJsqX 

IQ T J 3q " 



s q X 



C q W q+1 C q IQ T Js q X 

C q W q+x C q IQ T J{-K q ) 9i 

C q W q+1 C q IQ T Jf q X 

C q W q+1 C q IQ T J(Sx) S 

C q W q+1 C q IQ T JX 



where all the maps are isomorphisms in STl(S). Furthermore, this diagram induces 
a natural isomorphism between the following exact functors: 



SH(S) 



C q W q+1 C q IQ T J 



[ SH(S) 



PROOF. The fact that IQ T J SqX and c q QTJs<qX are isomorphisms in SH{S) 
follows from proposition 13.2.751 Now proposition 13 . 2 . 751 implies that w ^Q TjSqX 
is an isomorphism in SH(S), and proposition ^ . 2 . 77l implies that (jW q +iC q iQ T Js q x is 
also an isomorphism in SH{S). Finally, corollarv l3 .2 . 79l implies that C q W q+ iC q IQTJ(^ x ) 
and C q W q +iC q IQTJ{dx) are both isomorphisms in SH(S). 

This shows that all the maps in the diagram (|46p are isomorphisms in S7i(S), 
therefore for every T-spectrum X we can define the following composition in SH.(S) 




W q+1 C q IQ T Js q X 



\V q + 1 C q IQ T Js q X 



C q IQ T Js q X 
(47) (c^Vj-i^ 

IQ T Js q X 

IQ T J Bq " 



S q X 



C q W q+1 C q IQ T Js q X 
C q W q+1 C q IQ T Jf q X 

C q W q+1 C q IQ T J(8x) S 

C q W q+1 C q IQ T JX 



which is an isomorphism. 

On the other hand, propositions 13.2.751 13.2.761 and 1 3 . 2 . 77l and corollary 13. 2. 791 
imply all together that the isomorphisms defined in diagram (|47[) induce a natural 

isomorphism of functors s q —> C q W q +iC q IQTJ ■ This finishes the proof. □ 

Proposition 3.2.81. Fix q e Z. Let n denote the unit of the adjuntion 
(C q ,W q+1 ,cp) : R c * SH(S) -> S q SH{S) constructed in corollary \3~J770\ Then 
the natural transformation ir q : f q — > s q (see theorem ] 3. 1.1 6]) gets canonically iden- 
tified, through the equivalence of categories r q C' q , IQrJi q constructed in proposition 
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\3.2.21\ with the following map in STL(S): 

C q IQ T JX C « (viQtJX \ C q W q+1 C q IQ T JX 

Proof. It follows directly from theorem 13. 1.1 61 corollary 13 . 2.631 together with 
[201 proposition 9.1.8]. □ 

Remark 3.2.82. Theorem \3.2.80\ gives the desired lifting to the model category 
level for the functors s q defined in theorem \3.1.16[ and it completes the program 
that we started at the beginning of this section, where the goal was to get a lifting 
for the slice functors s q . 

3.3. The Symmetric Model Structure for the Slice Filtration 

Our goal now is to lift the model structures constructed in section 13.21 to the 
category of symmetric T-spectra, in order to have a natural framework for the study 
of the multiplicative properties of Voevodsky's slice filtration. 

Let S1iP{S) denote the homotopy category associated to Spt^jM*. We call 
STL (S) the motivic symmetric stable homotopy category. We will denote by 
[— , —]s pt the set of maps between two objects in STi^{S). 

Definition 3.3.1. Let Qs denote a cofibrant replacement functor in Sptfi.A/(*/ 
such that for every symmetric T -spectrum X , the natural map 



QxX^+x 

is a trivial fibration in Spt^M*- 

Definition 3.3.2. Let Ffe denote a fibrant replacement functor in Sptfi.A/(*/ 
such that for every symmetric T -spectrum X , the natural map 

X^+R^X 

is a trivial cofibration in Spty.M*. 

PROPOSITION 3.3.3. The motivic symmetric stable homotopy category STtP {S) 
has a structure of triangulated category defined as follows: 

(1) The suspension functor is given by 

-AS 1 : SH S {S) >■ SH S (S) 

X l >■ Qt,X A S 1 

(2) The distinguished triangles are isomorphic to triangles of the form 

A B C ^+ 

where i is a cofibration in Spt^A4* ; and C is the homotopy cofibre of i. 



Proof. Theorem 12.6.231 implies in particular that Spt T .M* is a pointed sim- 
plicial model category, and theorem 12.6.271 implies that the adjunction: 

(- A S\n s i , Lp) : Spt|.M* > Spt|.M* 
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is a Quillen equivalence. The result now follows from the work of Quillen in |21l 
sections 1.2 and 1.3] and the work of Hovey in [10[ chapters VI and VII] (see |10[ 
proposition 7.1.6]). □ 

Theorem 3.3.4. The adjunction 

(V, U, tp) : Spt T M* ^ Spt^M* 

given by the symmetrization and the forgetful functors, induces an adjunction 

(VQ S , URz, <p) : SH(S) »- SH S (S) 

of exact funtors between triangulated categories. Furthermore, VQ S and U R^ are 
both equivalences of categories. 

PROOF. Theorem l2 .6 . 30l implies that the adjunction (V, U, tp) is a Quillen equiv- 
alence. Therefore we get the following adjunction at the level of the associated 
homotopy categories: 

{VQ„ UR S , if) : SH(S) SH^(S) 

Now [101 proposition 1.3.13] implies that VQ S ,UR^ are both equivalences of 
categories. Finally proposition 12.6.1^1 together with [101 proposition 6.4.1] imply 
that VQ S maps cofibre sequences in STL(S) to cofibre sequences in SH^(S). There- 
fore using proposition 7.1.12 in [10] we have that VQ S and URs are both exact 
functors between triangulated categories. □ 

Corollary 3.3.5. Fix q e Z. 

(1) The exact functor (see remark Y3.1.13}) 

f q : SH{S) ^ SH{S) 

gets canonically identified with the following exact functor: 

f q : SH S {S) SH S (S) 

X I VQ s (f q (URxX)) 

i.e. f q = VQ S o f g o UR S . 

(2) The exact functor (see theorem ] 3.1.18]) 

s <q : SH(S) ^SH(S) 

gets canonically identified with the following exact functor: 

§ <q : sn^{s) sn^(s) 

X I »- VQ s (s <q (UR s X)) 

i.e. s <q = VQ S o s <q o URt,- 

(3) The exact functor (see theorem X 3.1.16]) 

s q : SH(S) ^SH(S) 

gets canonically identified with the following exact functor: 

s q : SH S {S) ^SH^iS) 

X i ^ VQ s (s q {URxX)) 
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i.e. s q = VQ S o s q o URt,- 



Proof. Follows immediately from theorem 13.3.41 □ 

Lemma 3.3.6. Let X S M.* be a pointed simplicial presheaf which is com- 
pact in the sense of Jardine (see definition \2.3.1(]\) . and let F^(X) be the symmet- 
ric T -spectrum constructed in definition \2.6. 8\ Consider an arbitrary collection of 
symmetric T-spectra {Zi}nzj indexed by a set I . Then 

[F* (X),]JZ t f Spt - [] [F^X), Zl f Spt 
iei iei 

Proof. Since every pointed simplicial presheaf in Ai* is cofibrant and F^ = 
V o F n (see proposition 12.6. 18[) is a left Quillen functor, using theorem 12.6.301 we 
have: 



[F^(X),l[Z t )% t = [V(F n (X)),Y[Z^ pt 

iei iei 

[F n (X),C/i? E (]J^)W 



iei 



[F n (X),(\J URzZ^spt 



iei 

where the last isomorphism follows from theorem !3.3.4l which implies in particular 
that URx : SH^(S) -> SH(S) is a left adjoint, since it is an equivalence of cate- 
gories. Now since X S A4* is compact in the sense of Jardine, lemma [3.1.41 implies 
that: 

[F n (X),]]_ URxZ, t } Sp t = ]l [F n (X), URvZi] Spt 
■iei iei 

Finally using proposition 12.6.151 and theorem 12.6.301 again, we get: 

iei iei 

- ]J[V(F n (X)),zS P t 

iei 

iei 

as we wanted. □ 

PROPOSITION 3.3.7. The motivic symmetric stable homotopy category STtP {S) 
is a compactly generated triangulated category in the sense of Neeman (see \19\ 
definition 1.7]). The set of compact generators is given by (see definition \2.6. 8\) : 

^=11 U Fn(S r AG s m AU + ) 

n,r,s>0 Ue(Sm\ s ) 

i.e. the smallest triangulated subcategory of STtP(S) closed under small coproducts 
and containing all the objects in C s coincides with STL (S). 

Proof. Since SHp(S) is closed under small coproducts, we just need to prove 
the following two claims: 
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(1) For every F%(S r A G 6 m A U+) G C E ; F%(S r A G s m A 17+) commutes with 
coproducts in SH^(S), i.e. given a family of symmetric T-spectra {Xj}j g j 
indexed by a set I we have: 

[Ff(sr a G s m a u+), Y[xS P t = Ul F n( sr A G »> A u+),x t f Spt 

iei iei 

(2) If a symmetric T-spectrum X has the following property: [F^(S r AGJ, A 
U+),X] | pi = for every (S r A G° n AU + ) £ C s , then X = * in SH^ {S) . 

(TTJ): Follows immediately from lemma [3.3.61 since we know by proposition 12.4. II 
that the pointed simplicial presheaves S r A Gf n A U+ are all compact in the sense 
of Jardine. 

©: Fix F n (S r A G s m A U+) G C C Spt T M*. Using theorem EESQ] we have 
that: 

[F n (S r A G s m A U+), UX] Spt £* [F^(S r A G s m A t/+), X% t = 

Therefore, proposition 13.1.51 implies that the map UX — > f7(*) = * is a weak 
equivalence in Spt T A4*. Hence, [141 proposition 4.8] implies that X — > * is also a 
weak equivalence in Spt T A^*, i.e. X = * in STi. (S). This finishes the proof. □ 



Corollary 3.3.8. Let f : X — > Y be a map in SH^(S). Then f is an 
isomorphism if and only if f induces an isomorphism of abelian groups: 

[F^(S r A G° m A C/+), X]% t -Jl+ [F^(S r A G s m A U+),Y% t 



for every F^(S r A G s m A J7+) 6 C s . 

PROOF. (=>-): If / is an isomorphism in STiP(S) it is clear that the induced 
maps /* are isomorphisms of abelian groups for every F^(S r A G^ A U+) G C E . 
(-£=): Complete / to a distinguished triang lc in «SH S (S): 



Then / is an isomorphism if and only if Z = * in STiP(S). 
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Now since the functor [F%(S r A Gf„ A U+), 
following long exact sequence of abelian groups: 



]g pt is homological, we get the 



[F*(S r AG s m AU + ),X]% t 
f. 

[F*(S r AG s m AU + ),Y% t 



{F r Z(S r AG s m AU+),Z]% t 



[F^(S r AG'A U+), ^°X]% t -^L- [F„ s + i(^ A G^ 1 A U + ),X]% t 



[F,f (S r A Gf„ A E/+)> S^ F]| pt ^ A GJ* 1 A U + ),Y]% t 



But by hypothesis all the maps /* are isomorphisms, therefore [F^(S r A G^ A 
U+) 7 Z}f pt = for every F%{S r A G^ A [/+) £ C s . Since 5H S (S*) is a compactly 
generated triangulated category (see proposition I3.3.7|) with set of compact gen- 
erators C s , we have that Z = *. This implies that / is an isomorphism, as we 
wanted. □ 

Theorem 3.3.9. Fix q £ Z. Consider the following set of objects in Spt^.M* 
fsee theorem \3.2.1}) : 



C 



e// 



|J |J F^(S r A 1 

.,r,s>0;s-n>g E/£(Sm|s) 



A U 4 



TTien t/ie right Bousfield localization o/Spt^A'f* uraf/i respect to the class of C%t- 
colocal equivalences exists (see definitions \1. 8. 61 and \779.2\) . This model structure 
will be called (q — l)-connected motivic symmetric stable, and the category of 
symmetric T '-spectra equipped with the (q — \)-connected motivic symmetric sta- 
ble model structure will be denoted by R c i Spt T _/Vf*. Furthermore R c i Spt T .M* 
is a right proper and simplicial model category. The homotopy category associated 



to R 



C<> ff S~pt T A4* will be denoted by R c i STL (S). 



PROOF. Theorems 12.6.231 and 12.7.41 imply that Spt^.M* is a cellular, proper 
and simplicial model category. Therefore we can apply theorem 5.1.1 in [7] to 
construct the right Bousfield localization of Spt T M* with respect to the class of 
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Cg^-colocal equivalences. Using theorem 5.1.1 in [f\ again, we have that this new 
model structure is right proper and simplicial. □ 

Definition 3.3.10. Fix q G Z. Let C]^ denote a cofibrant replacement functor 
in R c i^SptT-M*; such that for every symmetric T '-spectrum X , the natural map 



is a trivial 



«_ 7S 



fibration in R c q^Spt T M*, and C^X is always C^'^-colocal in Spt T A^, 



Proposition 3.3.11. Fix q G Z. Then R^ is also a fibrant replacement functor 



natural map 



in R c i ^Spt T ^V(* (see definition \3. 3.2}) , and for every symmetric T -spectrum X the 
lap 

R x 

X—^R^X 



is a trivial cofibration in Rqi ^Spt|i.A/(*. 

Proof. Since R c i^Spt^M* is the right Bousfield localization of Spt^.M* 
with respect to the C^j-colocal equivalences, by construction we have that the 
fibrations and the trivial cofibrations are indentical in Rci ff Sptx-M* and Spt^.M* 
respectively. This implies that for every symmetric T-spectrum X, R^X is fibrant 
in Rc q fj Spty.A4*, and we also have that the natural map 

R x 

X +RxX 

is a trivial cofibration in Rc q SptyA4*. Hence Rs is also a fibrant replacement 
functor for i? c ^ Spt^A-l*. □ 

Proposition 3.3.12. Fix q G Z. Then a map of symmetric T-spectra f : 
X — > Y is a C^jj-colocal equivalence in Spt^A^* if and only if the underlying map 
URszif) ■ URt,X — > URyX is a C q e ^-colocal equivalence in Spt T .M*. 

PROOF. Consider F^(S r A Gf„ A U+) G C^f f . Using the enriched adjunctions of 
proposition 12 .6 . JM we get the following commutative diagram where all the vertical 
arrows are isomorphisms: 

Map E (F* (S r A G° m A U+),R^X) — * Map s {F^(S r A G s m A U + ),R S Y) 



Map z(V(F n {S r A G s m A U+)),R S X) W Map^(V(F n (S r A G s m A U+)),RsY) 



Map{F n {S r A G s m A U+), UR^X) — — Map{F n {S r A G s m A U+), UR^Y) 

UKsf, 

Since URsX and URsY are both fibrant in Spt T 7W*, we have that URs(f) is a 
C|jj-colocal equivalence in Spt T .A/(* if and only if the bottom row in the diagram 
above is a weak equivalence of simplicial sets for every F n (S r A A U+) G Cj//- 
By the two out of three property for weak equivalences we have that this happens 
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if and only if the top row in the diagram above is a weak equivalence for every 
F% (S r A G s m A U + ) G C q e f } . But this last condition holds if and only if / is a 

C|jj-colocal equivalence in Spt^A4». This finishes the proof. □ 

Proposition 3.3.13. Fix q e Z, and let f : X — > Y be a map of symmetric 
T '-spectra. Then f is a C^Jj-colocal equivalence in Spt^AI* if and only if for every 
F%(S r A G s m A U+) G Clf f , the induced map: 

[F^(S r AG^A U+), X]% t -JU~ [F^(S r A G» m A U+),Y]% t 

is an isomorphism of abelian groups. 

PROOF. By proposition 13.3.121 / is a C^-colocal equivalence in Sptfi.A/(* if 
and only if UR^(f) is a C^y-colocal equivalence in Spt T A4*. Using proposition 
13.2.41 we have that URs(f) is a C^-colocal equivalence if and only if for every 
F n (S r A G s m A U+) G Cl ff , the induced map 

[F n (S r A G° m A U+), UR^X] Spt UR * U) ' > [F n (S r A G s m A U+), UR^Y] Spt 

is an isomorphism of abelian groups. 

Now theorem 12.6.301 implies that we have the following commutative diagram, 
where all the vertical arrows are isomorphisms: 

[F n (S r A G s m A U+), URj:X] Spt UR * (I) ' > [F n (S r A G s m A U+), UR^Y] Spt 



[V(F n (S r A G s m A U+)),X% t f - [V(F n (S r A G* m A U+)),Y]% t 



[F^(S r A G° m A U+),X% t f - * [Ff(S* A G° m A U+),Y% t 

Therefore / is a C^-colocal equivalence if and only if for every F^(S r A Gf Tl A 

U+) G Cgjj, the bottom row is an isomorphism of abelian groups. This finishes the 
proof. □ 

Lemma 3.3.14. Fix q G Z, and let f : X — » Y be a map of symmetric T- 
spectra. Then f is a C^'J^-colocal equivalence in Spt^AI* if and only if ilgiR^f is 
a C q e ^-colocal equivalence in Spt^^Vf*. 

PROOF. It follows from proposition 13.3.151 that / is a C'^-colocal equivalence 

in Spt^Al* if and only if URsf is a C^j-colocal equivalence in Spt T .M*. Since 
UR^X, URsY are both fibrant in Spt T M*, using lemma [3. 2. 71 we have that UR^f 
is a C^-colocal equivalence if and only if flgiURsf = U(ilsiRsf) is a Ce//~ 
colocal equivalence in Spt T .M*. 

Finally, since f^i-R^X, QgiRzY are both fibrant in Spt^A't*, we have by 
proposition 13.3.121 that £/(f2 S ii? E /) is a C'^-colocal equivalence if and only if 

rjgii?^/ is a C'^-colocal equivalence. This finishes the proof. □ 
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Corollary 3.3.15. Fix q G Z. Then the adjunction 

(- A S\ Sl S x,<p) : Rci t $&T M* R c i ff Spt^-M* 

is a Quillen equivalence. 

PROOF. Using corollary 1.3.16 in [10] and proposition 13. 3. Ill we have that it 
suffices to verify the following two conditions: 

(1) For every cofibrant object X in Rc q fj SptyA4*, the following composition 

q iR XAS 1 

x n S i{x a s 1 ) — — n S iR^{x a s 1 ) 

is a Cgj-j-colocal equivalence. 

(2) £1 gi reflects C|^-colocal equivalences between fibrant objects in Rc q f:f Spt^-M* . 

([1]): By construction i? c <^Spt^.M* is a right Bousfield localization of Spty-A/f*, 
therefore the identity functor 

id : R c « f Svt%M* ^ Sptf-M* 

is a left Quillen functor. Thus X is also cofibrant in Spt^A'!*. Since the adjunction 
(— A S 1 ,Qs 1 >¥ > ) is a Quillen equivalence on Spt^A4*, [10} proposition 1.3.13(b)] 
implies that the following composition is a weak equivalence in SptfiA'!*: 

x n S i(x a s 1 ) ° slJ?s — n S iRz(x a s 1 ) 

Hence using proposition 3.1.5] it follows that the composition above is a Cf//- 
colocal equivalence. 

([2]) : This follows immediately from proposition 13.3.111 and lemma 13.3.141 □ 

Remark 3.3.16. The adjunction (St, ^t, f) is a Quillen equivalence on Spt^A^*. 
However it does not descend even to a Quillen adjunction on the (q — \)-connected 
motivic symmetric stable model category R^i^Spt T A4^. 

Corollary 3.3.17. Fix q G Z. Then R c i ^iS7i s (S) has the structure of a 
triangulated category. 

PROOF. Theorem 13.3.91 implies in particular that i? c ^^Spt^A^* is a pointed 
simplicial model category, and corollary 13.3.151 implies that the adjunction 

(- A S\ n S i, y>) : R c « f S V t*M* -» Rc« f Spt*M* 

is a Quillen equivalence. Therefore the result follows from the work of Quillen in 
|21l sections 1.2 and 1.3] and the work of Hovey in [10[ chapters VI and VII]. □ 

Proposition 3.3.18. For every g£Z, we have the following adjunction 

(Cf,R^<p) : R c!f SH s (S) ^SH S (S) 

between exact functors of triangulated categories. 
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PROOF. Since Re Spt^.M* is the right Bousfield localization of Spt^yVf* 
with respect to the C|^-colocal equivalences, we have that the identity functor 
id : Rqi Spt T vV(* —> Sptfi.A/(* is a left Quillen functor. Therefore we get the 
following adjunction at the level of the associated homotopy categories: 

(Cf, R E ,<p) : R clf SH*{S) ^ S H S (S) 

Now proposition 6.4.1 in |10) implies that maps cofibre sequences in R c q SH 1 

to cofibre sequences in SHp(S). Therefore using proposition 7.1.12 in [10] we have 
that and i?s are both exact functors between triangulated categories. □ 

Theorem 3.3.19. Fix q E Then the adjunction 

(V, U, v ) : R c « f Spt T M* ^ R c « f Spt%M* 

given by the symmetrization and the forgetful functors is a Quillen equivalence. 

Proof. Proposition ^ . 3 . 1 2l together with the universal property for right Bous- 
field localizations (see definition II. 8. 2| imply that 

U : Rc« Spt^TW, R c « f Spt T M* 

is a right Quillen functor. Using corollary 1.3.16 in [10] and proposition 13 . 3 . 1 T1 we 
have that it suffices to verify the following two conditions: 

(1) For every cofibrant object X in R c <i Spt T .M*, the following composition 

X UV(X) — > URt,V{X) 

is a weak equivalence in i?c 9 // Spt T A^*. 

(2) U reflects weak equivalences between fibrant objects in R c q Spt T .M*. 

(QJ: By construction i? c <i Spt T .M* is a right Bousfield localization of Spt T M*, 
therefore the identity functor 

id : R c e ff Spt T M* ^ Spt T M* 

is a left Quillen functor. Thus X is also cofibrant in SptyA'f*. Since the adjunction 
(V,U,<p) is a Quillen equivalence between Spt T A4* and Spt T .M*, [101 proposition 
1.3.13(b)] implies that the following composition is a weak equivalence in Spt T .M*: 

X — ^ UV(X) ^ UReV{X) 

Hence using [7j proposition 3.1.5] it follows that the composition above is a C q e ^- 
colocal equivalence in Spt T .M*, i.e. a weak equivalence in i? c <i Spt T .M*. 

(|2J| : This follows immediately from propositions 13.3.111 and 13.3.121 □ 

Corollary 3.3.20. Fix geZ. Then the adjunction 

(V, U, tp) : Rc^SptrM. R c « f Spt%M* 

given by the symmetrization and the forgetful functors, induces an adjunction 

(VC q , URx, <p) : R clj SH{S) ^ R^SH^iS) 
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of exact funtors between triangulated categories. Furthermore, VC q and URy, are 
both equivalences of categories. 

PROOF. Theorem l3.3.19l implies that the adjunction (V, U, ip) is a Quillen equiv- 
alence. Therefore we get the following adjunction at the level of the associated 
homotopy categories: 

(VC q , URv, ip) : R clf SH{S) >- R^SH^iS) 

Now [10, proposition 1.3.13] implies that VC q ,U ife are both equivalences 
of categories. Finally, proposition 12.6.191 together with [101 proposition 6.4.1] 
imply that VC q maps cofibre sequences in Rqi SH(S) to cofibre sequences in 

Rc q STiP (S) . Therefore using proposition 7.1.12 in [10] we have that VC q and 
URy, are both exact functors between triangulated categories. □ 

Now it is very easy to find the desired lifting for the functor f q : STL T '(S) — > 
STiP(S) (see corollary |3.3.5t fTj)) to the model category level. 

Lemma 3.3.21. Fix qeZ. 
(1) Let X be an arbitrary T -spectrum in i? c <j^Spt T .A/l*. Then the following 
maps in Spt|i.A/(* 

VtO CqX ) Q^.VCgX 

VQ s (C q X) Ws ' > VC q X Cf(VC q X) 

induce natural isomorphisms between the functors: 

o VC q , VC q , VQ S o C q : R c « SH(S) -> <SW S (S) 




SH{S) 



Given a T -spectrum X 

a x : VQ s {C q X) -=->- Cf(VC q X) 

will denote the isomorphism in STiP(S) corresponding to the natural iso- 
morphism between VQ S ° C q and o VC q . 
(2) Let X be an arbitrary symmetric T -spectrum. Then the following maps 
in Rci ff Spt T A4* 

IQ t J(URzX) URsX ^ URt,{Rt.X) 

induce natural isomorphisms between the functors: 

IQ T J o URv,URe, URy, o i? s : STF{S) -> R c * S7i{S) 
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SH(S) 



IQ t J 



URz 



Rd„SH(S) 




R clf SH^{S) 
Given a symmetric T-spectrum X 

Px ■ IQtJ{UR^X) URv(RzX) 

will denote the isomorphism in Rqi SH(S) corresponding to the natural 
isomorphism between IQtJ ° URs and URy: o R-%. 

Proof. ([1}: Follows immediately from theorem 1.3.7 in [10] and the following 
commutative diagram of left Quillen functors: 

R c « f Spt T M* — R c « Spt^M* 



id 

Spt T M* 



id 



j2]): Follows immediately from the dual of theorem 1.3.7 in [ 10\ and the follow- 
ing commutative diagram of right Quillen functors: 

JZcj SpfcrM. ^H— R C 9 Spt^M* 



id 

Spt T M* 



id 



□ 



Theorem 3.3.22. Fix gel, and let X be an arbitrary symmetric T-spectrum. 
(1) The diagram \21\j in theorem \3.2.20\ induces the following diagram in 

VQ s (IQ T Jf q (URxX)) — VQ s (C q IQ T Jf q (UR s Xj) 



( 48 ) S VQ s (IQtJ , " UR ^ X ) VQAC q IQ T J{e UIlTjX )) 



f q X = VQ s {f q {UR^X)) 



VQ s (C q IQ T J{URvX)) 
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where all the maps are isomorphisms in STiP(S). Furthermore, this dia- 
gram induces a natural isomorphism between the following exact functors: 



U 



VQ e °C q IQ T JoURs 

(2) Let e be the counit of the adjunction (see corollary \3.3.20]) : 
(VC g , URv, <p) : R ch SH{S) ^ Rc^SH^S) 

Then we have the following diagram in STiP(S) (see lemma V3.3.21\) : 

CfVC q (J3 x ) 



Cf(VC q (IQ T J(URvX))) 



(49) 



*IQ T .HUR S X) 



VQ s (C q IQ T J(URvX)) 



Cf(VC q (URj:(R s X))) 



Cj( e i?. E x) 



CfRj:X = ffX 



where all the maps are isomorphisms in 1 S7i E (S'). This diagram induces 
a natural isomorphism between the following exact functors: 



SH^(S) 



VQ 3 oC q IQ T JoUR, s 



(3) Combining the diagrams J^ffi ) and above we get a natural isomorphism 
between the following exact functors: 



PROOF. It is clear that it suffices to prove only the first two claims. 

([I]): Follows immediately from theorems 13.2.201 and 13.3.41 

©: Follows immediately from lemma 15.3.211 and corollary |3.3.20l 



□ 



PROPOSITION 3.3.23. Fix q £ Z. Let e denote the counit of the adjuntion 
(C^ , Rs, ip) : R c i ff SliP (S) — > Sli^(S) constructed in vrovosition \3.3.lUl Then 
the natural transformation 8 q : f q — > id (see vrovosition \ 3.1.T5\) gets canonically 
identified, through the equivalence of categories r q C q , LQxJi q , VC q , UR-£, VQ S 
and U i?s constructed in proposition \3.2.21\ corollary \3.3.20\ and theorem \3.3.4\ 
with Of = e. 

Proof. By construction 9 q is the counit of the adjunction 
{i q ,r q ,<p) : X q T SH eff {S) SH(S) 



(see proposition 13.1. 1 5)1 . The result follows immediately from proposition 13. 2.211 
corollary 13.3.201 and theorem 13.3.41 □ 
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The functor /?■ gives the desired lifting for the functor f q to the model category 
level, and it will be used in the study of the multiplicative properties of Voevodsky's 
slice filtration. 

Proposition 3.3.24. Fix q e Z. 

(1) We have the following commutative diagram of left Quillen functors: 



i? c<I +iSpt^.M* 



id 



(50) 



id 



(2) For every symmetric T-spectrum X , the natural map: 



O g ?+1 A 



is a weak equivalence in STL (S), and it induces a natural equivalence 



°9 



CS-i between the following functors: 



R cg +isrr(s) 



ft 



R clf SH^{S) 





5W S (5) 

(3) The natural transformation f q+ \X — > f q X (see theorem \3.1. 16\n \) ) gets 
canonically identified, through the equivalence of categories r q C q , IQrJiq, 
VC q andUR?, constructed in proposition ^. 2.21\ and corollary ] 3. 3. 2D} with 
the following composition : f^ +1 X — > f]?X in STL (S) 




C +1 ReX 



C q R^,X 



(51) 



which is induced by the following commutative diagram in Spt T A4* 



C^C^ +1 R^X 



E,Of, , R T X 

'q 



C q+1 R S X ■ 



9- o g rtsA 



RvX 



Proof. ([T]): Since -R^+iSpt^.M* and J^^Spt^Al* are both right Bousfield 
localizations of Spt^A^*, by construction the identity functor 



id : i? c ,+iSpt^A^, 



id : R c « Spt^-M, 



Spt^A4, 
Spt^-M* 
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is in both cases a left Quillen functor. To finish the proof, it suffices to show that 
the identity functor 

id : i? c <j^Sptfi.A4* — > i? c g+iSpt^.M* 

is a right Quillen functor. Using the universal property of right Bousfield localiza- 
tions (see definition II. 8. 2p . it is enough to check that if / : X — > Y is a C'jj-colocal 

equivalence in Spt^A-1* then R%f is a C|ti' E -colocal equivalence. But since R^X 
and RsY are already fibrant in Spt^VW*, we have that Rs(f) is a Cg^^-colocal 
equivalence if and only if for every F^(S r A A 17+) € Cj^ 1 ' 2 , the induced map: 

Ma Ps (F^{S r A G s m A U+),R S X) 

(-Be/). 

Map s(F n E (S r A Gf n A U + ),RtX) 

is a weak equivalence of simplicial sets. But since C^f}'^ C C^jj, and by hypothesis 

/ is a CgJ^-colocal equivalence; we have that all the induced maps are weak 

equivalences of simplicial sets. Thus Rsf is a C^ff' -colocal equivalence, as we 
wanted. 

Finally © and ([3]) follow directly from proposition I3.2.2H corollary 13.3.201 
theorems 13 . 2 .20[ 13 .3 . 221 together with the commutative diagram ([50| of left Quillen 
funtors constructed above and [10[ theorem 1.3.7]. □ 



Theorem 3.3.25. We have the following commutative diagram of left Quillen 
functors: 



(52) 



-R c ?+iSpt T .A/f* 



Rc*„Sp$M.-£+Stf%M, 

id 




R c q-iSpt T Ai^ 



id 
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and the associated diagram of homotopy categories: 



(53) 



R, 



Re 




gets canonically identified, through the equivalences of categories r q C q , IQxJiq, 
VC q and UR^, constructed in vrovosition \3.2.2~l\ and corollaru \3.3.2(k with Voevod- 
sky 's slice filtration: 



E?, +1 5W(S) 



(54) 



Z q T SH eff (S) 



s|r 1 5W(S) 



'SH(S) 



Jq-l 



PROOF. Follows immediately from proposition ^ . 3 . 241 corollarv l3.3.20l and the- 
orem [3X23 □ 

Theorem 3.3.26. Fix q 6 Z. Consider the following set of maps in 
(see theorem [3.2.29\ ): 

(55) L s (< g) = {V{i u n ,r, 8 ) ■■ F*(S r A Gf n A U+) - A Gf n A C/+) | 
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Then the left Bousfield localization of Spt^A^* with respect to the L s (< q)-local 
equivalences exists. This new model structure will be called weight <<3 motivic sym- 
metric stable. L< 9 Spt^.M* will denote the category of symmetric T '-spectra equipped 
with the weight <q motivic symmetric stable model structure, and L < q SH^(S) will 
denote its associated homotopy category. Furthermore the weight <q motivic sym- 
metric stable model structure is cellular, left proper and simplicial; with the follow- 
ing sets of generating cofibrations and trivial cofibrations respectively: 

hs« q) = 11 = Un> {^» E (n - m)+)} 

J^« q ) ={j:A^B} 
where j satisfies the following conditions: 

(1) j is an inclusion of l£- complexes. 

(2) j is a L s (< q) -local equivalence. 

(3) the size of B as an 1^- complex is less than k, where k is the regular 
cardinal defined by Hirschhorn in [TJ definition 4.5.3]. 

Proof. Theorems 12.7.41 and 12.6.231 imply that Spt^A^* is a cellular, proper 
and simplicial model category. Therefore the existence of the left Bousfield localiza- 
tion follows from O theorem 4.1.1]. Using O theorem 4.1.1] again, we have that 
L <q Spt T A4* is cellular, left proper and simplicial; where the sets of generating 
cofibrations and trivial cofibrations are the ones described above. □ 

Definition 3.3.27. Fix q 6 Z. Let denote a fibrant replacement functor 
in L <q Spt^M^, such that the for every symmetric T -spectrum X , the natural map: 

X wfx 

is a trivial cofibration in L <q Spt^A4^, and W^X is L s (< q)-local in Spt|i.A/(*. 

Proposition 3.3.28. Fix q E Z. Then Qs is also a cofibrant replacement 
functor in L <(J Sptp.A4*, and for every symmetric T -spectrum X the natural map 

QnX^^x 

is a trivial fibration in L <q Spt^M t . 

Proof. Since L <9 Spt^7W* is the left Bousfield localization of SptyA'f * with 
respect to the L E (< q)-\ocal equivalences, by construction we have that the cofi- 
brations and the trivial fibrations are indentical in L <q Spt^M^ and Spt^Al* re- 
spectively. This implies that for every symmetric T-spectrum X, Q-^X is cofibrant 
in L< f/ Spt^A1*, and we also have that the natural map 

QvX^^X 

is a trivial fibration in L <g Spt^A^*. Hence Qe is also a cofibrant replacement 
functor for L< g Spt^A^*. □ 

Proposition 3.3.29. Fix geZ. Then a symmetric T-spectrum Z is L s (< q)- 
local in Sptfi.A/(* if and only ifUZ is L(< q) -local in Spt T .M*. 
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PROOF. We have that Z is i s (< g)-local if and only if Z is fibrant in Spt^A^* 
and for every 

L u n ^ s : F n (S r A G s m A U+) -» F n (D r+1 A G s m A U+) € L(< q) 
the induced map 

Mapv(V(F n (D r + 1 AG s m A U+)), Z) 

Mapv(V(F n (S r A G s m A 17+)), Z) 

is a weak equivalence of simplicial sets. 

On the other hand, we have that V Z is L{< g)-local in Spt T yV(* if and only if 
UZ is fibrant in Spt T X* and for every L^ r s : F„(S r A G s m A U+) -> F n (D r+1 A 

A U + ) G L{< q), the induced map 

Map(F n (D r+1 A G s m A U+), UZ) Map(F n (S r AG s m A U+), UZ) 

is a weak equivalence of simplicial sets. 

Then the result follows from the following facts: 

(1) By definition, Z is fibrant in Sptfi./Vf* if UZ is fibrant in Spt T .A/(*. 

(2) Proposition 12.6. 19l which implies that the adjunction 

(V, U, ip) : Spt T .M» Spt^X* 

is enriched in the category of simplicial sets. 

□ 

Proposition 3.3.30. Fix §gZ, and let Z be a symmetric T -spectrum. Then 
Z is L s (< q)-local in Spt^A^* if and only if the following conditions hold: 

(1) Z is fibrant in Spt^.M*. 

(2) For every F^(S r A G° m A U + ) £ C q e f f , [F^(S r A G s m A U+), Z\% t S 

Proof. Follows directly from propositions 13 .3 . 2"51 and YS. 2 . 321 together with the 
fact that (V, U, <p) : Spt T .A/(* — > Spi^M* is a Quillen adjunction. □ 

COROLLARY 3.3.31. Fix q S Z, and let Z be a fibrant symmetric T -spectrum in 
Spt^.M*. Then Z is Lp{< q)-local in Spt^.M* if and only ifflgiZ is Lp{< q)-local 
in Spt T .M*. 

Proof. By proposition 13.3.251 we have that Z is L (< g)-local if and only if 
UZ is L(< g)-local in Spt T A4*. Now corollary 13.2.341 implies that UZ is L(< q)- 
local if and only if ^IgiUZ = [/(figiZ) is L(< g)-local. 

Therefore using proposition 13 . 3 . 251 again, we get that Z is L E (< g)-local if and 
only if Q, S iZ is L s (< g)-local. □ 

COROLLARY 3.3.32. Fix q G Z, and let Z be a fibrant symmetric T-spectrum 
in Spty.A/f*. Then Z is L s (< q) -local in Spt^jM* if and only if R^iQ^Z A S 1 ) is 
i s (< q)-local in Spt T 7W*. 
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Proof. (=>): Assume that Z is L s (< g)-local. Since R^(Q^Z AS 1 ) is fibrant, 
using proposition 13. 3.301 we have that it is enough to check that for every F^(S r A 
G s m A U+) G C q e f f , [F^{S r A G s m A U+), R^{Q^Z A S 1 )}^ S 0. But since - AS 1 
is a Quillen equivalence, we get the following diagram: 

[F*(S r A G° m A [/+), ife(Q s Z A S x )]% t 



AC/+),i? s (Q s ZA5 1 )]^ t 




s + l 



^u + ),zf Spt 




[F^S^ 1 A G* 1 A [/+), Q S Z A S 1 ^ 

where all the maps are isomorphisms of abelian groups. Since Z is L E (< </)-local, 
proposition [3X30] implies that [F% +1 (S r A G^ 1 A U + ), Z]| pt 0. Therefore 

[F= (S r A G, s n A U + ), Rt,{Qt,Z A S 1 )}^ Si 

for every F^(S r A G s m A U+) G C q e f p as we wanted. 

{<=)■ Assume that Ry,{Qt,Z AS 1 ) is L s (< q)-local. By hypothesis, Z is fibrant; 
therefore proposition ^ .3 . 3 01 implies that it is enough to show that for every F^(S r A 
G s m A U+) e C q e f p [F^(S r A G s m A U+), Z]^ pt 0. Since Spt^TW, is a simplicial 
model category and — A S 1 is a Quillen equivalence; we have the following diagram: 



[F^(S r A G s m A U+), n s ,R^{QvZ A S 1 )}^ 



[F*(Sr A G° m A U+) A S\QxZ A S 1 ]^ 



[FZ(S r AG° n AU + ),Z]% t 



where all the maps are isomorphisms of abelian groups. On the other hand, using 
corollary 13 . 3 . 3 1 1 we have that VlgiR^iQ-^Z A S 1 ) is L s (< g)-local. Therefore using 
proposition 13.3.301 again, we have that for every F^(S r A G^ A U+) G Ce// : 

[F* (S r AG s m A U+), Z% t - [F* (S r A G s m A U+), O sl i? s (Q s Z A S 1 )}^ S 
and this finishes the proof. □ 



COROLLARY 3.3.33. Fix q G Z, and let f : X — > Y be a map of symmetric 
T -spectra. Then f is a L s (< q) -local equivalence in Spt T 7W* if and only if for 
every L s (< q) -local symmetric T-spectrum Z , f induces the following isomorphism 
of abelian groups: 



[Y,Z] 



r 



Spt 



[X,Z] 



Spl 



Proof. Suppose that / is a L s (< g)-local equivalence, then by definition the 
induced map: 

Map E (Q E y, Z) Map n (QsX, Z) 
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is a weak equivalence of simplicial sets for every L s (< q)-local symmetric T- 
spectrum Z. Proposition 13. 3. 3"01 fTj) implies that Z is fibrant in Spt T A^«, and since 
Spt^X, is in particular a simplicial model category; we get the following commu- 
tative diagram, where the top row and all the vertical maps are isomorphisms of 
abelian groups: 

n Map S (Q S T, Z) 7t Map s(Q S X, Z) 



Spt 

hence /* is an isomorphism for every Lp{< g)-local symmetric T-spectrum Z : as 
we wanted. 

Conversely, assume that for every L s (< g)-local symmetric T-spectrum the 
induced map 

[Y,Z]% t ^[X,Z]% t 

is an isomorphism of abelian groups. 

Since T< g Sptfi.M* is the left Bousfield localization of Sptfi.A4* with respect to 
the L s (< g)-local equivalences, we have that the identity functor id : Spt^^M* — > 
L <9 Spt^A / (* is a left Quillen functor. Therefore for every symmetric T-spectrum 
Z ', we get the following commutative diagram where all the vertical arrows are 
isomorphisms: 

Hom L < ,5w s (s)( ( 5s^, Z) { Slll- Hom i<j5WE(S) (Q s X, Z) 



% K Z %t j„ [X, WfZ% t 

but W^Z is by construction L E (< g)-local, then by hypothesis the bottom row is 
an isomorphism of abelian groups. Hence it follows that the induced map: 

(Q E y, Z) y ^±± Hom L< 

is an isomorphism for every symmetric T-spectrum Z. This implies that Q^f is 
a weak equivalence in L <q Spt^A4^, and since is also a cofibrant replacement 
functor in L <<3 Sptfi.A/f*, it follows that / is a weak equivalence in L< 
Therefore we have that / is a L s (< q)-\oc&\ equivalence, as we wanted. □ 

Lemma 3.3.34. Fix q S Z, and let f : X — > Y be a map of symmetric T -spectra. 
Then f is a _L S (< q)-local equivalence in Spt^./V(* if and only if 

Q E / A id : Q^X A S 1 -> Q S Y A S 1 

is a Lp{< q)-local equivalence in Spt^A^*. 

PROOF. Assume that / is a Lp{< g)-local equivalence, and let Z be an ar- 
bitrary Lp(< g)-local symmetric T-spectrum. Then corollary 13.3.311 implies that 
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Vts^Z is also i E (< g)-local. Therefore the induced map 



MapviQzY^siZ) 



(Qsf)" 



is a weak equivalence of simplicial sets. Now since is a simplicial model 

category, we have the following commutative diagram: 



MapxiQxY^siZ) 



MapviQsY AS\Z) 



Map s (Q^X, il s iZ) 



(QsfAid)* 



MapxiQzX AS\Z) 



and using the two out of three property for weak equivalences of simplicial sets, we 
have that 

Map S (Q S F A S\ Z) {QsfMd) ; Map^Q^X A S 1 , Z) 

is a weak equivalence. Since this holds for every L s (< <7)-local symmetric T- 
spectrum Z, it follows that 

Qs/ A id : Q^X A S 1 -> Q S Y A S 1 

is a LP{< g)-local equivalence, as we wanted. 
Conversely, suppose that 

Qsf A id : Q S X A S 1 -> Q S Y" A S 1 

is a LP(< <7)-local equivalence. Let Z be an arbitrary LP(< g)-local symmetric 
T-spectrum. Since Spt^X, is a simplicial model category and — A S is a Quillen 
equivalence, we get the following commutative diagram: 



[Q S F A5 1 ,ii E (Q s ZA5 1 )]| pt 



Spt 



Spt 



[QvX AS\QzZ AS 1 }^ 



[Y,Zf 



Spt 



r 



[x,zf 



Spt 



Now, corollary inXHl implies that R^{Qt.Z A S 1 ) is also L E (< g)-local. There- 
fore using corollary 13.3.331 we have that the top row in the diagram above is an 
isomorphism of abelian groups. This implies that the induced map: 



[Y,Zf 



r 



Spt 



[X, Zf 



Spt 



is an isomorphism of abelian groups for every Lp{< g)-local symmetric spectrum 
Z. Finally using corollary 13 . 3.331 again . we have that / : X — > Y is a X s (< g)-local 
equivalence, as we wanted. □ 

COROLLARY 3.3.35. For every q £ Z, the following adjunction: 



A S 1 ,n s i,ip) : L <q Spt^M* 



L <q Spt^M* 
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is a Quillen equivalence. 

PROOF. Using corollary 1.3.16 in [10] and proposition 13.3.251 we have that it 
suffices to verify the following two conditions: 

(1) For every fibrant object X in L <g Spt T .M*, the following composition 

(Q^n s iX) a s 1 — — {n S iX) a s 1 x 

is a L s (< q)-\oc&\ equivalence. 

(2) - AS 1 reflects L s (< g)-local equivalences between cofibrant objects in 
L< g SptyA^*. 

([1]): By construction L< g Spt|i.A/f* is a left Bousfield localization of Spt^TW*, 
therefore the identity functor 

id : L<,jSpuf X* *- Spt^-M* 

is a right Quillen functor. Thus X is also fibrant in Spty.M*. Since the adjunction 
(— A S 1 ,Q s i 1 tp) is a Quillen equivalence on Spt^A^*, [101 proposition 1.3.13(b)] 
implies that the following composition is a weak equivalence in Spty./Vf*: 



n sl x 



Aid 



(Q^ngiX) A S 1 — (Sl 3 iX) A S 1 X 

Hence using [7J proposition 3.1.5] it follows that the composition above is a LP(< q)- 
local equivalence. 

(2j : This follows immediately from proposition 13.3.281 and lemma 13.3.341 □ 

Remark 3.3.36. We have a situation similar to the one described in remark 
\3.3.1b\ for the model categories R c i ^Spt^M*; i.e. although the adjunction (St, ^t, f) 

is a Quillen equivalence on Spt^TW*, it does not descend even to a Quillen adjunc- 
tion on the weight <q motivic symmetric stable model category L <q Spt^A4^. 

Corollary 3.3.37. For every q S 7L, the homotopy category L <q STi s (S) as- 
sociated to L< g SptyA / (» has the structure of a triangulated category. 

Proof. Theorem 13.3.261 implies in particular that L <q Spt^A4^ is a pointed 
simplicial model category, and corollary 13 .3 . 351 implies that the adjunction 

(- A S 1 ,Q, S i,ip) : L <q Spt%M* -> L <9 Spt^A4* 

is a Quillen equivalence. Therefore the result follows from the work of Quillen in 
[211 sections 1.2 and 1.3] and the work of Hovey in [101 chapters VI and VII]. □ 

Corollary 3.3.38. For every q e Z. i< g Spt^A^* is a right proper model 
category. 

Proof. We need to show that the Lp(< q)-\oca\ equivalences are stable under 
pullback along fibrations in i <9 SptyAl*. Consider the following pullback diagram: 
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where p is a fibration in L< 9 Spty.M*, and w is a L s (< g)-local equivalence. Let 
F be the homotopy fibre of p. Then we get the following commutative diagram in 
L <q SH^{S): 

n S iY 

Since the rows in the diagram above are both fibre sequences in L <q Spt^,A4 r , it 
follows that both rows are distinguished triangles in L < qSH^iS) (which has the 
structure of a triangulated category given by corollary |3 .3 . 37[) . Now w, idp are both 
isomorphisms in L <q STL (S), hence it follows that w* is also an isomorphism in 
L <q SH^(S). Therefore w* is a L s (< g)-local equivalence, as we wanted. □ 

Proposition 3.3.39. For every q 6 Z we have the following adjunction 

(Q^Wf^):S7f(S) ^L <q SH s (S) 

of exact functors between triangulated categories. 

PROOF. Since L <q Spt^M* is the left Bousfield localization of Spt^.M* with 
respect to the LP(< q)-\oc&\ equivalences, we have that the identity functor id : 
SptyA4* — * i< g Spt^A^* is a left Quillen functor. Therefore we get the following 
adjunction at the level of the associated homotopy categories: 

(Q^,W^ip) :SH S (S) ^L <q SH s (S) 

Now proposition 6.4. 1 in |10j implies that Qy, maps cofibre sequences in STiP (S) 
to cofibre sequences in L <q S7iP(S). Therefore using proposition 7.1.12 in [lOj we 
have that Qy and are both exact functors between triangulated categories. □ 

Lemma 3.3.40. Fix q 6 Z, and let X be a L{< q)-local spectrum in Spt T .M*. 
Then Q S X and URyVQ s X are also L(< q)-local in SptyAI*. 

Proof. Since X is L(< g)-local, it follows that X is fibrant in Spt T M*. By 
definition we have that the natural map 

Qf 

Q S X — ^ X 

is a trivial fibration in SptyAI*, therefore Q S X is also fibrant in Spt T .M*. Hence 
[7J lemma 3.2.1(a)] implies that Q S X is L(< g)-local. 

Since the adjunction (V, U, if) is a Quillen equivalence between Spt T .M* and 
Spt^A^*, we have that URyVQ s X is fibrant in Spt T .M*, and [101 proposition 
1.3.13(b)] implies that the composition 

TJ( B V Qs X ) 

Q S X UV(Q S X) *■ URyVQ s X 

is a weak equivalence in Spt T .M*. Since we already know that Q S X is L(< q)- 
local, using [7J lemma 3.2.1(a)] again we get that URyVQ s X is also L{< g)-local 
in SptyTW*. This finishes the proof. □ 
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Proposition 3.3.41. Fix q 6 Z, and let f : X — » Y be a map in Spt T M*. 
Then f is a L(< q)-local equivalence in Spt T .M* if and only ifVQ s f is a L s (< q)- 
local equivalence in Spt T .M*. 

Proof. (=►): Assume that / is a L{< g)-local equivalence, and let Z be an 
arbitrary Lp(< g)-local symmetric T-spectrum. Then Z is fibrant in SptfiA'!*, 
and using theorem 12.6.301 we get the following commutative diagram where all the 
vertical arrows are isomorphisms: 



[VQsY,Z]% t 



[Y,UZ] Spt 



(VQsf)* 



[VQ S X, Z^ 



Spt 



r 



[X, UZ] Spt 



By proposition 13 . 3 . 251 we have that UZ is L{< g)-local in Spt TJ M*, hence corollary 
13. 2. 361 implies that the bottom row in the diagram above is always an isomorphism. 
Therefore the top row in the diagram above is an isomorphism for every L s (< q)- 
local symmetric T-spectrum Z, then by corollary 13.3.331 it follows that VQ s f is a 
LP (< g)-local equivalence in Spt^A 7 !*. 

{<=)■ Assume that VQ s f is a L s (< c^-local equivalence in Spt^A^*, and let 
Z be an arbitrary L(< q)-\oc&\ T-spectrum in SptyAl*. We need to show that the 
induced map: 

Map{Q s Y, Z) Map{Q s X 7 Z) 

is a weak equivalence of simplicial sets. 

But theorem l2 . 6 ,30l implies that the adjunction (V, U, ip) is a Quillen equivalence 
between Spt T 7Vl* and Spt^A^*, therefore using [101 proposition 1.3.13(b)] we have 
that all the maps in the following diagram are weak equivalences in Spt^AI*: 



Q S Z 



U{Rl 



UR S VQ S Z 



Lemma \3. 3.401 implies in particular that Z,Q s Z,URy,VQ s Z are all fibrant in 
Spt r A4*. Now using the fact that Spt T M* is a simplicial model category together 
with Ken Brown's lemma (sec lemma H.1.5[) and the two out of three property for 
weak equivalences, we have that it suffices to prove that the induced map: 

Map(Q s Y, URsVQsZ) Map(Q s X, UR S VQ S Z) 

is a weak equivalence of simplicial sets. Using the enriched adjunctions of proposi- 
tion [2T6TT91 we get the following commutative diagram where all the vertical arrows 
are isomorphisms: 



Map(Q s Y,URsVQ s Z) 



Mapx(VQ s Y,RzVQ s Z) 



(Qsf)' 



Map(Q s X, UR^VQsZ) 



(VQsfV 



Mapv{VQ s X,R^VQ s Z) 



Finally, lemma [3.3.401 implies that URy,VQ s Z is L(< g)-local in Spt T A1*, there- 
fore by proposition 13.3.291 we have that RsVQ s Z is L s (< g)-local in SptyA'l*. 
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Since VQ s f is a L s (< g)-local equivalence and VQ S X,VQ S Y are both cofibrant 
in Spt T .M*, it follows that the bottom row in the diagram above is a weak equiva- 
lence of simplicial sets. This implies that the top row is also a weak equivalence of 
simplicial sets, as we wanted. □ 

Theorem 3.3.42. For every q e Z, the adjunction 

(V, U, (p) : L <q Spt T M* ^ L <g Spt|.M* 

given by the symmetrization and the forgetful functor is a Quillen equivalence. 

PROOF. Proposition 13 . 3 .411 together with the universal property for left Bous- 
field localizations (see definition II. 8. ip imply that 

V : L <q Spt T M* ^ L <g Sptf .M* 

is a left Quillen functor. Using corollary 1.3.16 in [10) and proposition I3.2.3T1 we 
have that it suffices to verify the following two conditions: 

(1) For every fibrant object X in £ <9 Spt|i.M*, the following composition 

VQ S U(X) V(Q " X) * VU(X) X 

is a weak equivalence in L <g Spty.M*. 

(2) V reflects weak equivalences between cofibrant objects in L <q Spt T A4*. 

(QJ: By construction L <g Spt|i.A/f* is a left Bousfield localization of Spty.M*, 
therefore the identity functor 

id : L <q Spt^M* *- Spt^M* 

is a right Quillen functor. Thus X is also fibrant in Spt T .M*. Since the adjunction 
(V,U,ip) is a Quillen equivalence between Spt TJ M* and Spt|i.M*, [101 proposition 
1.3.13(b)] implies that the following composition is a weak equivalence in Spt^A^*: 

VQ S U(X) V(Q " X) > VU(X) X 

Hence using (7j proposition 3.1.5] it follows that the composition above is a L s (< q)- 
local equivalence. 

J2]) : This follows immediately from propositions 13.2.311 and 13.3.411 □ 

Corollary 3.3.43. Fix q S Z. Then the adjunction 

(V, U, (p) : L <q Spt T M* >■ L <q Spt^M* 

given by the symmetrization and the forgetful functors, induces an adjunction 

(VQ S , UWf, ip) : L <q SH{S) L^SU^iS) 

of exact funtors between triangulated categories. Furthermore, VQ S and UW^ are 
both equivalences of categories. 

Proof. Theorem l3 . 3 . 42 l implies that the adjunction (V, U, if) is a Quillen equiv- 
alence. Therefore we get the following adjunction at the level of the associated 
homotopy categories: 

(VQ S , UWf, ip) : L <q SH{S) L^SH^iS) 
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Now |10[ proposition 1.3.13] implies that VQ S , UW^ are both equivalences of 
categories. Finally, proposition 12.6.1^1 together with [101 proposition 6.4.1] imply 
that VQ S maps cofibre sequences in L <q STL{S) to cofibre sequences in L <q STl T '{S). 
Therefore using proposition 7.1.12 in [10] we have that VQ S and UW^ are both 
exact functors between triangulated categories. □ 

Now it is very easy to find the desired lifting for the functor s <q : STiP(S) — ■> 
SH (S) (see corollary 13 . 3. 5 I f!?)) ) to the model category level. 

Lemma 3.3.44. Fix q e Z, and let X be an arbitrary symmetric T '-spectrum. 
(1) The following maps in 

qVQ s X V(Q QsX ) 

Qv{VQ s X) 2 _ V q s x ^ — — — — VQ S (Q S X) 

induce natural isomorphisms between the functors: 

0s ° VQ S , VQ S ,VQ S o Q s : SH(S) -» L^SH^iS) 



SH^(S) 




SH{S) 



VQs 





L <q sn^{s) 



L <q SH(S) 

Given a T -spectrum X 

kx-Qv(VQ s X)^ 



VQ S (Q S X) 



will denote the isomorphism in L <q SH. (S) corresponding to the natural 
isomorphism between Qs o VQ S and VQ S o Q s . 
(2) The following maps in Spt T ./Vf* 



UR^WfX) 



U(R S " ) 



UWfX 



W q (UWfX) 



induce natural isomorphisms between the functors: 

URs o Wf, UWf, W q o UWf : L <q SH*(S) -> SH(S) 



H',7 



L <q sn^{s) 



uw*- 



■ SH{S) 



vw- 



L <q SH(S) 
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Given a symmetric T-spectrum X 

Hx : UR^{WfX) W q (UWfX) 

will denote the isomorphism in SH.(S) corresponding to the natural iso- 
morphism between UR^ ° and W q o UW^ . 



PROOF. JlJ: Follows immediately from theorem 1.3.7 in 
commutative diagram of left Quillcn functors: 



and the following 



Spt T .M* - 

id 

L <( jSpt T A / J, 



id 

L <q Spt^M 



©: Follows immediately from the dual of theorem 1.3.7 in lTT| and the follow- 
ing commutative diagram of right Quillen functors: 



Spt T .M* - 

id 

L <q Spt T M> 



— Spt^M* 

id 

L< g Spt^X, 



□ 



Theorem 3.3.45. Fix q G Z, and let X be an arbitrary symmetric T-spectrum. 
(1) The diagram iS9j) in theorem \S.2.52\ induces the following diagram in 



VQ s (Q s s <q {URvX)) 



(56) 



VQ B (Q 3 



§ <q X = VQ s {s <q (URvX)) 




s <q (UR s X) 



VQ s {W q Q s s <q {URvX)) 



VQ 3 (W q Q B (^ X )) 



VQ s (W q Q s (UR s X)) 

where all the maps are isomorphisms in STiP(S). Furthermore, this dia- 
gram induces a natural isomorphism between the following exact functors: 

SH^(S) " SH S {S) 

VQ s oW q Q E oURs 

(2) Let n be the unit of the adjunction (see corollary \3. 3. 43\ ): 



(VQ s ,UW?,<p):L <q SH(S) 



L <q SH*(S) 



174 



3. MODEL STRUCTURES FOR THE SLICE FILTRATION 



Then we have the following diagram in SH(S) (see lemma \3.3.44\ ) : 

W q UWf(nx) 



W q (UW^(Qv(VQ s X))) 



(57) 



MQ E (VQ„X) 



W q (UWf{VQ s (Q s X))) 



UR^WfQ^VQsX)) 



W q Q s X 



where all the maps are isomorphisms in SHP(S). This diagram induces 
a natural isomorphism between the following exact functors: 

SH{S) ^ SH{S) 

W q Q s 



(3) Let e denote the counit of the adjunction (see theorem 

(VQ S , URs, tp) : SH(S) ^ SH^{S) 

and let 7 denote the natural isomorphism constructed above in (0). Then 
we have the following diagram in STi. (S): 

VQsiUR^WfQvVQsiURvX)) 

e W^QT v Qs(URTX) 



(58) 



VQ^ur^x)- 1 



VQ s {W q Q s {UR^X)) 



WfQvVQ 8 {URvX) 



W^Qt^x) 



WfQ^X = s%X 

where all the maps are isomorphisms in STiP(S). This diagram induces 
a natural isomorphism between the following exact functors: 



VQ s oW q Q s oUB.T 



W^QT=s% q 



(4) Combining the diagrams i56}) and 158\) above we get a natural isomorphism 
between the following exact functors: 



s <q 



'.&H?(S) 



Proof. It is clear that it suffices to prove only the first three claims. 

(QJ : Follows immediately from theorems 13.2.521 and 13.3.41 

([2]): Follows immediately from lemma [3.3.441 and corollarv l3. 3.431 
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([3]): Follows immediately from ((2|) above, and theorem 13.3.41 □ 

The functor gives the desired lifting for the functor s <q to the model 
category level. 

Proposition 3.3.46. For every q G Z, we have the following commutative 
diagram of left Quillen functors: 

Spt^-M* 

id 

£«?+iSpt|i.M* — »■ L <q Spty.M* 

Proof. Since L< g Spty.M* and L< g+ iSpt|i.A/(* are both left Bousfield local- 
izations for Spt^.M*, we have that the identity functors: 

id : Spt^A^* *" £< 9 Spt^.M* 

id : Spt^.M* >■ L<, + iSptyA^* 

are both left Quillen functors. Hence, it suffices to show that 
id : L <9+ iSpt^yU* i <g Spt^A^* 

is a left Quillen functor. Using the universal property for left Bousfield localizations 
(see definition ll.8.1|) . we have that it is enough to check that if / : X — > Y is 
a L s (< q + l)-local equivalence then Qsf : Qy.X — > QsY is a L s (< g)-local 
equivalence. 

But theorem 3.1.6(c) in 7 implies that this last condition is equivalent to the 
following one: Let Z be an arbitrary Lp{< g)-local symmetric T-spectrum, then 
Z is also L s (< q + l)-local. Finally, this last condition follows immediately from 
proposition 13.3.291 and corollary 13.2.331 □ 

COROLLARY 3.3.47. For every q S Z, we have the following adjunction 

(Q*,Wf,<p) : L^SH^iS) ^L^SH^iS) 

of exact functors between triangulated categories. 

PROOF. Proposition 13.3.461 implies that id : £ <g _|_iSptfM* — ► L <q Spt^M* is 
a left Quillen functor. Therefore we get the following adjunction at the level of the 
associated homotopy categories 

{Qz,W?,<p) : L <q+1 S7f{S) ^L <q SH s (S) 

Now proposition 6.4.1 in [10] implies that maps cofibre sequences in L <q+ iST-t E (S) 
to cofibre sequences in L <q STC (S). Therefore using proposition 7.1.12 in [10] we 
have that Qs and are both exact functors between triangulated categories. □ 
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Theorem 3.3.48. We have the following tower of left Quillen functors: 



id 



L <q+ iSpt T M* 




L <g _iSpt^A^* 



id 



together with the corresponding tower of associated homotopy categories: 




The tower t60\) gets canonically identified, through the equivalences of categories 
VQ S , URs and UW^ constructed in theorem \3. 3. 4\ and corollary \3.3.43\ with the 
tower \4>ty defined in theorem \3. 2. 5b\ Moreover, this tower also satisfies the follow- 
ing properties: 

(1) All the categories are triangulated. 

(2) All the functors are exact. 

(3) Qy. is a left adjoint for all the functors . 

PROOF. Follows immediately from propositions 13.3.391 13.3.461 corollary |3.3.47l 
together with theorem 13.3.41 and corollary 13.3.431 □ 

Definition 3.3.49. For every q £ Z, we consider the following set of symmetric 
T-spectra 

S*(q) = {F*(S r A G* m A U+) G C^\s - n = q} C Cf f 
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(see proposition lS. 1 . 5l and definition \3.1.8\) . 

Theorem 3.3.50. Fix geZ. Then the right Bousfield localization of the model 
category L <9+ iSpt^.M* with respect to the S s (q)-colocal equivalences exists. This 
new model structure will be called g-slice motivic symmetric stable. 5 9 Spt^7W* will 
denote the category of symmetric T -spectra equipped with the q-slice motivic sym- 
metric stable model structure, and S q SH.^(S) will denote its associated homotopy 
category. Furthermore, the q-slice motivic symmetric stable model structure is right 
proper and simplicial. 

PROOF. Theorem l3.3.26l implies that L <g+ iSpt^A / (* is a cellular and simplicial 
model category. On the other hand, corollary 13.3.381 implies that L< g +iSpt^A / (* 
is right proper. Therefore we can apply theorem 5.1.1 in [7] to construct the 
right Bousfield localization of L <9+ iSptyA / (* with respect to the 5 s (q)-colocal 
equivalences. Using theorem 5.1.1] again, we have that S q Spt^M* is a right 
proper and simplicial model category. □ 

Definition 3.3.51. Fix geZ. Let P^ denote a cofibrant replacement functor 
in S q Spt^M Sf ; such that for every symmetric T -spectrum X , the natural map 

is a trivial fibration in (S'Spt^./Vf*, and P?X is always a S^(q)-colocal symmetric 
T -spectrum in L< g +iSpt^A^*. 

Proposition 3.3.52. Fix q e Z. Then W^ +1 is also a fibrant replacement 
functor in 5 9 Spt^A^* (see definition \3.3.27\ ), and for every symmetric T -spectrum 
X the natural map 

w s,x 

x zt-^w&x 



is a trivial cofibration in S q Spt T A4* 



Proof. Since S q Spt^A4* is the right Bousfield localization of £ <I?+ iSpt^.A/f* 
with respect to the S s (q)-co\oc&\ equivalences, by construction we have that the fi- 
brations and the trivial cofibrations are indentical in S^Spty.M, and -L <g+ iSpty.M* 
respectively. This implies that for every symmetric T-spectrum X, W^ +1 X is fi- 
brant in S^SptyAl*, and we also have that the natural map 

x ^^wf +l x 

is a trivial cofibration in S q Spt^M^,. Hence W^ +l is also a fibrant replacement 
functor for S'SptyM,. □ 

PROPOSITION 3.3.53. Fix q G Z, and let f : X -*Y be a map in L <9+ iSpt^A4* . 
Then f is a S^(q)-colocal equivalence in L <9+ iSpt T .M* if and only if the un- 
derlying map UW^ +1 (f) : UW^ +1 X — > UW^ +1 Y is a S(q)-colocal equivalence in 
L <9+ iSpt T A^*. 
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PROOF. Consider F^(S r A Gf„ A U+) € S^(q). Using the enriched adjunctions 
of proposition 1 2 . 6 . 19| we get the following commutative diagram where the vertical 
arrows are all isomorphisms: 

Map S (F„ S (^ AG^A U+), Wf +1 X) 




Mapz(F^(S r A Gf„ A U+), W? +1 Y) 



Mapz(V(F n (S r AG s m AU. 




Ma Ps (V(F n (S r A G s m A U+)), W? +1 Y) 



Map{F n (S r A G, 5 



AU+),UWf +1 X) 



Map(F n (S r A& s m A U. 



),UWf +1 Y) 



Since UW^ +1 X and UW^ +1 Y are both fibrant in L <q+ iSpt T M*, we have that 
UW^ +1 (f) is a S(g)-colocal equivalence in L <g+ iSpt T A / (* if and only if the bottom 
row in the diagram above is a weak equivalence of simplicial sets for every F n (S r A 
A U+) G S{q). By the two out of three property for weak equivalences we 
have that this happens if and only if the top row in the diagram above is a weak 
equivalence for every F^(S r A G^ A U+) G S j: (q). But this last condition holds 
if and only if / is a 5 lS (g)-colocal equivalence in L <9+ iSptp.M*. This finishes the 
proof. □ 

PROPOSITION 3.3.54. Fix q G and let f : X — > Y be a map in L <q+ iSpt^M*. 



Then f is a S (q)-colocal equivalence in L <q+ \ Spt^X, 
F%(S r A G s m A U + ) G 5 s (q), the induced map: 



if and only if for every 



[F^(S r AG s m AU + ),W q % 1 X] 



Spt ■ 



AU+lW^Yf 



Spi 



is an isomorphism of abelian groups. 



Proof. By proposition ^. 3. 531 / is a S' s (q)-colocal equivalence in L <9+1 Spty.M» 
if and only if UW^ +1 (f) is a S(g)-colocal equivalence in L <q+ iSpt T A4*. Since 
UWf +1 X,UWf +1 Y are both fibrant in L <q+1 Spt T M*, using proposition 13.2.621 
we have that UW^ +1 (f) is a 5(q)-colocal equivalence if and only if for every 
F n (S r A A U + ) G S(q), the induced map 



[F n (S r A G s m A U+), UWf +1 X] Spt 



[F n (S r AG^A U+), UWf +l Y] Spt 



is an isomorphism of abelian groups. 
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Now since W^ +1 X,W^ +1 Y are also fibrant in Spt^A^*, theorem 12 . 6 .301 implies 
that we have the following commutative diagram, where all the vertical arrows are 
isomorphisms: 

[F n (S r AG* m AU + ),UW* +1 X} Spt 

[F n (S r A G° m A U + ), UWf +1 Y] Spt 



[V(F n (S r A G 6 m A U+)),W^ XI s 




[V(F n (S r A & s m A U+)), Wf +l Y]% t 



[F*{S r AG s m AU + ),Wf +l X]% t 



(Wf+i/). 



A[/ + ),wf +1 y] s 



Spt 



Therefore / is a 5 s (<7)-colocal equivalence if and only if for every F^(S r A A 
U+) e 5 s (q), the bottom row is an isomorphism of abelian groups. This finishes 
the proof. □ 

COROLLARY 3.3.55. Fix g 6 Z and let / : X — » V &e o map o/ symmetric 
T-spectra. Then f is a S^(q)-colocal equivalence in L <9+ iSptfi.M* i/ and oraZy z/ 



is a C^jj -colocal equivalence in Spt^A^, 



PROOF. (=>): Assume that / is a S s (g)-colocal equivalence, and fix F^(S r A 
A U+) £ C% f . By proposition 13.3.131 it suffices to show that the induced map 



(61) 



[F^(S r AGt n AU+),W? +1 X]% t 



[F*(S r A< 



AU + ),W? +1 Yf 



Spt 



is an isomorphism of abelian groups. 
Since F^(S r AG s m AU^ " 

(1) s-n = q, i.e. F* (S r A G s m A U+) G S^(q). 

(2) s - n > q + 1, i.e. F^(S"" A Gf„ A £7+ 

In case ([1]), proposition 13.3.541 implies that the induced map in diagram (|6ip is 
an isomorphism of abelian groups. 



€ Ce//' we nave two possibilities: 
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On the other hand, in case ((2]), we have by proposition 13. 3. 30lj2| ) that 

[F*(S* A G s m A U + ),Wf +1 X]% t S S [F*(S r A G s m A U+), Wf +1 Y]% t 

since by construction W^ +1 X and Wjj^Y are both L s (< g+ l)-local symmetric T- 
spectra. Hence the induced map in diagram (16 lj) is also an isomorphism of abelian 
groups in this case, as we wanted. 

(<=): Assume that W^ +1 f is a C'i .-colocal equivalence in Spt^-M*, and fix 
F*(S* AG^AC/ + )G| s (g). 

Since S J '(q) C C*^*, it follows from proposition 13.3. 13l that the induced map 

[F^(S r A G* m A U + ), Wf +l X% t , [F„ s (5 r A A [/+), Wf +1 Y]f pi 

is an isomorphism of abelian groups. Therefore, proposition 13.3.541 implies that / 
is a 5 s (g)-colocal equivalence in L <g+ iSptfi.A/(*. This finishes the proof. □ 

Lemma 3.3.56. Fix q G Z, and let f : X ^ Y be a map in L <(J+ iSpt|i.A4*. 
T/ien f is a S^(q)-colocal equivalence in L< g -|_iSpt^.A4* if and only if Q s iW^ +1 f 
is a S^(q)-colocal equivalence in L <(3+ iSpt^A / J* . 

Proof. It follows from proposition 13.3.531 that / is a S ,E (g)-colocal equiva- 
lence in L <I?+ iSptyA^* if and only if UW^ +1 f is a iS(g)-colocal equivalence in 
L <q+1 Spt T M*. Since UWf +l X,UWf +1 Y are both fibrant in L <g+ iSpt T A / (*, us- 
ing lemma [3. 2. 641 we have that UW^ +1 f is a S^^-colocal equivalence if and only if 
^lgiUW^ +1 f — U(Q,stWR_if) is a 5(g)-colocal equivalence. 

Finally, since Q s i W^ +1 X, £l s i W^ +1 Y are both fibrant in i <9+ iSpt^7W*, we 
have by proposition 13 . 3.531 that [/(Ogi WS_ X /) is a S s ((7)-colocal equivalence if and 
only if OgiM^^/ is a S s (g)-colocal equivalence. This finishes the proof. □ 

Corollary 3.3.57. Fix gel. Then the adjunction 

(- AS 1 ,n s i,(p) : S^Spt^M* *S q Spt%M* 

is a Quillen equivalence. 

Proof. Using corollary 1.3.16 in [10] and proposition 13.3.521 we have that it 
suffices to verify the following two conditions: 

(1) For every cofibrant object X in S^Sptfi.A/f*, the following composition 

x n sl (xas 1 ) 9+ > n sl wf +1 (xas 1 ) 

is a S 11 (g)-colocal equivalence. 

(2) ftgi reflects S^^-colocal equivalences between fibrant objects in S'^Spty.M*. 

|T]): By construction S^Spt^-M* is a right Bousfield localization of L <q +±Spt^M*, 
therefore the identity functor 

id : S q SptTM* >- i< g+ iSptyX* 

is a left Quillen functor. Thus X is also cofibrant in L <q+ iSpt^M*. Since the 
adjunction (— A S 1 , tig 1 , f) is a Quillen equivalence on L <g+ iSpt^A4*, [101 propo- 
sition 1.3.13(b)] implies that the following composition is a weak equivalence in 
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L <q+1 Spt T M*: 



Hence using proposition 3.1.5] it follows that the composition above is a S T '{q)- 
colocal equivalence. 

|(5J): This follows immediately from proposition 13.3.521 and lemma 13.3.561 □ 

Remark 3.3.58. The adjunction (£t, <p) is a Quillen equivalence on Spty./Vf*. 
However it does not descend even to a Quillen adjunction on the q-slice motivic 
symmetric stable model category S'Spt^.M*. 

Corollary 3.3.59. For every q G Z, S q STl s (S) has the structure of a trian- 
gulated category. 

PROOF. Theorem 13.3.501 implies in particular that S^SptyAl* is a pointed 
simplicial model category, and corollary |3.3.57l implies that the adjunction 

(- AS 1 ,n S x,<p) : S q Spt%M* -» S q Spt%M* 

is a Quillen equivalence. Therefore the result follows from the work of Quillen in 
|21l sections 1.2 and 1.3] and the work of Hovey in [10[ chapters VI and VII]. □ 

Proposition 3.3.60. Fix q £ Z. Then we have the following adjunction 

{Pf,Wf +1 ,y) : S q SH s (S) -L <g+1 SW s (S) 

between exact functors of triangulated categories. 

PROOF. Since S^Spt^Al* is the right Bousfield localization of L <q +i Spt^TW, 
with respect to the S 11 (<7)-colocal equivalences, we have that the identity functor 

is a left Quillen functor. Therefore we get the 
following adjunction at the level of the associated homotopy categories: 

Off ,T4f +1 ,^) : S q SH s (S) L <q+1 SH S (S) 

Now proposition 6.4.1 in |10j implies that if maps cofibre sequences in S q S?i s (S) 
to cofibre sequences in L <q+ \ STi^{S). Therefore using proposition 7.1.12 in [10] 
we have that and W^ +1 are both exact functors between triangulated cate- 
gories. □ 

Proposition 3.3.61. Fix q e Z. Then the identity functor 

id : S q Spt%M* *~ R c « ff Spt%M* 

is a right Quillen functor. 

Proof. Consider the following diagram of right Quillen functors 

L <g+ iSpt£M. — ^ Spt^M* R c!f Spt^M* 

..... V 

id ... 

id 

S 
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By the universal property of right Bousfield localizations (see definition ll.8.2j) it 
suffices to check that if / : X — » Y is a S^ 2 (q)-co\oc&\ equivalence in L <q+ i 
then Wf +l f : Wf +l X -> Wf +l Y is a C^-colocal equivalence in SptyX*. But 
this follows immediately from corollary |3.3.55l □ 

Corollary 3.3.62. For every q G Z we have the following adjunction 

of exact functors between triangulated categories. 

PROOF. By proposition 13.3.611 the identity functor id : Rq" Spt T jM* — > 

is a left Quillen functor. Therefore we get the following adjunction 
at the level of the associated homotopy categories: 

(Cf, Wf +1 , y) ■ Rci„SH s (S) 5»5H E (5) 

Now proposition 6.4.1 in |10j implies that Cf maps cofibre sequences in R c n S7i (S) 

to cofibre sequences in S q SH^(S). Therefore using proposition 7.1.12 in [10] 
we have that C E and W^ +1 are both exact functors between triangulated cate- 
gories. □ 

Lemma 3.3.63. Fix q G Z, and let A be a cofibrant symmetric T '-spectrum in 
S q Spt^M*. Then the map * — > A is a trivial cofibration in L< 9 Spt^.M*. 

Proof. Let Z be an arbitrary LP(< g)-local symmetric T-spectrum in Spt^TW*. 
We claim that the map Z — > * is a trivial fibration in S 9 Sptfi.M*. In effect, us- 
ing proposition 13.3.251 and corollary 13 . 2 . 331 we have that Z is L s (< q + l)-local in 
Spt^A^*, i.e. a fibrant object in L <<3+ iSpt E .M*. By construction S q Spt^M s , is a 
right Bousfield localization of L <q +iSpt T A4*, hence Z is also fibrant in S q Spt T A4*. 
Then by proposition 13.3.541 it suffices to show that for every F^(S r A Gf„ A U+) G 
S s (q) (i.e. s - n — q): 

0^[F n (S r AG s m AU + ),Z]% t 

But this follows immediately from proposition 13 . 3 .301 since Z is Lp(< g)-local. 

Now since is a simplicial model category and A is cofibrant in 

S q Spt T A4.*, we have that the following map is a trivial fibration of simplicial sets: 

Map S (A Z) s- MapT,{A, *) = * 

The identity functor 

id : 5 9 Spt|A1» >■ i< I?+ iSptyA4» 

is a left Quillen functor, since S^Spt^-M* is a right Bousfield localization of L< g +iSpt^A / (*. 
Therefore A is also cofibrant in L <9 +iSpt E A / {*, and since L <q j r \ is a left 

Bousfield localization of Spt^A^*; it follows that A is also cofibrant in Spt^A^*. 
On the other hand, we have that Z is in particular fibrant in Spt T .M*. Hence 
■K Map n(A, Z) computes [A, Z]^ pt , since is a simplicial model category. 

But Map b(j4, 5T) — > * is in particular a weak equivalence of simplicial sets, then 



[A,Zf 



Spt 
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for every L E (< g)-local symmetric T-spectrum Z. Finally, corollary 13 .3 . 331 implies 
that * — > A is a weak equivalence in L <g Spt T .A/(*. This finishes the proof, since we 
already know that A is cofibrant in L <<3 Spt^.M*. □ 

Theorem 3.3.64. Fix q £ Z. Then the adjunction 

(V, U, ip) : S*Spt T .M* 

given by the symmetrization and the forgetful functors is a Quillen equivalence. 

PROOF. Proposition ^ . 3 . 53l together with the universal property for right Bous- 
field localizations (see definition II. 8. 2[) imply that 

U : S'Spt^M » *- S 9 Spt T M* 

is a right Quillen functor. Using corollary 1.3.16 in [10] and proposition 13.3.521 we 
have that it suffices to verify the following two conditions: 

(1) For every cofibrant object X in 5 9 Spt T .A/(*, the following composition 

uw j:,vx 

x UV (X) !±!_^ UWf +1 V(X) 

is a weak equivalence in S q Spt T Ai*. 

(2) U reflects weak equivalences between fibrant objects in S^Spt^-M*. 

(fTJ): By construction S q Spt T A4* is a right Bousfield localization of L <q+1 Spt T A4*, 
therefore the identity functor 

id : S q Spt T M* >- L <q+ iSpt T M* 

is a left Quillen functor. Thus X is also cofibrant in L <g+1 Spt T .M*. Since the ad- 
junction (V, U, (p) is a Quillen equivalence between L< g +iSpt T .M* and L< g +iSpt^A / (*, 
[101 proposition 1.3.13(b)] implies that the following composition is a weak equiv- 
alence in L <9+ iSpt T A / (*: 

x uv(x) UWgil y UWf +1 V(X) 

Hence using [7J proposition 3.1.5] it follows that the composition above is a S{q)- 
colocal equivalence in L <g+ iSpt T 7W*, i.e. a weak equivalence in <S ,<3 Spt T .M*. 

© : This follows immediately from propositions 13.3.521 and 13.3.531 □ 

Corollary 3.3.65. Fix q 6Z. Then the adjunction 

{V, U, ip) : S q Spt T M* »- S'Spt^M. 

given by the symmetrization and the forgetful functors, induces an adjunction 

(VP,, UW? +1 ,tp) ■ S q SH(S) SiS-rfiS) 

of exact funtors between triangulated categories. Furthermore, VP q and UW q+ -y are 
both equivalences of categories. 

Proof. Theorem l3.3.64l implies that the adjunction (V, U, ip) is a Quillen equiv- 
alence. Therefore we get the following adjunction at the level of the associated 
homotopy categories: 

(VP qi UW* +1 ,ip) : S q SH{S) S"SH E (S) 
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Now |10[ proposition 1.3.13] implies that VP q , UW^ +1 are both equivalences of 
categories. Finally, proposition 12.6.191 together with [101 proposition 6.4.1] imply 
that VP q maps cofibre sequences in S q SH.(S) to cofibre sequences in 
Therefore using proposition 7.1.12 in [lOj we have that VP q and UW^ +1 are both 
exact functors between triangulated categories. □ 

Now it is very easy to find the desired lifting for the functor : SH^(S) 
SH^(S) (see corollary 13 . 3. 5l f3|) ) to the model category level. 

Lemma 3.3.66. Fix qeZ. 
(1) Let X be an arbitrary T -spectrum in i? C 9^Spt T .M*. Then the following 
maps in S^SptfiAl* 

V( P CqX ~) (j^, V CqX 

VP q (C q X) q , VC q X Cf(VC q X) 

induce natural isomorphisms between the functors: 

Cf o VC qi VC qi VPq o C q : R c « f SH(S) -> S q SH s (S) 




S q SH{S) 



Given a T -spectrum X 

o-x : VP q (C q X) Cf(VC q X) 

will denote the isomorphism in S q S?i S (S) corresponding to the natural 
isomorphism between VP q o C q and o VC q . 
(2) Let X be an arbitrary symmetric T -spectrum in 5 9 Spty.A/(*. Then the 
following maps in i? C 7<j^Spt T .A4* 

W q+1 {UWl% x X) UWf +1 X 5 * URv{Wf +1 X) 

induce natural isomorphisms between the functors: 
W q+1 o UWf +ll UWf +1 , URv o Wf +1 : S q S7f{S) -> R c « SH{S) 
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S q SH^(S) 



S"SH(S) 




Rc lf SH{S) 



Rci ff SH*(S) 

Given a symmetric T '-spectrum X 

t x : W q+1 {UWf +1 X) UR^{Wf +1 X) 

will denote the isomorphism in R c i S7i(S) corresponding to the natural 
isomorphism between W g +i o UW^ +1 and URy, o W^ +1 . 

PROOF. iJTJ: Follows immediately from theorem 1.3.7 in [10] and the following 
commutative diagram of left Quillen functors: 



S q Spt T M* 



S^Spt^M, 



Follows immediately from the dual of theorem 1.3.7 in [ilOj and the follow- 
ing commutative diagram of right Quillen functors: 



R c « ff Spt T M, 



id 

S q Spt T M* 



R c t Spi^M* 



id 



□ 

Lemma 3.3.67. Fix gel. Let X be an arbitrary T -spectrum, and let rj be the 
unit of the adjunction (see corollaru 1 3. 3. 65\) : 

(VP g , UWf +1 , <p) : S«SH(S) S^SH^iS) 

Then we have the following diagram in R c i S7i{S) (see lemma ] 3. 3. 6 6\) : 



W q+1 UWf +l VP q C q X 



W q+1 {r) C „x) 



W q+ iUW^ +1 (a x ) 



w q+1 uw? +1 cfvc q x 



w q+1 c q x 



URvWf +1 C*VC q X 
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where all the maps are isomorphisms in R^i S7i(S). This diagram induces a 
natural isomorphism between the following exact functors: 

w q+1 c q 



Rd f SH{S) 



URvW^ +1 CfVC q 



Rc h SH(S) 



(62) 



PROOF. Follows immediately from lemma 13.3.661 and corollary |3. 3.651 □ 

Theorem 3.3.68. Fix q e Z, and let X be an arbitrary symmetric T -spectrum. 

(1) The diagram in theorem \3.2.80\ induces the following diagram in 

SH S (S): 

~s q X = VQ s (s q UR s X) 

VQ s (IQ T J SqL 

VQ s (IQ T Js q URvX) 

VQ a (C I q QTJsqURsX ) = 

VQ s (C q IQ T Js q URvX) 
VQ s (W q+1 C q IQj Jsjn^X) 

W q+1 C q IQ T .Js q UR s X 



r O q IQ T Js q UH s X. 



VQAC, 



VQ s (C q W q+1 C q IQ T Js q URvX) 



VQ 3 (C q W q+1 C q IQ T J(T q RsX )) 



VQ s (C q W q+1 C q IQ T Jf q URxX) 
VQ s (c q w q+1 c q iQ T J(e URl , x )) 

VQ s {C q W q+1 C q IQ T JUR^X) 



where all the maps are isomorphisms in STiP(S). This diagram induces 
a natural isomorphism between the following exact functors: 



VQ s oC q W q+1 C q IQ T J°URv 

(2) Let e denote the counit of the adjunction (see corollaru 1 3. 3. 2(A) : 
(VC q , URx, <p) : R clf SH{S) ^ R^SH^iS) 

and let S denote the natural isomorphism constructed in lemma \ 3.3.61\ 
Then we have the following diagram in 57i s (S l ) (see lemmas \3.3.61\ and 
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\3.3.21\) : 



(63) 



CfW^CfRvX = sfX 



C^{VC q UR^Wf +1 C^R^X) 



Cf VC q UR S Wf +1 Cf (e HsX ) 



CfVC q URx W^Cf (VC q URxRxX) 
Cf VCq {W q+1 C q )URvRvX 

CfVC q W q+1 C q (f3 x ) 

CfVC q W q+1 C q {IQ T JUR^X) 

a W q+1 C q IQ T JU R^X 

VQ s C q (W q+1 C q IQ T JURzX) 

where all the maps are isomorphisms in STiP(S). This diagram induces 
a natural isomorphism between the following exact functors: 



VQ s oC v W q+1 C q IQ T JoURv 



CfW? +1 CfR s =s* 



(3) Combining the diagrams i62\) and H63\) above we get a natural isomorphism 
between the following exact functors: 



SH^(S) 



PROOF. It is clear that it suffices to prove only the first two claims. 
((I}: Follows immediately from theorems 13.2.801 and 13.3.41 

([2]): Follows immediately from lemmas r3.3.21l and l3. 3. 671 together with corollary 
13.3.201 □ 



Proposition 3.3.69. Fix q G Z. Let r\ denote the unit of the adjuntion 
{Gf,Wf +l ,ip) : Rc* Sn S (S) -> S q ST-F(S) constructed in corollaru [3~3~M Then 
the natural transformation n q : f q —> s q ( see theorem \3.1.16\) gets canonically identi- 
fied, through the equivalence of categories r q C q , IQTJi q , VC q andUR^, constructed 
in proposition \3.2.21\ and corollary \3.3.2(k with the following map nf : f ( 
SH S (S): 



C q RsX ■ 



Cf{VR E x) 



CfW^C^RvX 



Proof. The result follows easily from proposition 13.2.811 corollaries 13.3.201 
13.3.651 and theorem 13.3.681 □ 
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The functor gives the desired lifting for the functor s q to the model category 
level, and it will be the main ingredient for the study of the multiplicative properties 
of Voevodsky's slice filtration. This completes the program that we started at the 
beginning of this section. 

3.4. Multiplicative Properties of the Slice Filtration 

Our goal in this section is to show that the smash product of spectra is com- 
patible in a suitable sense with the slice filtration. To establish this compatibility 
in a formal way, we will use the model structures constructed in section f3. 31 

Lemma 3.4.1. The sphere spectrum 1 is a cofibrant object in i? c o^Sptfi.M* ; 
S°Spt^M* and Spt^Al*. 

Proof. By proposition 13. 3. 6T1 and theorem 13.3.91 we have that it is enough to 
show that 1 is cofibrant in i? c o^Spty.M*. 

Now, corollary 13.2.151 implies that Fo(S°) is a C°yj-colocal T-spectrum in 

Spt T .M*, since F a {S°) e SH eff (S). Then using theorem 5.1.1(2)] we have that 
F (S°) is a cofibrant object in R c o^Spt T M*, and this implies that 1 = V(F (S )) 

is also cofibrant in i? c o^Sptfi.M*, since the symmetrization functor 

V : R c o f Spt T M* ^ R c o Spt^-M* 

is a left Quillen functor. □ 

Lemma 3.4.2. Fixp,q G Z, and let A be a symmetric T-spectrum. 

(1) If A is cofibrant in Rqp Spt^M^, then the functor Hom Sp( s (A, — ) maps 
fibrations in i? c , P + ? SptfiA'f * to fibrations in R c i^Spt^M.*. 

(2) If A is cofibrant in Spt^TW*, then the functor Hom Sp( |(i,-) maps fi- 
brations in R c v+q Spty.M* to fibrations in R^g^Spt^Ai*. 

Proof. Since R C f Spt^TW*, Re" Spt^X* and i? C P+ ? Spt^A^* are all right 

e f f e f f &ff 

Bousfield localizations of Spt^TW*, we have that the fibrations in all these model 
structures coincide and also the identity functor 

id : R C p ff Spt%M* Spt^M* 

is a left Quillen functor. Therefore if A is cofibrant in .R^p Spt T A4*, then A is 

also cofibrant in Spt^M.*. Hence it suffices to prove @. 

So assume that A is cofibrant in Spt^jM*, and let / : X — » Y be an arbitrary 
fibration in i? c , P +gSpt^.A4*. Then using corollary 12.6.291 together with the fact that 

A is cofibrant in SptfiA'!*, we get that 

Hom Sp(? (A, X) _A». Hom Sp( E {A, Y) 
is a fibration in Spty.M*, or equivalently a fibration in Rqv SptyA4*. □ 
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Lemma 3.4.3. Fix p,q £ Z, and let A = F^(S r A G^ A U+) be an arbi- 
trary element in S^(p), i.e. s — n = p. Assume that F is a symmetric T- 
spectrum such that the map F — ► * is a trivial fibration in R CP + q Spt T .M*. Then 

7r : Hom Spt s(A, F) — ► * is a trivial fibration in i? c ?^Spt^.M*. 

Proof. Since A is cofibrant in Sptfi.A4*, it follows directly from lemma [3.4.21 
that 7r is a fibration in i?£?^Spt T .M*. Thus, it only remains to show that n is a 

weak equivalence in R c i^Spt^,A4^. 

Fix Ff(S k AG l m AV+) S C q e f } . By construction R^pSpt^M^ is a right 

Bousfield localization of Spt^A^*, therefore F is also fibrant in Spt^AI*. Since A 
is cofibrant and F is fibrant in Spt|i.A/(*, corollary 12 .6 . 291 implies that we have the 
following natural isomorphism of abelian groups: 

[if (S fe A G l m A V+), Hom Spt? (A, F)]| pt - [F?(S k AG l m A V+) A A, F]% t 

and proposition 12 . 6 . 13l implies that: 

if (S* A G l m A V+) A A = F? (S k A G l m A V+) A F^ (S r A G s m A U+) 

- Ff +n {S k+r AG l ^AUx s V+) 

But clearly Ff +n (S k+r A A U x s V+) G Cf+/' S , and since F -> * is a weak 
equivalence in i? c , P + 9 Spt^.M*, we have by proposition 13. 3. L3l 

£ [Ff + „(5' £+ ''AG^ s AC/x 5 y + ), J F]| pt 
£ [if (5 fc AG5 ri AT/+),Hom Spt? (A,F)]| pt 

Finally, using proposition 13.3. f 31 again, we get that 7r is a weak equivalence in 
R c t Spt^TW*, as we wanted. □ 

Lemma 3.4.4. Fix p, q € Z, and Zei ^4 6e cofibrant symmetric T -spectrum in 
Rqp Spt T M.*. Assume that F is a symmetric T -spectrum such that the map F — » 

* is a trivial fibration in R cV + q Spt^.A/!*. TTien 7r : Hom Sp js(4, P 1 ) * is a trivial 
fibration in Rc q n . Sptf^-M* . 

PROOF. Since A is cofibrant in i? c p Spt^.M*, it follows from lemma l3"X2T fTj) 

that 7r is a fibration in Rc q n . Sptfi-M*. Thus, it only remains to show that ir is a 

weak equivalence in i?^ Spt^.M*. 

Fix F% {S r AG s m A J7+) € C q e f f . Then lemma [3X3] together with proposition 
l3.3.24[fTj) imply that 

Hom Spt? (F„ s (S'' A G s m AU+),F) * 

is a trivial fibration in Rc p ff Sptfi.M*. Now, since A is cofibrant in Rc p ff Spt^.M* 
which is in particular a simplicial model category, we have that the induced map: 

Map E (A Hom Spt , (F^(S r A Gf n A U+), F)) ^ Map s (A, *) = * 
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is a trivial fibration of simplicial sets. Finally using the enriched adjunctions of 
proposition 12.6.121 this last map gets canonically identified with 

Mapx(F*(S r AG^A U + ),Hom Spt s(A, Fj) 

Ma Pi: (F^(S r A G s m A [/+),*) = * 

Since Hom Sp( E (A, F) is in particular fibrant in Spt|i.M*, by definition we have that 
7r is a Cgjy-colocal equivalence in Spt^M*, i.e. a weak equivalence in R c i Spty.M*. 
This finishes the proof. □ 

Theorem 3.4.5. Fix p,q G Z. Then the smash product of symmetric T -spectra 

— A — : R c p ff SptyX, x R c « ff SptTM* s- R cP pSpt^M^ 

is a Quillen bifunctor in the sense of Hovey (see definition \ 1 . 7~^| ) ■ 

PROOF. By lemma IT .7.51 it is enough to prove the following claim: 

Given a cofibration i : A — > B in _R c .p^Spt|i.M* and a fibration / : X — > Y in 

i? r ,p+gSptS./Vf*, the induced map 

(i*,/*) : Hom Spt E(B,X) ^ Hom^s (A, X) x Ho m Spt? (A,y) Hora Sp( E (£, F) 

is a fibration in R c i ^ Spt^M.* which is trivial if either i or / is a weak equivalence. 

Since Rc p ff Spty.M*, i? c <j^Spt^.A/!* and i? C P+<jSpty.M* are all right Bousfield 

localizations of Sptf!.M*, we have that the fibrations in all these model structures 
coincide and also the identity functor 

(64) id : R C P f Sj>t%M* Spfcp.M* 

is a left Quillen functor. Hence it follows that i is cofibration in SptfiA'f* and / is 
fibration in Sptfi.A4*. Then proposition 12.6.281 implies that («*,/*) is a fibration in 
Spt^A^*, or equivalently a fibration in Rc q !f .Sptfi^M*. 

Now assume that i is a trivial cofibration in i? C p^ Sptfi.M*. Since the identity 
functor considered in (f6"4")> above is a left Quillen functor, we have that i is also a 
trivial cofibration in Spt^AI*. Hence using proposition 12.6.281 again . we have that 

/*) is m particular a weak equivalence in Spt T A^*. Then [71 proposition 3.1.5] 
implies that («*,/*) is also a weak equivalence in Rci^SptrpM*. 

Finally, assume that / is a trivial fibration in i? r , P +,SptSAl*. Consider the 
following commutative diagrams 

F — * A — - — *- B 



X —*■ Y * B/A 



3.4. MULTIPLICATIVE PROPERTIES OF THE SLICE FILTRATION 



191 



where the diagram on the left is a pullback in i? C p+< ! Sptf!.M* and the diagram on 
the right is a pushout in R C p^Spt^A4*. We already know that the map (i*,/*) 
is a fibration in R c t Spty.M*, therefore it is clear that Hom Spt s (B/A, F) is the 
homotopy fibre of («*,/*) in i? c .«^Spt|i.M». On the other hand, it is clear that k 
is a trivial fibration in R^p+qSpt^M* and l is a cofibration in R r p Spt^.M*. 

°e// eft 

By corollarv l3. 3 . 1 71 we have that the homotopy category associated to Rc q ff Sptji M.* 
is triangulated, hence to check that (i* , /*) is a weak equivalence in R c i ^Spt^A4„ 
it is enough to show that the map 

7r:Hom Spt v(B/A,F) ^* 

is a weak equivalence in R c i SptyyVf*. But this follows immediately from lemma 

rrm □ 

Lemma 3.4.6. Fix p,q,r 6 Z. Lei i : A — ► 5 &e a cofibration in L <p Spt^A4^, 
and let j : C —> D be a cofibration in L <q Spt^A4^. Then 

B AC ]JaaC A A D — ^BAD 

is a cofibration in L <r Spt^A4 st . 

Proof. Since L <p Spt^M*, L <q Spt^M* and L <r Spt^M* are all left Bous- 
field localizations of Spt T A4*, we have that the cofibrations in these four model 
categories coincide. 

Then the result follows immediately from proposition 12.6.281 □ 

Lemma 3.4.7. Fixp,q e Z. Let A = F„ (S"'AG, s n AU+) be an arbitrary element 
in 5 s (p) 7 i.e. s — n — p, and let Z be an arbitrary Lp{< p + q)-local symmetric 
T -spectrum in Spt T .M*. Then Hom Spt s [A 1 Z) is a L s (< q)-local symmetric T- 

spectrum in Spt^TW*. 

Proof. By proposition 13.3.301 it is enough to check that the following two 
conditions hold: 

(1) Hom Spt E(4,Z) is fibrant in Spt^-M*. 

(2) For every Ff{S k A <G L m A V+) E C q e f f 

[Ff{S k A G l m A V+),Hom Spt , (A, Z)]% t = 

Since Z is L s (< p + q)-local in Spt^^Vf*, we have that Z is in particular fibrant 
in Spty.A/f*. Now corollary 12.6.291 together with the fact that A is cofibrant in 
Spt^.M* imply that Hom Spt s (A, Z) is fibrant in Spt|i.A/(». This takes care of the 
first condition. 

Fix Ff(S k AG l m AV+) £ C q e f f . Since A is cofibrant and Z is fibrant in Spt^W*, 
it follows from corollary 12.6.291 that we have the following natural isomorphism of 
abelian groups: 

[Ff{S k A G l m A V + ), Hom Sptf (i, Z)f Spt Si [F?(S k A G l m A V+) A A, Z]% t 



192 



3. MODEL STRUCTURES FOR THE SLICE FILTRATION 



Using proposition 12.6.131 we have the following isomorphisms of symmetric T- 
spectra: 

Fj : (S k A G l m A V+) A A = Ff(S k A G l m A V+) A F^(S r A G* Tl A U+) 

- Ff +n {S k+r AC l + s AU x s V+) 

But clearly Ff +n (S k+r A G l + S A U x s V+) € C^} 9 ' E . Since Z is a L s (< p + g)-locaJ 
in Spt^A^*, proposition 13.3. 30l implies : 

S [if + JS fc+r AG[+*At/x s U + ),Z]f pt 
S [if (S fc A G^ A Hom Spt? (A, Z)]f pt 

This finishes the proof. □ 

Lemma 3.4.8. Fix p,q € Z. Let A be a symmetric T -spectrum such that the 
map * — > A is a trivial cofibration in L <p Sptfi.A/f*, and let Z be an arbitrary 
L s (< p + q) -local symmetric T -spectrum in SptrM*. Then Hom Spt s (A, Z) is a 
L s (< q) -local symmetric T -spectrum in Spt^M.*. 

PROOF. By proposition 13.3.301 it is enough to check that the following two 
conditions hold: 

(1) Hom Sj)t s(4,2) is fibrant in Spt^.M*. 

(2) For every F*(S r A G* m A U+) G C q e f f 

[F*(S r A <S s m A U + ),Uom Spt ,(A, Z)f Spt £ 

Since Z is Lp{< p + g)-local in Sptfi.M*, we have that Z is in particular 
fibrant in Sptfi.A4*. By construction L< p Spt^./W* is a left Bousfield localization 
of Sptfi.M*, then it follows that A is cofibrant in Spt^A^*. Therefore, corollary 
12.6.291 implies that Hom Spt E (A, Z) is fibrant in Spt T Al*. This takes care of the 
first condition. 

Fix F% (S r A Gf„ A U+) € Clf f . Using lemma I3A71 together with proposition 
13.3.461 we get that the induced map 

Hom Sp %(Ff(Sr A G° m A U+), Z) ^ * 

is a fibration in L <p Spt^A1*. Since -L< p Sptf;.A/(* is a simplicial model category 
and * — * A is a trivial cofibration in L <p Sptfi.M*, it follows that the following map 
is a trivial fibration of simplicial sets: 

Map S (A, Hom Spi| (F„ s (5 r AG^A U+), Z)) ^ Map z(A, *) = * 

Finally using the enriched adjunctions of proposition 12.6.121 the map above be- 
comes: 

Map s (F*(S r AG s m AU + ), Hom Spt , (A, Z)) 
Mapx(FZ(S r AG s m A U+), *) = * 
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which is in particular a weak equivalence of simplicial sets. We already know that 
Hom Spt s (A, Z) is fibrant in Sptfi.M*, and we have that F^(S r A Gf n A U+) is 

cofibrant in Spt^Al*. Since is a simplicial model category, we have that 

S n Map s (F*(S r AG s m AU + ),Hom Spt *(A, Z)) 
- [F r f (S r AG^A U+), Hom Spi? (i, Z)]% t 
for every F%{S r A G s m A U+) € C c 9 ^.. This finishes the proof. □ 

Lemma 3.4.9. Fix p,q <E Z, and let A — F^(S r A Gf n A U+) be an arbitrary 
element in S^(p), i.e. s — n = p. Assume that C is a symmetric T -spectrum such 
that the map * — > C is a trivial cofibration in L <(3 Spt T A / t*. Then t : * — > C A A is 
a trivial cofibration in F <p+(? Spt E A / J* . 

Proof. Since A is cofibrant in Spt^A^* and L <p Spt^.A/f* is a left Bousfield 
localization of Sptfi.M*, we have that A is also cofibrant in F< p Spt E .A/f*. Then it 
follows directly from lemma 13. 4. 61 that i is a cofibration in L <p _|_ 9 Spt^A / t*. Thus, 
it only remains to show that i is a weak equivalence in L <p+(J Sptfi.A/(*. 

Let Z be an arbitrary L s (< p + g)-local T-spectrum in Spt^A^*. Then by 
lemma l3.4.7[ we have that Hom Spi E(i,Z) is L s (< q)-\ocal in Spt^.A/f*. Now 
corollarv l3.3.33l implies that 

[C,Hom Spt? (AZ)]| pt = 

But A, C are cofibrant in Sptfi.A/(» and Z is in particular fibrant in Sptfi.A/(*, 
then using corollary 12.6.291 we get the following isomorphism: 

[C A A, Z\% t = [C, Hom Sp(? (A, Z)% t S 

Hence the induced map 

is an isomorphism for every L s (< p-\-q)-\oc&\ T-spectrum Z. Thus, using corollary 
13.3.331 again, we have that u is a F s (< p + q)-local equivalence. This finishes the 
proof. □ 

Lemma 3.4.10. Fix p,q £ Z. Assume that A,C are symmetric T-spectra such 
that * — > A is a trivial cofibration in i< p Spt^.M*, and * — > C is a trivial cofibration 
in F <g Spt^.A/(*. Then t : * — > C A A is a trivial cofibration in L <p+g Spt|i.A/(». 

Proof. Since A is in particular cofibrant in F< p Spt E .M*, it follows directly 
from lemma [3.4.61 that i is a cofibration in F< p + g Spt|i.M*. Thus, it only remains 
to show that i is a weak equivalence in F <p+g Spt E .M*. 

Let Z be an arbitrary i s (< p + q)-local T-spectrum in SptpTW*. Then by 
lemma [3-4.81 we have that Hom^s (A, Z) is i E (< q)-\oc&\ in Spty.M*. Now 
corollarv l3.3.33l implies that 

[C,Hom Spt ,(A,Z)]% t ^0 

But A, C are in particular cofibrant in Spt^A^*, and Z is in particular fibrant 
in Spt T 7W», then using corollary |2.6.29l we get the following isomorphism: 

[C A A, Z\% t Si [C, Hom Spt? (A, Z)]% t = 
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Hence the induced map 

0-[CAA^ pt ^KZ]^~0 

is an isomorphism for every L s (< p + <7)-local T-spectrum Z. Thus, using corollary 
13.3.331 again, we have that i is a L s (< p + q)-local equivalence. This finishes the 
proof. □ 

LEMMA 3.4.11. Fix p,q G Z, and let A = F^(S r AGJ.A U+) be an arbi- 
trary element in S^(p), i.e. s — n = p. Assume that F is a symmetric T- 
spectrum such that the map F — > * is a trivial fibration in S p+q Spt^A4^. Then 
ir : Hom Spt s(A, F) —> * is a trivial fibration in S q Spt T A4*. 

Proof. F is fibrant in L <p + q +i since by construction S^Spt^ * 

is a right Bousfield localization of i <p+g+ iSptyA^*. Applying lemma [3. 4. 7i we get 
that HomjyjsfijF) is fibrant in L <g+ iSptyA / l*; and since S'^Spt^.M* is a right 
Bousfield localization of L <g+ iSptfi.M*, it follows that Hom Spt E (A, F) is fibrant 
in S q Spt%M*. 

By proposition ^ .3 . 54l it only remains to check that for every Fj 2 (S k AG l m AV + ) G 
S^(q), i.e. l-j = q, 

[if (S k A G l m A V + ),Hom Spi? (A, F)% t S 
Since A is cofibrant in Spt^A^* and F is in particular fibrant in Spi^M.*, corollary 



12.6.291 implies that we have the following natural isomorphism of abelian groups: 

[if (S fc A G l m A V+), Hom Spt? (A, F)]% t = [if (S k A G l m A V+) A A, F]% t 

But using proposition 12 .6 . 131 we get: 

if (S^ A G l m A V+) A A = if (S* A G l m A V + ) A F^(S r A G* n A U + ) 

- Ff +n (S k+r AG l + s AUx s V+) 

and it is clear that if_ n (S* +r A G l + S A U x s V+) G 5 s + q). 

Finally, since F — > * is a trivial fibration in S p+q Sipt T M.*, using proposition 
13.3.541 we get that for every if (S* A G l m A V+) G S^(q): 

- {F? +n (S k+r AG l + s AU x s V + ),Ff Spt 

- [if (5 fc AGLAV+),Hom Spt? (AF)]| pt 

as we wanted. □ 

Lemma 3.4.12. Fix p,q G Z. Assume that A is a cofibrant symmetric T- 
spectrum in S^Spt^Al*, and F is a symmetric T-spectrum such that the map F — > * 
is a trivial fibration in S fp+9 Sptfi./VL. Then ir : Hom Spt s(A 1 F) — ► * is a trivial 
fibration in S^Spt^A^*. 

Proof. F is fibrant in £<p-|_ g -|_i Spt^M*, since by construction S^+'Spt^AI* 
is a right Bousfield localization of L <p+g+ iSpt;pA4*. Now, lemma 13.3.631 implies 
that * — > A is a trivial cofibration in L <p SptyA / (*. Applying lemma [3.4.81 we get 
that Hom Spt E(4, F) is fibrant in L <I?+ iSptyA / (*; and since is a right 
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Bousfield localization of L <g +iSptyA^*, it follows that Hom. Spt s(A, F) is fibrant 

in S»Spt£M*. 

Fix F%(S r A Gf„ A U+) G S^(q), i.e s-n = q. Applying lemma EXTI] we have 

that 

Hom Spt? (F r f (S r A G s m A U+),F) * 

is a trivial fibration in S^Spt^A^* which is in particular a simplicial model category. 
Therefore the induced map 

Map^(A, Hom Spt? (^(S r A G s m A U+),F)) » Map s (A, *) = * 

is a trivial fibration of simplicial sets. Finally using the enriched adjunctions of 
proposition 12.6. 12l the map above becomes: 

Map S (F„ S (^ AG^A U+),Hom 3pt¥ (A, F)) 

Mapv(Ff(S r A G s m A U+),*) = * 

which is in particular a weak equivalence of simplicial sets. We already know that 
HomjpjE (A, F) is fibrant in L <g+ iSpt^A / (*, then by definition it follows that ir is a 

S ,E (g)-colocal equivalence in L <q+ i i.e. a weak equivalence in ^'SptyA^*. 

This finishes the proof. □ 

Theorem 3.4.13. Fixp, q £ Z. T/ien f/ie smash product of symmetric T -spectra 

— A — : 5 p Spt^X* x S^Spt^M* S^'Spt^-M* 

is a Quillen bifunctor in the sense of Hovey (see definition ] 1. 7. 4]) - 

Proof. Since 

— A — : SPSpt^M* x S"Spt%M* ^ S p+q Spt^M* 

is an adjunction of two variables (see lemma [1.7. 5 j) . it follows that it is enough to 
prove the following two claims: 

(1) Let i : A — * B be a cofibration in S p Spt^M*, and let j : C — > I? be a 
cofibration in 5 9 Spt T A^*. Assume that either i or j is trivial. Then 

B AC]1aac AaD — AD 

is a trivial cofibration in S p+q Spt^fA4^. 

(2) Let i : A — > i? be a cofibration in S'PSptyA'f*, and let p : A — > F be a 
trivial fibration in S^Spt^*. Then 

Hom Spi E (B, A) (t ' ,p,) ? Hom Spi E (B, F) x H om Spt? (A,r) Hom Spt , (A, A) 

is a trivial fibration in S^SptyA'f*. 
{l}: By symmetry, it is enough to consider the case where i is a cofibration 
in 5 p Spt^Al*, and j is a trivial cofibration in S^SptfiA'f*. Since S^Sptf and 
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S p Spt^M* are right Bousfield localizations of L< 9 +iSpt^Al* and £< P +i 
respectively, we have that the identity functor 

id : S q Spt^M* *- L <q+1 Spi%M* 

id : S p Sptf.M* ^ L <p+ iSptrM* 

is in both cases a left Quillcn functor. This implies in particular that i is a cofibra- 
tion in L <p+1 Spt|iA1* and j is a cofibration in L <(?+1 Spt|iA1*. Then by lemma 
13.4.61 we have that iOj is a cofibration in L< p + g +i 

By construction 5 p+9 Spt^* is a right Bousfield localization of L < p ^ q +i 
hence the trivial cofibrations in both model structures are exactly the same. Thus, 
it only remains to show that iOj is a weak equivalence in L <p+9+1 Spty.M*. 

Consider the following pushout diagrams in Spt r .M*: 

A — - — >■ B C — - — *- D 

* — ^B/A *—^D/C 

By construction S'Spty-M* is a right Bousfield localization of L< 9 +iSptyA / l*; 
therefore the trivial cofibrations coincide in both model structures. This implies 
that j and k are both trivial cofibrations in L <q +iSpt^M !e . On the other hand, 
it is clear that i is a cofibration in 5 p Spty.M*. Then lemma [3.3.631 implies that i 
is a trivial cofibration in L< p Spt^.M*. Using lemma [3.4. 101 we get that the map 
* — > (B/A) A (D/ C) is a trivial cofibration in L <p+q+ i Spt^M*. 

Finally, since iOj is a cofibration in L <p+9+ iSptyA^*, it follows that (B/A) A 
(D/C) is the homotopy cofibre of iOj in L <p+q+ i Spt£.M». But corollary [3X371 
implies that the homotopy category associated to L <p+q+ iSpt^Ai^, is triangulated. 
Therefore iOj is a trivial cofibration in L <p + q +i Spt^pyw*, since its homotopy cofibre 
is contractible. 

Using above together with the fact that 

— A — : S p Spt%M* x S q Spt%M* *- S p+q Spt^M* 

is an adjunction of two variables, we have that (i*,p*) is a fibration in S^Spt^.M*. 
Thus, it only remains to show that (i* ,p*) is a weak equivalence in S^Spt^-M*. 
Consider the following diagrams in Spt T .M*: 

A — ^— B F — ^-»- * 

* —T+ B/A X Y 

where the diagram on the left is a pushout square and the diagram on the right is a 
pullback square, ft is clear that i is a cofibration in S p Spt^M^ and that k is a trivial 
fibration in 5 p+<z Spt^X». Then lemma l3~4T2l implies that Hom Spt s (B/A, F) -> * 
is a trivial fibration in S q Spt^M*. 

We already know that (i*,p*) isafibration in S q Spt^A4^, therefore Hom Spi E(5/A 
is the homotopy fibre of (i*,p*) in S" J Spt^.A/f*. Finally, by corollary 13 .3 . 591 we have 
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that the homotopy category associated to S' 9 Spt^A / !* is triangulated. Therefore it 
follows that (i*,p*) is a trivial fibration in S q Spt T A4*, since its homotopy fibre is 
contractible. □ 

3.5. Further Multiplicative Properties of the Slice Filtration 

In this section A will always denote a cofibrant ring spectrum with unit in 
Spt^vVf*. The goal in this section is to use the motivic model structure A-mod(A4*) 
for the category of A-modules (see section |2~!S|) together with the model structures 
for the category of symmetric T-spectra constructed in section 13.31 (which provide 
a lifting of the slice filtration to the model category level), in order to get an 
analogue of the slice filtration for the category of A-modules. The main results of 
this section guarantee that under suitable conditions, the (q — l)-connective cover 
ff(M), s< ? (M) and the g-slice s^(M) of an arbitrary A-module M, inherit a 
natural structure of A-module; and that the unit map u : 1 — > A satisfying some 
natural additional conditions, induces for every symmetric T-spectrum X a natural 
structure of A- module on its q-slice sf(X). 

Let STt(A-mod) denote the homotopy category associated to A-mod(.M»). We 
call STL{A- mod) the motivic stable homotopy category of A-modules. We will denote 
by [— , —] m the set of maps between two objects in SH(A-mod) . 

Definition 3.5.1. LetQ rn denote a cofibrant replacement functor in A-mod(.A/f*); 
such that for every A-module M , the natural map 

Q m M >- M 

is a trivial fibration in A-mod(.M*). 

Definition 3.5.2. Let R m denote a fibrant replacement functor in A-raod(M.*); 
such that for every A-module M, the natural map 

R M 

M ^R m M 

is a trivial cofibration in A-mod(.M*). 

Proposition 3.5.3. The motivic stable homotopy category of A-modules SH.(A-mod) 
has a structure of triangulated category defined as follows: 

(1) The suspension E^; functor is given by 

-AS 1 : SH(A-mod) *- SH{A-mod) 

M I *- Q m M A S 1 

(2) The distinguished triangles are isomorphic to triangles of the form 

M N O T^M 

where i is a cofibration in A-mod(A^*), and O is the homotopy cofibre of 
i. 

Proof. By proposition 12.8. 8P |) we have that A-mod(M ie ) is a pointed simpli- 
cial model category, and theorem 12.8.101 implies that the adjunction: 

(- AS 1 ,n S i,ip) : A-mod(M*) *~ A-mod(M*) 
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is a Quillen equivalence. The result now follows from the work of Quillen in |21l 
sections 1.2 and 1.3] and the work of Hovey in [10[ chapters VI and VII] (see |10[ 
proposition 7.1.6]). □ 

Theorem 3.5.4. The adjunction 

(A A U, if) : Spt^-M* >- A-mod(.M*) 

defined in vrovosition \2. 8. H induces an adjunction 

{A A Q E - UR m , <p) : SH S (S) *- SH(A-mod) 

of exact funtors between triangulated categories. 

PROOF. The proof is exactly the same as in theorem l3.3.4l We leave the details 
to the reader. □ 

Lemma 3.5.5. Let X e M* be a pointed simplicial presheaf which is compact 
in the sense of Jardine (see definition \2.3.l0\) . and let F^(X) be the symmetric 
T -spectrum constructed in definition \2.6. 81 Consider an arbitrary collection of A- 
modules {Mi}i^i indexed by a set I . Then 

[A A (X), ]J M t ] m = ]]_[AA F%(X), M t ] m 
iei iei 

Proof. The proof is exactly the same as in lemma 13.3.61 We leave the details 
to the reader. □ 

Proposition 3.5.6. The motivic stable homotopy category of A-modules ST-L(A-mo 
is a compactly generated triangulated category in the sense of Neeman (see |19[ 
definition 1.7]). The set of compact generators is given by (see definition \2. 6. 8} ): 

Cm = U U AAF*(S r AG s m AU + ) 

n,r,s>0 U£(Sm\ s ) 

i.e. the smallest triangulated subcategory of SH.(A-mod) closed under small coprod- 
ucts and containing all the objects in C m coincides with STi.(A-mod) . 

Proof. The proof is exactly the same as in proposition 13.3.71 We leave the 
details to the reader. □ 

Corollary 3.5.7. Let f : M — > N be a map in SH(A-mod). Then f is an 
isomorphism if and only if f induces an isomorphism of abelian groups: 

[A A F^(S r A G s m A U+),M] m [A A F^{S r A G s m A U+),N] m 

for every A A F^(S r A& s m A U+) £ C m . 

Proof. The proof is exactly the same as in corollarv l3.3.8l We leave the details 
to the reader. □ 

In the rest of this section some results will be just stated without proof. In 
every case, the proof is exactly the same as the one given in section 13.31 taking 
into consideration all that has been proved so far in this section together with 
proposition 12.8.21 the cellularity for the motivic model category of A-modules (see 



theorem EHU), and the fact that the generators A A F£(S r AG s m A U+) £ C m are 
all cofibrant in A-mod(7W») (this follows immediately from theorem 12. 8. 3|) . 
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Theorem 3.5.8. Fix q 6 Z. Consider the following set of objects in A-mod(A^*) 
(see theorem [372l}) : 

C«>™= |J |J AAFf{£TAG' m AU+) 

n,r ) s>0;8—n>q UG(Sm\s) 

Then the right Bousfield localization of v4-mod(.A/(*) with respect to the class of 
Ce'ft -colocal equivalences exists (see definitions \1.8.b\ and \1.9~S^) . This model struc- 
ture will be called (q — l)-connected motivic stable, and the category of A-modules 
equipped with the (q — l)-connected motivic stable model structure will be denoted 
by Rci ff A-mod(A4*). Furthermore Rc q , A-mod(A4 st ) is a right proper and sim- 
plicial model category. The homotopy category associated to Rc« A-mod(M*) will 
be denoted by Rqq STC(A-mod). 

Remark 3.5.9. Notice that we can not use the adjuntion 

(A A -, U, ip) : R c « Spt^Al* -> R c « A-moA{M*) 

for the construction of Rqi A-vciod(M.*) ; since we do not know if the model struc- 
ture for R c i^Spt^A4^ is cofibrantly generated. 

Definition 3.5.10. Fix q 6 Z. Let C™ denote a cofibrant replacement functor 
in R c i A-Txiod(M*); such that for every A-module M, the natural map 

C™M M 

is a trivial fibration in R^s A-mod(M.*), and C™M is always C^'J^-colocal in 
A-mod(M*). 

PROPOSITION 3.5.11. Fixq G Z. ThenR m is also a fibrant replacement functor 
in Rqi A-mod(.M*) (see de Hnition \3.5.2)) , and for every A-module M the natural 
map 

R M 

M — "-^R m M 
is a trivial cofibration in Rqi A-mod(M*). 

Proposition 3.5.12. Fix q e Z. Then the adjunction 

(- A S 1 ,n s i,tp) : R c « A-mod(M*) s- Rc* A-mod(M*) 

is a Quillen equivalence, and R c v SH(A-mod) has the structure of a triangulated 
category. 

Proposition 3.5.13. For every q £ Z, we have the following Quillen adjunction 

(id, id, ip) : R c u yl-mod(.M*) ^ A-mod(M*) 

which induces an adjunction 

(C™,R m , if) : R ch SH(A-mod) SH(A-mod) 

between exact functors of triangulated categories. 
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Theorem 3.5.14. Fix gel. Then the adjunction (see theorem ] 3. 2.1)) 

{A A U, <p) : Re* Spt^Al* ^ R c « ff A-xfio&{M*) 

given by the free A-module and the forgetful functors is a Quillen adjunction, and 
it induces an adjunction 

{A A Cf~, UR m ,ip) : R c , ff Sn^(S) ^ R c « ff A-mod(M*) 

of exact funtors between triangulated categories. 

Proposition 3.5.15. Fix ggZ. We have the following commutative diagram 
of left Quillen functors: 



(65) 



i? c <i+iSpt T A^, 



i d 



A/\- 



id 




R cq +iA-mod(M*) l ± 



id 


AA- 


id ^^-^ . 





Rc* f Spt%M* 



A/\- 



R c « ff A-mod(M*) 



A-mod(M*) 

and the following associated commutative diagrams of homotopy categories: 



R c « SH(A-mod) 



AA&- 



(66) R cli SH^{S) 



AAC„ 



■ SH{A-mod) 



SH^(S) 



AaQt 



(67) 



SH(A-mod) 




R ch sn^{s) 



R c « SH(A-mod) 
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Theorem 3.5.16. We have the following commutative diagram of left Quillen 
functors: 



id id 



R nq +iSptrM* >■ R r <,+iA-mod(M*) 

C eff 1 AA— °«// 




R ng -iSpt%M*> R rq -i A-mod(A4„) 

C eff r 1 AA- U 'ff 



id id 



and the following associated commutative diagrams of homotopy categories: 




R rq -iSn^(S) R cq -iSH(A-mod) 
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R cq +iST-F{S) T ^- R c ,+i&H(A-mod) 



off 

R-£ «s 



UR m eff 



(70) SrF(S) -Jte- Re* SH?{S) R c « ff SH{A-mod) ^ Rm - SH(A-mod) 



v Re R s 



R cq -iSH s (S) ^- R c <,-iSH(A-mod) 



UR m "ft 



Theorem 3.5.17. Fixp, q € Z. Let A be a commutative cofibrant ring spectrum 
in Sptfi.A/(*. Then the symmetric monoidal structure for the category of A-modules, 
induces the following Quillen bifunctor in the sense of Hovey (see definition ] 1.7. 4\ ). 

— Aa — ■ Rc p A-mod(MA x R c v A-mod(M*) ^ R cP + t A-mod(M*) 



PROOF. The proof is similar to the one given for theorem 13.4.51 We leave the 
details to the reader. □ 

If the ring A is not commutative, then it needs to satisfy some additional 
conditions in order to get a weaker version of the previous result (see theorem 
13.5. 2ip . 

Lemma 3.5.18. Fix q G Z. Let f : A — > A' be a map between cofibrant ring 
spectra in Spt|i.A/(*, which is compatible with the ring structures. 

(1) Then the adjunction: 

{A A A - U, ip) : R c « A-mod(M*) -> ^ i'-mod(M,) 

is a Quillen adjunction. 

(2) Furthermore, a map w : M — > M' in R c i A' -u\od{M*) is a weak equiv- 
alence if and only ifUw is a weak equivalence in R c i A-mod(.M*). 

PROOF. (P): Lemma |2~.8.4I implies that U : ^4'-mod(.M*) — > A-mod(M^) is a 
right Quillen functor. Consider the following commutative diagram of right Quillen 
functors: 

A'-mod(M*) ^ A-mod(M*) 



R c <i ff A'-vaod{M*) - - > R c « ff A-mod(M*) 

then the universal property of right Bousficld localizations together with proposition 
12.8.61 imply that the dotted arrow U is a right Quillen functor. 
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((2]): Let R m , Rm' denote fibrant replacement functors in A-mod(M*) and 
A'-mod(A4*) respectively, and let N be an arbitrary A'-module. We have the 
following commutative diagram in A-mod(.A/f*): 



AT- 



Rm'N- 



R m N 

RmRm'N 



lemma 12.8.41 implies that all the maps in the diagram above are weak equivalences 
in A-mod(M*). 

Now fix F n (S r A Gf n A U+) € ^tf}- Using the naturality of the diagram 
above together with proposition 12.8.61 we get the following commutative diagram 
of simplicial sets: 

Map A ,_ mod (A' A F n (S r AG^A U+),R m ,M) 

(R m ,w)« 



MapA>- m od(A' A F n (S r A G' m A U+),R m >M') 



Map A - mod (A A F„ (S r A G s m A U+), UR m >M) 

tt7R ,w)„ 



(R„ 



Map A . mod (A A F n {S r A G s m A U+), UR m >M') 



Ma PA -mod(AAF n (S r A< 



(UR m (R%,)), 



A [/+), R m UR m 

(R m UR„ 



M) 



(R„ 



MapA-modiA A F n {S r A G s m A U + ) , R m U R m > M') 



MapA-mod {A A F n (S' r A 




(UR m (R™, )), 



Ma P A- mo d(A A F n (S r A G s m A U+), UR m M') 



where the top vertical arrows are isomorphisms of simplicial sets. But A-mo&{M.*), 
A'-mo^M.*) are simplicial model categories (see proposition ^. 8.8P jl) and the nat- 



ural maps Rm m ' , URm(Rm>)> Rm Rm ' M and UR m {Rfn') are au weak equiva- 
lences between fibrant objects, thus by Ken Brown's lemma (see lemma H. 1.5)1 all 
the vertical arrows are weak equivalences of simplicial sets. 

Therefore, the top row is a weak equivalence of simplicial sets if and only if the 
bottom row is a weak equivalence of simplicial sets. This proves the claim. □ 



204 



3. MODEL STRUCTURES FOR THE SLICE FILTRATION 



Proposition 3.5.19. Fix q € Z. Let f : A — » ^4' be a map between cofibrant 
ring spectra in Spt^Al*, which is compatible with the ring structures. Assume that 
f is a weak equivalence in Spt T yVf». Then the adjunction 

{A' A A -, U, <p) : fi c « A-mod(M t ) -> fl^ 4'-mod(M,) 

is a Quillen equivalence. 

PROOF. We have shown in lemma l3~5.18lfl"j) that 

(A' A A -,U,(p): R c « A-mod(M*) -> fl c * A'-mo^M,) 

is a Quillen adjunction. 

Now let rj, e denote the unit and counit of the adjunction (A' A a —,U,ip). By 
corollary 1.3.16(c) in [10j . it suffices to check that the following conditions hold: 

(1) For every cofibrant A-module M in Rc q fj .A-mod(M*), the following com- 
position 

M = AAa M VM = fAAld ; A ' Aa M R m , {A 1 A A M) 

is a weak equivalence in Rqi A-mod(.A/f*), where R m i denotes a fibrant 
replacement functor in A'-mod(A^*) (see proposition 13 . 5 . 1 T|) . 

(2) U reflects weak equivalences between fibrant objects in Rc q ff A'-mod(A4* ) . 

Q}: Since id : R^i A-mod(.M*) — > A-uvod{M„) is a left Quillen functor, we 
have that M is also cofibrant in A-mod(A4*). Hence, proposition 12 .8 . 5l implies that 
R^, AaM o rjjvf is a weak equivalence in A-mod(M*). Finally, by [7j proposition 
3.1.5] we have that -R„/ AaM ° f]M is a weak equivalence in Rqi A-vaod(M.*) , as 
we wanted. 

([2]): This follows immediately from Iemma l3.5.18lf 2|). □ 

Proposition 3.5.20. Let A be a cofibrant ring spectrum in Spt^A^*, which is 
also Cr'f f -colocal (equivalently cofibrant in Rqo Spt^A4^). Then for every q 6 Z, 
and for every cofibration f : M — > N in Rc q ff A-mod(Ai^) we have that f is also 
a cofibration in R c i^Spt^A4^. 

Proof. Let (see theorem f2.8.9[) 

AjK) = J A -mod U {A A (S r AG s m AU+)® dA k -» 
A A F^{S r A G s m A U+) <8> A k \ s - n > q, k > 0} 

Since A-mod(Ai*) is in particular a simplicial model category (see proposition 
I2.8.8t f2"|)), using definitions 5.2.1, 16.3.1 and propositions 5.3.6, 16.1.3 in [TJ, we have 
that / is a retract of a cofibration g : M — > O in A-mod(jM*) for which there is a 
weak equivalence h : O — > P in A-mod{M.*) such that the composition h o g is a 
relative A(i^)-cell complex. 

It is clear that it is enough to check that g is a cofibration in Rqi Spt^M*. 
Now, using lemma 5.3.4 in [7J, we have that this follows from: 

(1) g is a cofibration in Spt^A^*. 

(2) h is a weak equivalence in SptJp.M*. 

(3) h o g is a cofibration in R c i Spt^Al*. 
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fTJ: This follows directly from proposition 12.8.71 
|(5J): This follows directly from theorem 12.8.31 

|3]): Let C denote the class of cofibrations in U^a Spty.M*. Theorem 12.8.91 im- 
plies that JA-mod is a set of generating trivial cofibrations for A-mod(.M»), therefore 
proposition 12.8.71 and theorem 12.8.31 imply that all the maps in J^-mod are trivial 
cofibrations in Spt^A^*. But Rqi Spt^jM* is a right Bousfield localization with 

respect to SptyA't*, hence all the maps in Jyi-mod are also trivial cofibrations in 
Rc q ff Sptfi.M*. We have that in particular 

^A-mod = A A j£ = {id A j : A A X -> A A Y} 

is contained in C. On the other hand, by hypothesis the map * — > A is a cofibration 
in i? c o Spt T A1* and by construction * — > F n (S r A A E7+) are cofibrations 

in Re* Sptfi.M* for s — n > q. Then theorem 13.4.51 together with the fact that 

Spt T vV(* is a simplicial model category (see theorem 13. 3.9|) imply that 

{A A F^(S r A <S s m A U+) ® dA k A A F^{S r A<G s m A U+) <g> A k \ 

s — n > q, k > 0} 

is also contained in C. Therefore, we have that all the maps in A(K) are contained 
in C. 

Finally since limits and colimits in A-mod are computed in Spt^(Sm\s)Nis, 
we have that h o g is a relative C-cell complex in Spt^(S l rn|s)ATi S , and since C is 
clearly closed under coproducts, pushouts and filtered colimits, we have that hog 
is a cofibration in Rqi Spt T Ai*. □ 

Theorem 3.5.21. Fix p, gel. Let A be a cofibrant ring spectrum in Sptfi.A/(*, 
which is also cofibrant in Rc<o^Spt T A4*. Then —Aa — defines a Quillen adjunction 
of two variables (see definition \1.T.J$ from the (p — l)-connected motivic model 
structure for right A-modules and the (q—1 )-connected motivic model structure for 
left A-modules to the (p+q—l )-connected motivic symmetric stable model structure: 

- A A - : R c p A-mod(M*)r x Rn q A-mod(M*)i ^ R nP + q Spt^,M* 

eff eff ^ eff 

PROOF. By lemma IT .7.51 it is enough to prove the following claim: 

Given a cofibration i : N — > N' in Rc q fJ A-mod(A4*)i and a fibration / : X — » 

Y in R nP -t- q Spt^A4*, the induced map 

Uo mSpt ,(N',X) 

Hom Sptp(^^) x Hom Spt? (JV,y) Hom Spt s (N',Y) 

is a fibration in Rc p ff A-mod(A4*) r which is trivial if either i or / is a weak equiv- 
alence. 

However, proposition 13 . 5.201 and lemma l3"".5.18t [2|) imply that i is also a cofibra- 
tion in Rqi Spt T M*, which is trivial if i is a weak equivalence in Rqi A-mod(Ai*)i 

Now, it follows from theorem l3.4.5l that («*, /*) is a fibration in R c p SptpTW* which 
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is trivial if either i or / is a weak equivalence. By lemma I3.5.18lf 2"|) we have that it 
suffices to check that (i* , /*) is a fibration in Rqp A-mod(M.*) r . 

Proposition I3.3.2H implies that (?*,/*) is a fibration in Spt^A^*, hence it fol- 
lows from t heor em 1 2 . 8 . 3 1 1 hat (i* , /*) is also a fibration in A-mod(M*) r - However, 
by construction Rc p Jf A-mod{M^) r is a right Bousfield localization with respect 
to A-mod(M.*) r , therefore the classes of fibrations in both model structures are 
identical. Thus (i* , /*) is a fibration in Rqp A-mod(A4*) r , as we wanted. □ 



Theorem 3.5.22. Fix q G Z. Let A be a cofibrant ring spectrum in Spt T .A4*, 
which is also C^ff-colocal in Spt^Al* (equivalently cofibrant in R c o Spt^-M*), 
and let M be an arbitrary A-module. Then the solid arrows in the following com- 
mutative diagram: 



(71) 



CfR m M^l^l C fM^ 



V 

RmM 



C*C™M q m y CfRmC^M 



M ----- - C™M >. R m C™M 



induce a natural equivalence between the functors: 

SH(A-mod) 



UR„ 



(72) 



R 



c . f SH(A-mod) 




c« tf Sn ( S ) 



5H E (5) 



Proof. Clearly it suffices to show that Cf(R%), Cf(C™ 
C q ' RmCq are all weak equivalences in Sptfi.M*. 



M 



), C^{R m q ) and 



Proposition l3 . 5 . lTI implies that R%1 is a weak equivalence in Rqi yl-mod(A / (*), 



then applying lemma [3.5.18t[2|) to the unit map 1 



A we have that Rtl is a weak 



equivalence in R c t Spt^M*. By construction C^' RmM and Cf' M are both weak 
equivalences in i?,-^ Spty.M*. Hence, the two out of three property for weak 
equivalences implies that C^(R^) is a weak equivalence in R c i SptyA4*. How- 
ever, CfR m M and C^M are both Cf£-colocal; therefore theorem 3.2.13(2)] 
implies that Cf(R^) is a weak equivalence in Spt^A^*. 

Using lemma I3.5.18[j 2l again, we have that C™' M is a weak equivalence in 

R c i^Spt^M*. But C'f' M and cf ' Cq M are both weak equivalences in R c i Spt^.M*, 
thus the two out of three property for weak equivalences implies that Cf(C T q n ' M ) is 



also a weak equivalence in Rq<i Spt T M* 



However, by construction CfM and 
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CfC™M are both C^-colocal; hence by theorem 3.2.13(2)] we have that 
Cf(C™' M ) is a weak equivalence in Spt^.M*. 

By proposition ^. 5. Ill we have that Rm is a weak equivalence in Rc q ff A-mod(M.*) , 
then lemma l3".5.181[ 2"j) implies that R m q M is a weak equivalence in R c q Spt^TW*. 
Now, C q ' q and C q ' m " are both weak equivalences in R c i Spt^A^,. Thus, 

the two out of three property for weak equivalences implies that C^(R m 9 ) is 
a weak equivalence in i? c <j^Sptfi.M». However, by construction, C^C™M and 
CfRmC^M are both C^-colocal; therefore [7J theorem 3.2.13(2)] implies that 
C^(R m q M ) is a weak equivalence in Sptfi.M*. 

We already know that C^{R m q M ) is a weak equivalence in Spt^A4*, and defini- 
tion [332] together with theorem l2.8.3l implv that R m q M is also a weak equivalence 
in Spt T A^*. Therefore, to show that C q q is a weak equivalence in Spt T .A/(*, 

£ C m M y 

it suffices to check that C q ' q is a weak equivalence in Spt T .M*. Now, by con- 
struction we have that cf Cq M is a Cg^-colocal equivalence in Spt^Al* and that 
C^C^M is a C'^-colocal spectrum, thus by [7J theorem 3.2.13(2)] it only remains 
to show that C™M is C^-colocal. But this follows from our hypothesis which says 
that A is C^-colocal together with proposition 13 . 5.201 This finishes the proof. □ 

Theorem 3.5.23. Fix q G Z. Let f : A — > A' be a map between cofibrant 
ring spectra in Spt^M*, which is compatible with the ring structures. Assume that 
there exists peZ such that A, A' are both C v e ^-colocal in Spty.M* and f is a weak 
equivalence in Rc p ff Spt^-M* (equivalently in RQP^A-mod(A4*)). Then f induces 
a Quillen equivalence between the (q—1 )-connected motivic stable model structures 
of A and A' modules: 

{A' A A - U, tp) : R c t A-mod(M*) ^ R c « A' -mod(M*) 

PROOF. Since A and A' are C^-colocal, [7J theorem 3.2.13(2)] implies that 

/ is a weak equivalence in Spt^.M*. Therefore, the result follows directly from 
proposition 13.5.191 □ 

Theorem 3.5.24. FixqGZ. Consider the following set of maps in A-mod(Al*) 
(see theorem\3jHB: 

(73) L m (< q) = {id A V(i% r s ) : A A F^(S r A A U+) - 

A A F^(D r+1 A G s m A U+) \F^(S r A G s m A U+) G C q e f f } 

Then the left Bousfield localization of A-mod(A4*) with respect to the L m (< q)- 
local equivalences exists. This new model structure will be called weight <9 motivic 
stable. L <q A-n\od{M.*) will denote the category of A-modules equipped with the 
weight <q motivic stable model structure, and L <q STi.(A-mod) will denote its asso- 
ciated homotopy category. Furthermore the weight <q motivic stable model structure 
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is cellular, left proper and simplicial; with the following sets of generating cofibra- 
tions and trivial cofibrations respectively: 

= ^4-mod = U„> {^ A F n(Y+ + 

JL^« q) ={j:A^B} 
where j satisfies the following conditions: 

(1) j is an inclusion of T^_ mod - complexes. 

(2) j is a L m (< q)-local equivalence. 

(3) the size of B as an /J_ mod - complex is less than n, where k is the regular 
cardinal defined by Hirschhorn in [7J definition 4.5.3]. 

Remark 3.5.25. Notice that the model category L <q Spt^M^ is not a symmet- 
ric monoidal model category, i.e. the smash product and the model structure are 
not compatible, therefore in general it is not possible to use the adjuntion 

(A A U, tp) : Spt%(Sm\ s )ms -> ^-mod 

for the construction of a model structure on the category of A-modules. How- 
ever, if A satisfies additional conditions (see proposition \3.5.40j ) then the adjunc- 
tion above induces a model structure on the category of A-modules which coincides 
with L <q A-vaod(M Sf ) (see proposition \3.5.4V\ and theorem \3.5.43% 

Definition 3.5.26. Fix q e Z. Let W™ denote a fibrant replacement functor 
in L <q A-mod(A4*) , such that the for every A-module M , the natural map: 

w n,,M 

M W™M 

is a trivial cofibration in L <q A-mod(A4*), and W^M is L m {< q)-local in A-vaod(AA^). 

Proposition 3.5.27. Fix q £ Z. Then Q m is also a cofibrant (see definition 
\3.5.1\) replacement functor in L <q A-mod(M.< t ), and for every A-module M the 
natural map 

Q m M >- M 

is a trivial fibration in L <q A-rciod(M.*). 

PROPOSITION 3.5.28. Fix q e Z. Then an A-module M is L m (< q)-local in 
A-uiod(M*) if and only ifUM is i s (< q)-local in Spt^A^*. 

Proposition 3.5.29. For every q 6 Z, the following adjunction: 

(- A S 1 , Q S i, ip) : L <q A-mod{M*) >- L <q A-mod(M*) 

is a Quillen equivalence, and the homotopy category L <q STi.(A-mod) associated to 
L <q A-mod(M*) has the structure of a triangulated category. 

COROLLARY 3.5.30. For every q £ Z, L <q A-mod(Ai*) is a right proper model 
category. 

Proposition 3.5.31. For every q £ Z we have the following Quillen adjunction 
(id, id, tp) : A-mod(M*) >- L <q A-m.od(M*) 
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which induces and adjunction 

(Q m , :SH(A-mod) 



L <q SH(A-mod) 



of exact functors between triangulated categories. 

Theorem 3.5.32. For every geZ, the adjunction 

(A A U, ip) : L <q SptrM* >- L <q A-mod(M*) 

given by the free A-module and the forgetful functor is a Quillen adjunction, and it 
induces an adjunction 

(A A Q s -, UW™, if) : L <q SH^{S) ^ L <q SH(A-mod) 

of exact funtors between triangulated categories. 

Proposition 3.5.33. Fix g£Z. We have the following commutative diagram 
of left Quillen functors: 




L <q+1 Spt T M* 



(74) 



id 




->■ i <g SptyX» 



aa- 



A-vclo&(M*) 




Aa- 



L <q+1 A-mod(M*) 



id 



L <q A-mod(M*) 



and the following associated commutative diagrams of homotopy categories: 

SH(A-mod) 



(75) 




L <q SH(A-mod) 



L <q sn^{s) 



(76) 



L <g SH{A-mod) 



SH(A-mod) 




UW" 




L <q sn^(s) 
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THEOREM 3.5.34. We have the following commutative diagram of left Quillen 
functors: 



id 



L <q+1 SptTM* A -^_L <q+1 A-mod(M*) 



id 



id 



id 



(77) 



id 
id 



Spt?A4* -jt L <q Spt%M* L <q A-mod(M*) A-mod(M*) 



id 



id 



id. 



id 



L <g _iSpt^* 4 -*-_i<?-i^-mod(A1*) 



id 



id 



and the following associated commutative diagrams of homotopy categories: 



L <g+1 SW s (S^L< 9+ iSW(A- m od) 



(78) Sn^(S) -Q^ L <q SH^(S) ^^ L^SHiA-mod) +Q m - SH(A-mod) 



L< 9 -i5W s (^^ L^-iSHiA-mod) 
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L <q+1 SH^{Sl^L< q +iSU{A-moA) 



(79) SH^(S) ■*»■?- L <q ST?{S) L <q SH(A-mod) -w^ S"H(A-moA) 



IT" 



ir" 



L< g _iSW E (S^ L <q ^SH(A-mod) 



Lemma 3.5.35. Fix 5 £ Z, and let f : A — > A' be a map between cofibrant 
ring spectra Spt^.M*, which is compatible with the ring structures. If g : M — > N 
is a L m (< q) -local equivalence in A-mod(.M*) then id Aa Qm,g ■ A' Aa QmM — > 
A' Aa Q m N is a L m (< q)-local equivalence in A'-mod(.M*) ; where Q m denotes a 
cofibrant replacement functor in A-mod(J\A*). 

PROOF. Let Z be an arbitrary L m '(< g)-local A'-module in A'-mod(M.*). 
Lemma [2 . 8.4l implies that A' AAQ m M , A' AaQwiN are both cofibrant in J 4'-mod(A^*). 
Therefore it suffices to show that the induced map 



Map A'-mod{A' A a 



(id/\AQmg)* 
lN: Z ) Map A '. 



(A' A A Q m M, Z) 



is a weak equivalence of simplical sets. However, using proposition 12.8.61 we get 
the following commutative diagram, where the vertical maps are isomorphisms of 
simplicial sets 



Ma,p A >-xnod(A' A A QmN, Z) 



Map A - mo d(QmN, UZ) 



(idf\ A Q m gy 



Map A >- mo d(A' A A Q m M, Z) 



Map A . mod (Q m M, UZ) 



(Q m g)* 

Finally, proposition 13 . 5.281 implies that UZ is L m (< g)-local in A-mod(.M*), there- 
fore the bottom row is a weak equivalence of simplicial sets, since by hypothesis g 
is a L m (< g)-local equivalence in A-mod(7W»). Hence, the two out of three prop- 
erty for weak equivalences implies that the top row is also a weak equivalence of 
simplicial sets, as we wanted. □ 

Proposition 3.5.36. Fix g £ Z. Let f : A — > A' be a map between cofibrant 
ring spectra in Spt^.M*, which is compatible with the ring structures. Then the 
adjunction: 

(A' A A -, U, ip) : L <q A-nvod(M*) -> L <q A' -mod(M*) 
is a Quillen adjunction. 
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Proof. Lemma l2~.8.4l implies that A' Aa — : A-mod(M*) — > A'-mod(M*) is 
a left Quillen functor. Consider the following commutative diagram of left Quillcn 
functors: 

A-mod(M*) a ' Aa ~, A'-mod(M*) 

id id 

L <q A-mod(M*) - - > L <g A'-mod(.M*) 

then the universal property of left Bousficld localizations together with lemma 
13.5.351 imply that the dotted arrow A' A a — is a left Quillen functor. □ 

Lemma 3.5.37. Fix q e Z, and let f : A —> A' be a map between cofibrant 
ring spectra in Spt^A 7 !*, which is compatible with the ring structures. If f is a weak 
equivalence in Spt^Al* ( equivalently in A-mod(M^) ), then for every L m (< q)-local 
A-module M in A-mod(A4*), we have that Q m X and UR m >(A' Aa Q m X) are also 
L m (< q)-local in ^4-mod(.M*), where Q m denotes a cofibrant replacement functor 
in j4-mod(.A4*) and R. m i denotes a fibrant replacement functor in A' -mod(A4*). 

Proof. Since M is L m (< g)-local, it follows that M is fibrant in A-mod(M*). 
By definition we have that the natural map 

Q M 

Q m M >■ M 

is a trivial fibration in A-mod(A4*), therefore Q m M is also fibrant in A-mod(A / 1*). 
Hence [7J lemma 3.2.1(a)] implies that Q m M is L m (< g)-local. Proposition 12.8.51 
implies that the adjunction (A'Aa — , U, f) is a Quillen equivalence between .A-mod(.M*) 
and A'-mod(.M*), therefore we have that UR m > (A' AaQiuM) is fibrant in ^4-mod(.M*), 
and |1Q[ proposition 1.3.13(b)] implies that the composition 

TJI R A' h A Q m M. 

Tin m ^ \^ i ) 

Q m M U(A> A A Q m M) - > UR m , (A' A A Q m M) 

is a weak equivalence in A-mod(AA^). Since we already know that Q m M is L m {< 
g)-local, using \7\ lemma 3.2.1(a)] again we get that UR m i{A l Aa Q m M) is also 
L m (< g)-local in A-mod(M*). This finishes the proof. □ 

Lemma 3.5.38. Fix { £ Z, and let f : A —> A' be a map between cofibrant 
ring spectra Spt^A^*, which is compatible with the ring structures. If f is a weak 
equivalence in Sptfi.M* (equivalently in A-mod(A4*) ), then g : M — > N is a L m (< 
q)-local equivalence in A-mod(.M*) if and only if id Aa Q m g ■ A' Aa QmM — > 
A! Aa Q m N is a L m (< q)-local equivalence in A 1 -mod(A / (*), where Q m denotes a 
cofibrant replacement functor in A-mod(.M*). 

Proof. (=>): It follows directly from lemma [3.5.351 

(<=): Assume that id /\a Q m g is a L m (< gr)-local equivalence in A'-mod(A4*), 
and let Z be an arbitrary L m (< q)-\oc&\ A-module in A-mod(Ai^). We need to 
show that the induced map: 

Map A -mod(Q m N, Z) ( QmS t Map A -mod(Q m M, Z) 



is a weak equivalence of simplicial sets. 
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But proposition 12.8.51 implies that the adjunction (A' Aa — , U, <p) is a Quillcn 
equivalence between A-mod(M*) and A'-m.od(M*), therefore using [10[ proposi- 
tion 1.3.13(b)] we have that all the maps in the following diagram are weak equiv- 
alences in A-mod(M^): 

Q z U(R A ', AAQmZ )or, QmZ 

Z Q m Z UR m , (A' A A Q m Z) 

where R m > denotes a fibrant replacement functor in -A'-mod(.M*). Lemma 13.5.371 
implies in particular that Z, Q m Z, U R m >{A' AaQtyiZ) are all fibrant in A-mod{M <t ). 
Now using the fact that A-mod(M :t ) is a simplicial model category together with 
Ken Brown's lemma (see lemma 11.1. 5|) and the two out of three property for weak 
equivalences, we have that it suffices to prove that the induced map: 

Map A . mod (Q m N, UR m ,{A' A A Q m Z)) 

(Q m g)' 

MapA-xnodiQmM, UR m >{A' A A Q m Z)) 

is a weak equivalence of simplicial sets. Using the enriched adjunctions of proposi- 
tion 12.8.61 we get the following commutative diagram where all the vertical arrows 
are isomorphisms: 

Map A . mod {Q m N, UR m >{A' A A Q m Z)) 




MapA- mo d(Q m M, URm- (A' A A Q m Z)) 



Map A '-mod(A' A A Q m N, R m > {A' A A Q m Z)) 




Map A '-mod(A' A A Q m M, R m > (A' A A Q m Z)) 

Finally, lemma [3337l implies that UR m > (A' A A Q m Z) is L m (< g)-local in A-mod(M*), 
therefore by proposition 13 . 5 . 281 we have that R m i{A' Aa Q m Z) is L m (< g)-local in 
A'-mod(M^). Since id A a Q m g is a L m (< g)-local equivalence and A' A a Q m M, 
A' Aa Q m N are both cofibrant in J 4'-mod(A^*), it follows that the bottom row in 
the diagram above is a weak equivalence of simplicial sets. This implies that the 
top row is also a weak equivalence of simplicial sets, as we wanted. □ 

Proposition 3.5.39. Fix q e Z. Let f : A — > A' be a map between cofibrant 
ring spectra in Sptfi.M* ; which is compatible with the ring structures. If f is a weak 
equivalence in Spt T .A4* then the adjunction 

(A' A A -, U, ip) : L <q A-mo&{M*) -> L <q A' -mod(M*) 

is a Quillen equivalence. 

Proof. Proposition 13.5.351 implies that the adjuntion (A' Aa —,U,tp) is a 
Quillen adjunction. Using corollary 1.3.16 in [lOj and proposition 13.5.271 we have 
that it suffices to verify the following two conditions: 
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(1) For every fibrant A'-module M in L <q A'-mod(A4*), the following com- 
position 

idf\ A (Q" M ) cm 

A' A A Q m UM l_a_J*. A 1 A A UM — ^ M 

is a weak equivalence in L <q A'-mod(A4*), where Q m denotes a cofibrant 
replacement functor in A-mod(.M*) (see proposition 13.5. 27|) . 

(2) A'Aa— reflects weak equivalences between cofibrant A-modules in L <q A-mod(M*). 
(QJ: By construction L <q A'-mod(A4*) is a left Bousfield localization of A'-mod(M*), 

therefore the identity functor 

id : L <q A'-mod(M*) -> A'-mod(.M») 

is a right Quillen functor. Thus M is also fibrant in A'-mod(M*). Proposition 
12.8.51 implies that the adjunction (A' A a —,U,ip) is a Quillen equivalence between 
A-mod(.M*) and A'-mod(.A/l*), hence using [101 proposition 1.3.13(b)] we have that 
the following composition is a weak equivalence in A'-mod(.A/(*): 

id/\A(Q" M ) e M 

A' A A Q m UM A 1 A A UM — ?U M 

Therefore proposition 3.1.5] implies that the composition above is a L m (< q)- 
local equivalence. 

{2]): This follows immediately from proposition 13.5.271 and lemma 13.5.381 □ 



PROPOSITION 3.5.40. Fix q € Z. Let Abe a cofibrant ring spectrum in Spt^.M*, 
which is also cofibrant in S , °Spt^A^*. Then the adjunction 

(AA-,U,<p) : Sptf(5m|s) Ni s — > A-mod 

between symmetric T-spectra and A-modules, together with the model structure 
L <g Spt|i.A/(* (see theorem \3.3.2b}) . induces a model structure on A-mod, which we 
will denote by L <q A-mod(M <t ); i.e. a map f : M — > N of A-modules is a fibration 
or a weak equivalence in L <g A-mod(A'(*) if and only if U f is a fibration or a weak 
equivalence in L <(? SptyA^*. Furthermore, the model category L <q A-mod(A4*) is 
cofibrantly generated, with the following sets of generating cofibrations and trivial 
cofibrations respectively: 

lL m {<q) = lA-mod — A A l£ 

= |J [id A i : A A if (F+) -> A A if ((A£)+) | U e (Sm\ s ),n> 0} 

k>0 

J^H^q) = {id A j : A A X -» A A Y] 
where j : X — > Y satisfies the following conditions: 

(1) j is an inclusion of l£- complexes in L <9 Sptfi.M*. 

(2) j is a L s (< q) -local equivalence in Spt^yVl*. 

(3) the size of Y as an I- -complex is less than K, where n is the regular 
cardinal defined by Hirschhorn in definition 4.5.3]. 

Proof. Using a result of D. Kan (see theorem 11.3.2 in [7]), we have that it 
is enough to prove that the following conditions hold: 

(1) The domains of /z,m(<q) (respectively Jh m (<q)) are small relative to the 
/j,m( <? ) -cells (respectively Jz,™(< 9 ) -cells) in the category of A-modules. 
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(2) U maps relative J^m^^-cell complexes to weak equivalences in L <q Spt^M*. 

(JIJ: By adjointness it suffices to check that the domains of 4e( <9 ) (respec- 
tively JL s (<q)) are small relative to the Jx,m( <g )-cells (respectively Jj,m( <g )-ceils) in 
Spt^(S'rn|s)jVis- Theorem 13.3.261 implies that L< g Spty.A/f* is in particular a cofi- 
brantly generated model category with the sets I L sr <q \ and JL s (< q ) as generating 
cofibrations and trivial cofibrations, therefore by [101 proposition 2.1.16] it only 
remains to show that all the maps in L L m^ <q yce\\s (respectively J^m^^-cells) are 
cofibrations (respectively trivial cofibrations) in L <q Spt^A4 st . 

Since A is in particular cofibrant in Spt^A^* and the cofibrations in Spt|i.A/f* 
and L <q Spt^M* are identical, proposition 12.6.281 implies that all the maps in 
lL m (<q) are cofibrations in L <q Spt^M*. However, the class of cofibrations is closed 
under coproducts and filtered colimits, and the limits and colimits in the category 
of A-modules are computed in Spt^(Sm\s)Nis, hence all the maps in lLmr <q \-ceQs 
are cofibrations in _L< 

By hypothesis A is cofibrant in S^Spty.M*, and every map j in Jls(< 9 ) is 
clearly a trivial cofibration in L< g Sptfi.A4*. Since is a right Bousfield 

localization with respect to L <g Sptfi.A4*, we have that every map j in Jl£(< 9 ) is also 
a trivial cofibration in S 9 ~ 1 Spt^.M*. Therefore, theorem 13 . 4 . 1 31 implies that all the 
maps in Ji, m (<q) are trivial cofibrations in S' 9_1 Spt^A / J*, and since IS 
a right Bousfield localization with respect to L <9 Spt^A^*; we get that all the maps 
in Jl™(< 9 ) are also trivial cofibrations in L <q Spt^A4^. Finally, since the class of 
trivial cofibrations is closed under coproducts and filtered colimits, and the limits 
and colimits in the category of ^4-modules are computed in Spt^(Sm\s)Nis, we 
have that all the maps in J im ( <9 )-cells are also trivial cofibrations in L <q Sptlyw*. 

We have shown that every map in J L m( <q ycel\s is a trivial cofibration in 
L< g Sptfi.A/(*. In particular, every relative Jj,m( <9 )-cell complex is a weak equiva- 
lence in L <q as we wanted. □ 

Remark 3.5.41. Notice that we can not use the same argument as in theo- 
rem \2.8J3\ to construct the model structure L <q A-mod(M*) , since the model cate- 
gory -L< 9 Spt^.M* is not a symmetric monoidal model category, i.e. the monoidal 
structure on symmetric T-spectra is not compatible with the model structure on 
L <g SptyA^*. Therefore, the hypothesis of A being cofibrant in S^Sptfi.M* is really 
necessary. 

Lemma 3.5.42. Fix 5 6 Z. Let A be a cofibrant ring spectrum in Sptfi.A4* ; 
which is also cofibrant in S^Spty./Vf*. Then the model category L <q A-mod(Mt,) 
described in proposition \3.5.40\ is simplicial. 

Proof. Since the cotensor objects N K for the simplicial structure are identical 
in L <q A-mod(M#) and L <9 Spt^A / t*, the results follows from proposition ^ . 5.401 and 
theorem 13.3.261 which implies in particular that L <q Spt T Ad^ is a simplicial model 
category. □ 

Theorem 3.5.43. Fix q 6 Z. Let A be a cofibrant ring spectrum in Sptfi.A/(*, 
which is also cofibrant in S°Spt T A4*. Then the model structures L <q A-mod(A4*) 
(see theorem \3.5.2J$ and L <q A-vnod(M Sf ) (see proposition \3.5.$ty on the category 
of A-modules are identical. 
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PROOF. Theorem r3.5.24l and proposition ^ . 5 .40l implv that both L <q A-mod(M*) 
and L <q A-mod(M t ) have 

|J {id A i : A A if (F+) -^AA F^((A^)+) \ U e (Sm\ s ), n > 0} 

fc>0 

as set of generating cofibrations. Hence the cofibrations in L <q A-mod(A4*) and 
L <q A-mod(A4*) are exactly the same. It suffices to check that the weak equiva- 
lences in both model structures are identical. 

However, theorem 13.3.261 and lemma 13.5.401 imply that L <q A-mod(A4*) and 
L <q A-mod(A4*) are both simplicial model categories. Therefore, corollar v l 1 . 6 . 1 lt [2"|) 
implies that it is enough to show that the fibrant objects in L <q A-mod(A4 i .) and 
L <q A-mod(M*) coincide. But this follows directly from propositions 13.5.281 and 
13.5.401 □ 

Theorem 3.5.44. Fix q G Z. Let A be a cofibrant ring spectrum in Spt|i.A/(», 
which is also cofibrant in S°Spt^M*, and let M be an arbitrary A-module. Then 
the solid arrows in the following commutative diagram: 



QzR m M ■ 



Qs{Qz 



QxQmM 



QxW™Q m M 



(80) 



R m M- 



y 

■ M ■ 



v 

QmM- 



IT' 



^ W ' m O M 



induce a natural equivalence between the functors: 

L <q SH(A-mod) 



(81) 



SW(A-mod) 





SH^(S) 



PROOF. It suffices to show that all the maps W™' QmM , R% and Q 



R m M 



are weak equivalences in £< g Spt T .M*. Proposition 13. 3. 281 implies that ^ s a 

weak equivalence in L< g Spt^A^*. 

Since A is cofibrant in 5°Spty.M*, theorem 13.5.431 and proposition I3.5.4D1 im- 
ply that it is enough to show that W™& mM , and are weak equivalences 
in L <q A-mod(M*). By construction (see definition I3.5.26|) W™&™ M is a weak 
equivalence in L <q A-mod(M*), and proposition 13.5.271 implies that is a weak 
equivalence in L <q A-mod(M*). Finally, by construction (see definition 1 3. 5. 2 p R%[ 
is a weak equivalence in A-mod(A^*), and [7l proposition 3.1.5] implies that R^ is 
also a weak equivalence in L <q A-mod(A4*). This finishes the proof. □ 
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Theorem 3.5.45. Fix q £ Z. Let f : A — > A' be a map between cofibrant ring 
spectra in Sptfi.M*, which is compatible with the ring structures. Assume that one 
of the following conditions holds: 

(1) / is a weak equivalence in Spt^A^* (equivalently in A-raod(M.*)). 

(2) There exists p g Z such that A, A' are both L m (< p)-local in Spt^.M* 
and f is a weak equivalence in i <p SptyA / (*. 

(3) There exists p 6 Z suc/i £/iai A, A' are both C^'^j-colocal in Spt^Ai* and f 
is a weak equivalence in R^p^Spt^-M* ( equivalently in R c p A -mod (M.*) )■ 

Then f induces a Quillen equivalence between the weight <q motivic stable model 
structures of A and A' modules: 

(A' A A U, tp) : L <q A-mod(M*) >■ L <q A' -mod(M*) 

PROOF. U): This is just proposition 13.5.391 

©: Since A and A' are L m (< p)-local in SptfM,, 7, theorem 3.2.13(1)] 
implies that / is a weak equivalence in Sptf;.M*. Therefore the result follows from 
proposition 13.5.391 

Q: Since A and A 1 are C^-colocal in Spt^TW*, using theorem 3.2.13(2)] 

we have that / is a weak equivalence in Sptfi.A/(*. Thus, the result follows from 
proposition 13.5.391 □ 

Definition 3.5.46. For every q £ Z, we consider the following set of A-modules 

S m (q) = {AA F*(S r A G s m A U+) e C m \s -n = q}C C q e f f 

(see definition \3.3.49\ ). 

Theorem 3.5.47. Fix geZ. Then the right Bousfield localization of the model 
category L <q+ iA-mod(A4^) with respect to the S m {q)-colocal equivalences exists. 
This new model structure will be called g-slice motivic stable. S q A-mod(M^) will 
denote the category of A-modules equipped with the q-slice motivic stable model 
structure, and S q STl(A-mod) will denote its associated homotopy category. Fur- 
thermore, the q-slice motivic stable model structure is right proper and simplicial. 

Remark 3.5.48. Notice that we can not use the adjuntion (A A —,U,(p) : 
S q Spt^pM* — ► S q A-mod(M*) for the construction of S q A-iaod(M*), since we 
do not know if the model structure for S q Spt^ r Ai :t is cofibrantly generated. 

Definition 3.5.49. Fix q£7h. Let P™ denote a cofibrant replacement functor 
in S q A-mod(A4*); such that for every A-module M, the natural map 

pm,M 

P?M M 

is a trivial fibration in S q A-mod(A4*), and P™M is always a S m (q)-colocal A- 
module in L <q+ iA-mod(A4*). 

Proposition 3.5.50. Fix q e Z. Then W q ^_ 1 is also a fibrant replacement 
functor in S q A-mod(JA*) (see definition \3.5.26\) . and for every A-module M the 
natural map 

M — -W^jM 

is a trivial cofibration in S q A-mod(M*). 
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Corollary 3.5.51. Fix q e Z and let f : M — » N be a map of A-modules. 
Then f is a S m {q)-colocal equivalence in L <q+ iA-mod(M*) if and only if 

W™ +1 M Wr+lf - W™ +1 N 

is a C^-colocal equivalence in A-mod(M *) . 

PROPOSITION 3.5.52. Fix q e Z. T/ien i/ie adjunction 

(- AS\n s i,(f) : S«A-mod(M*) ^ 5«A-mod(7W„) 

is a Quillen equivalence, and S q SH(A-mod) has the structure of a triangulated 
category. 

Proposition 3.5.53. Fix geZ. Then we have the following adjunction 
(P™, W^ lt tp) : SiSH(A-mod) =► L <q+1 SH{A-mod) 

between exact functors of triangulated categories. 

PROPOSITION 3.5.54. Fix q e Z. T/ien i/ie identity functor 

id : S q A-mod(M*) » Re*,,, A-vaod{M*) 

is a right Quillen functor, and it induces the following adjunction 

(<T, WJ? +1 ,tp) : R c!f SH(A-mod) _ S«SH(A-mod) 

of exact functors between triangulated categories. 

Lemma 3.5.55. Fix geZ, and let M be a cofibrant A-module in S q A-mod(Ai*). 
Then the map * — > M is a trivial cofibration in L <q A-mod(Ai*). 

Theorem 3.5.56. Fix q e Z. Then the adjunction 

(A A U, ip) : S 9 Spt|.M» ^ S q A-mod(M*) 

given by the free A-module and the forgetful functors is a Quillen adjunction, and 
it induces an adjunction 

(A A Pf-, UW™ +1 , ip) : S q SH s (S) ^ S q SH(A-mod) 

of exact funtors between triangulated categories. 

Proposition 3.5.57. Fix q G Z. We have the following commutative diagram 
of left Quillen functors: 

R c « f Spt%M* -^i Rc« ff A-mod(M,) 
(82) i d ld 

5«Spt?JW, ^7—" S q A-mod{M*) 
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and the following associated commutative diagrams of homotopy categories: 



R c < SH(A-mod) 



(83) Rc hf SH^(S) 



A/\C„ 



S"SH(A-mod) 



AAP?- 



(84) 



S q SH{A-mod) 




uw" 




R c « SH{A-mod) 



■ R clj sn^{s) 



Theorem 3.5.58. Fixp, g£Z. Let A be a commutative cofibrant ring spectrum 
in SptyA'f*. Then the symmetric monoidal structure for the category of A-modules, 
induces the following Quillen bifunctor in the sense of Hovey (see definition \l .7 .J$ . 

- Aa - : S p A-mod(M*) x S q A-mod{M*) S p+q A-mod(M*) 



Proof. The proof is similar to the one given for theorem 13.4. 131 We leave the 
details to the reader. □ 

If the ring A is not commutative, then it needs to satisfy some additional 
conditions in order to get a weaker version of the previous result (see theorem 

MM- 

Lemma 3.5.59. Fix q G Z. Let f : A — » A' be a map between cofibrant ring 
spectra in SptyA'f*, which is compatible with the ring structures. Then the adjunc- 
tion: 

(A' A A U, if) : S q A-mod(M*) -> S 9 A'-mod(M*) 
is a Quillen adjunction. 



PROOF. Proposition ^. 5. 36l implies that U : L <q+ \A'-iaod{M*) — * L <q+1 A-mod(M*) 
is a right Quillen functor. Consider the following commutative diagram of right 
Quillen functors: 



J <q+1 



A'-mod{M*) 



S q A'-jaod(M,) 



L <q+1 A-mod(M*) 

id 

S«A-mod(A4.) 



then the universal property of right Bousfield localizations together with proposition 
12.8.61 imply that the dotted arrow U is a right Quillen functor. □ 
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Proposition 3.5.60. Fix q € Z. Let f : A — » ^4' be a map between cofibrant 
ring spectra in Spt^Al*, which is compatible with the ring structures. Assume that 
f is a weak equivalence in Spt T yVf*. Then the adjunction 

(A' A A - U, if) : S q A-mod(M*) -► S q A' -mod(M*) 

is a Quillen equivalence. 

Proof. We have shown in lemma |3~. 5 . 5 9 1 1 hat 

(A' A A -,U,cp): S q A-mod(M*) S q A'-mod(M*) 

is a Quillen adjunction. 

Now let rj, e denote the unit and counit of the adjunction (A' A A —,U,ip). By 
corollary 1.3.16(c) in [10] . it suffices to check that the following conditions hold: 

(1) For every cofibrant A-module M in S q A-mod(Ai^) , the following compo- 
sition 

M = A A A M VM ~ f * A td y A' A A M — ^ (A' A A M) 

is a weak equivalence in S q A-mod(Ai*), where W q r ^_ 1 denotes a fibrant 
replacement functor in S q A'-mod(A4^,) (see proposition 13.5. 50]) . 

(2) U reflects weak equivalences between fibrant objects in S q A'-mod(M*). 

{T]): Since id : S q A-mod(M*) — ► L <g+ iv4-mod(A^*) is a left Quillen functor, 
we have that M is also cofibrant in L <q+ iA-mod(M.^). Hence, theorem l3.5.45t fTj) 

implies that W^{ A AaM o t)m is a weak equivalence in L <9+ i^4-mod(7W*). Finally, 

by [3 proposition 3.1.5] we have that W^_{ A AaM o r\ M is a weak equivalence in 
S q A-mod(M*), as we wanted. 

Let g : M — ► N be a map between fibrant A'-modules in S 9 A'-mod(M*), 
such that Ug is a weak equivalence in S q A-mod(M*). 

Fix F% (S r A G s m A U+) e S^{q) (see definition Using the enriched 

adjunctions of proposition 12.8.61 we get the following commutative diagram of sim- 
plicial sets where the vertical arrows are isomorphisms 

Map A ,- moA {A' A F^{S r A G s m A 17+) , M) 




Map A ,. mod (A' A F^(S r A G s m A U+),N) 



Ma PA . mod {A A F* {S r A G s m AU+), UM) 

Map A . mod (A A F^(S r A G s m A U+), UN) 

Now M and N are both fibrant in L <q+ iA'-mod(A4*) (this follows from proposition 
I3.5.50|) , hence proposition 13.5.361 implies that U M and UN are also fibrant in 
L< f; +iA-mod(.A/f»). Therefore, the bottom row in the diagram above is a weak 
equivalence of simplicial sets, since by hypothesis Ug is a weak equivalence in 
S q A-mod(M*). Finally, by the two out of three property for weak equivalences 
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we get that the top row is also a weak equivalence of simplicial sets, and this 
implies that g is a weak equivalence in S q A'-mod(M*), since M and N are both 
fibrant in L <q+ iA'-mod(A4*). □ 



Lemma 3.5.61. Fix 9 £ Z. Let f : A — > A' be a map between cofibrant ring 
spectra in Spt^M*, which is compatible with the ring structures. Assume that A 
and A' are cofibrant in S^Spt^-M*. Then w : M — ► M' is a weak equivalence in 
S q A' -mod(.M*) if and only ifUw is a weak equivalence in S q A-iiiod(M*). 



PROOF. Let 1 , W^_ x denote fibrant replacement functors in L <q+1 A-Tnod(M*) 
and L <q+ iA'-mod(A4*) respectively, and let N be an arbitrary ^'-module. We have 
the following commutative diagram in L <q+ \ A-mod(.M*): 



11 . 



N ■ 



since A, A' are both cofibrant in S^Spt^.M*, theorem 13.5.431 and proposition 
13.5.401 imply that all the maps in the diagram above are weak equivalences in 
L <q+ iA-vcLod(M*). 

Now fix F n (S r AG s m A U+) £ S m (q) (see definition [3X46]) . Using the natu- 
rality of the diagram above together with proposition I2.8.6| we get the following 
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commutative diagram of simplicial sets: 



Map A ,. mod (A> A F n (S r A G s m A U+), W™ X M) 



Map A ,. mod (A' A F n (5 r C/+), WTLM') 



MapA-mod(^ A K(S r A& s m AU- 



m,UW"\, M 

(w q+1 9+1 ), 




Map A . mod (A A F n (5 r A G s m A E/+), ETO^M') 



Map^ mod (A A F n (S r A Gf„ A U+), W^UW^M) 



(UW™ +1 (W™i M )), 



Ma P A-mod(A A K(S r A G s m A U+), W^UW^M') 




(UW^ +1 (W^i M ')), 

Map A . mod (A A F n {S r A& s m A U+), UW^M') 

where the top vertical arrows are isomorphisms of simplicial sets. But L <q+ iA-mod(A4 st ), 
L <q+ iA'-mod(M*) are simplicial model categories (see theorem I3.5.24[) and the 

natural maps Wjf ^ +> , UW™ +1 (w£ { M ), W^<"" and E/^G^') 
are all weak equivalences between fib-rant objects, thus by Ken Brown's lemma (see 
lemma [T.1.5[) all the vertical arrows are weak equivalences of simplicial sets. 

Therefore, the top row is a weak equivalence of simplicial sets if and only if the 
bottom row is a weak equivalence of simplicial sets. This proves the claim. □ 

Proposition 3.5.62. Let A be a cofibrant ring spectrum in Sptfj-M*, which 
is also cofibrant in S°Spt T A4*. Then for every q G Z, and for every cofibration 
f : M — > N in S q A-mod(A4 *) we have that f is also a cofibration in S'^Spt^.A/f*. 

PROOF. Let (see theorem [3.5.241) 

~W) = JL-« q+ i) U{4A F*(S r A A U+) ® 8A k 

A A F^(S r A G s m A U+) ® A fe | s - n = q, k > 0} 

Since L <q +iA-mod(M.*) is in particular a simplicial model category (see the- 
orem [3323]), using definitions 5.2.1, 16.3.1 and propositions 5.3.6, 16.1.3 in [7], 
we have that / is a retract of a cofibration g : M — > O in L <q+ \A-mod{M.*) for 



Map A . mod {A A F n {S r A A 17+), UW™ +l M) 
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which there is a weak equivalence h : O — ► P in L <q +iA-mod(AA*) such that the 
composition h o g is a relative h(K)-ce\\ complex. 

It is clear that it is enough to check that g is a cofibration in S^Spt^-M*. Now, 
using lemma 5.3.4 in 0, we have that this follows from: 

(1) g is a cofibration in L <q+ iSpt^M^. 

(2) h is a weak equivalence in L <g+ iSpt^A / (*. 

(3) h o g is a cofibration in S^Sptfi.M*. 

|T]): Since L <9+ i^4-mod(Al*) is a left Bousfield localization with respect to 
A-mod(A4*), we have that the cofibrations are exactly the same in both model 
structures. Hence g is a cofibration in A-mod(Ai^), and proposition 12.8.71 implies 
that g is also a cofibration in Sptfi.M*. But L <g+ iSpt|i.A/(* is a left Bousfield 
localization with respect to Spt^A^*, therefore g is a cofibration in L< 9 +iSptyA^*. 

Since A is cofibrant in S°Sptfi.A/f*, theorem [3.5.431 and proposition 13.5.401 
imply that h is a weak equivalence in L <q+ iSpt^A4^. 

([3]): Let C denote the class of cofibrations in .S'Sptfi.A/f*. Theorem 13.5.241 im- 
plies that JL m (<q+i) is a se t of generating trivial cofibrations for L <q+ iA-mod(A / l^), 
and since A is cofibrant in 5°SptyA4*, theorem 13 . 5 .431 together with 13.5.401 imply 
that all the maps in JL m (< q +i) ar e weak equivalences in L <q+ iSpt T M*. 

Now, L <9+ ij4-mod(.M*) is a left Bousfield localization with respect to A-mod(M.*), 
thus all the maps in JL m (<q+i) are cofibrations in A-mod(A^*), and proposition 
12.8.71 implies that the maps in JL m (<q+i) ar e also cofibrations in Sptfi.A/(*. How- 
ever, L <q+ iSpt^M* is a left Bousfield localization with respect to Spt^A^*, hence 
all the maps in Jh m (<q+i) are cofibrations in L <9+ iSpt T .M*. 

Therefore, all the maps in Jh m {<q+i) ar e trivial cofibrations in L <9+ iSptfi.A/(*. 
But S^Spt^-M* is a right Bousfield localization with respect to L <9+ iSptyA^*, 
hence all the maps in JL m (<q+\) are a lso trivial cofibrations in S^Spty.M*. We 
have that in particular Jl'"(<<j+i) 1S contained in C. On the other hand, by con- 
struction * — > F n (S r A Gf n A U+) are cofibrations in R C 9 Spt^.M* for s — n = q, 
thus, proposition I3.3.6T1 implies that * — > F n (S r A A £/+) are also cofibrations 
in S^Spty.M* for s — n = q. By hypothesis the map * — > ^4 is a cofibration 
in S^Spt^.A/f*, Then theorem [3XT31 together with the fact that S 9 Spt^M* is a 
simplicial model category (see theorem 13.3. 50j) imply that 

{A A F^(S r A G s m A U+) ® 3A k A A F,f (S r A G, s n A C/+) A fc | 

s — n = q, k > 0} 

is also contained in C. Therefore, we have that all the maps in A(K ) are contained 
in C. 

Finally since limits and colimits in A-mod are computed in Spt^(Sm\s) Nis^ 
we have that h o g is a relative C-cell complex in Spt^(5rn|s)Ari S , and since C is 
clearly closed under coproducts, pushouts and filtered colimits, we have that hog 
is a cofibration in S'Spty.M*. □ 

Theorem 3.5.63. Fix p, g£Z. Let A be a cofibrant ring spectrum in Sptfi.A/(*, 
which is also cofibrant in S°Spt T A4*. Then — Aa — defines a Quillen adjunction 
of two variables (see definition \1.7.4\ ) from the p-slice motivic model structure for 
right A-modules and the q-slice motivic model structure for left A-modules to the 
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(p + q) -slice motivic symmetric stable model structure: 

-Aa~- S p A-mod(M*) r x S q A-mod(M*)i S p+q Spt%M* 

PROOF. By lemma [T.7.5[ it is enough to prove the following claim: 
Given a cofibration i : N — > N' in S q A-mod(Ai*)i and a fibration / : X — > V 
in S'^Sptfi.M*, the induced map 

Hom Spt? (AT',X) 

Hom Sptp(^^) x H om Spt? (Jvj) Hom gpt E (JV'.y) 

is a fibration in S p A-mod(M*) r which is trivial if either i or / is a weak equivalence. 

However, proposition 13. 5. 621 and lemma [3.5.611 (1 is cofibrant in S' Spt|i.A/f* 
by lemma [3.4.ip imply that i is also a cofibration in S'^Sptfi.M*, which is trivial 
if i is a weak equivalence in S q A-mod(A4*);. Now, it follows from theorem 13.4. 131 
that (i*, /*) is a fibration in 5 ,p Spt r .M* which is trivial if either i or / is a weak 
equivalence. By lemma 13.5.611 we have that it suffices to check that («*,/*) is a 
fibration in S p A-mod(M*) r - 

By definition S p Spt^M* is a right Bousfield localization with respect to L< p +iSpt 
hence the fibrations in both model structures coincide. This implies that (i*, /*) is 
a fibration in L <p+ iSptpA / (*. Now, proposition 13.5.401 and theorem 13.5.431 imply 
that (i*,/*) is also a fibration in L <p+ iA-mod(Ai*) r since we are assuming that 
A is cofibrant in 5°SptyA / (*. However, by construction S p A-mod(A4*) r is a right 
Bousfield localization with respect to L <p+ i^4-mod(.M*) r , therefore the classes of 
fibrations in both model structures are identical. Thus («*,/*) is a fibration in 
S p A-mod(M*) r , as we wanted. □ 

Lemma 3.5.64. Fix q G Z. Le£ f : A —+ A' be a map between cofibrant ring 
spectra in Spt^Al*, which is compatible with the ring structures. Assume that A 
and A' are cofibrant in S f °Spt T A^*. Furthermore, assume that A' is also cofibrant 
in j4-mod(.A4*). If f is a weak equivalence in S°Spt T A4*, then for every cofibrant 
A-module M in S q A-mod(Ai^) , the induced map 

M = A A A M tAAld * A' A A M 

is a weak equivalence in S q A-vaod(M. lr ) . 

Proof. Lemma [3.4.11 implies that 1 is cofibrant in 5°Spty7W* and A is by 
hypothesis cofibrant in S f °SptyA^*, thus by lemma [5.5.611 it suffices to check that 
/ A a id is a weak equivalence in S^Sptfi.M*. 

Using lemma l3~.5.61l again. we get that / is a weak equivalence in S°A-mod(M^). 
Now, M is cofibrant in S q A-mod(M.*) and / : A — » A' may be considered as a map 
of right A-modules; therefore theorem 13.5.631 together with Ken Brown's lemma 
(see lemma IT.1.4[) imply that it suffices to show that A and A' are both cofibrant 
in S°A-mod(M,). 

We have that 1 is cofibrant in S°Spt^M t by lemma [3.4.11 therefore theorem 
13.5.561 implies that A is cofibrant in S°A-mod(M*). 
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Finally, since S°A-mod(M*) is a right Bousfield localization with respect to 
L<iA-mod(A / f*), proposition 3.2.2(2)] implies that to show that A' is cofibrant 
in S°A-mod(A4*) it suffices to check that A' is cofibrant in L < i J 4-mod(.A/(*) and 
that / is a weak equivalence in L < iA-mod{M.*). 

On the other hand, L < iA-mod(A4*) is a left Bousfield localization with respect 
to A-mod(A / l*), hence A' is cofibrant in L < iA-mod(A4*) since by hypothesis A' is 
cofibrant in A-mod(.M»). Now, we are assuming that / is a weak equivalence in 
5°SptyA^» and that A, A' are both cofibrant in S°Spty.M*; therefore, [7j theorem 
3.2.13(2)] implies that / is also a weak equivalence in L<iSpt^.A/f*. But since 
A is cofibrant in 5°Spty7W* and lemma [3.4.11 implies that 1 is also cofibrant in 
S°Spt T M*, we can apply proposition 13.5.401 and theorem 13.5.431 to conclude that 
/ is a weak equivalence in L < iA-mod(A4*), as we wanted. □ 

Proposition 3.5.65. Fix q e Z. Let f : A ^ A' be a map between cofibrant 
ring spectra in Spt^A^,, which is compatible with the ring structures. Assume that 
A and A' are cofibrant in S^Spty.M*. Furthermore, assume that A' is also cofibrant 
in A-mod(A / (*). If f is a weak equivalence in S°Spt T A / t*, then it induces a Quillen 
equivalence between the q-slice motivic stable model structures of A and A' modules: 

{A' A A -, U, <p) : S"A-mod(M*) ^ S q A'-mod{M*) 

Proof. We have shown in lemma [3.5.591 that 

(A' A A -,U,ip); S q A-mod(M*) S q A'-mod(M*) 

is a Quillen adjunction. 

Now let n, e denote the unit and counit of the adjunction (A' A a —,U,(p). By 
corollary 1.3.16(c) in [10] . it suffices to check that the following conditions hold: 

(1) For every cofibrant A-module M in S q A-mod(Ai*), the following compo- 
sition 

M - A A A M ^<=^ Al \ A > hA M ^ {A > Aa M ) 

is a weak equivalence in S q A-mod(Ai*), where W^_ 1 denotes a fibrant 
replacement functor in S q A'-mod(M*) (see proposition 13.5.50)) . 

(2) U reflects weak equivalences between fibrant objects in S q A'-mod(A4*). 

fTJ): Lemma [3.5.641 implies that /A^id is a weak equivalence in S q A-mod(M*), 
and lemma [3. 5.611 implies that W^_{ A AaM is also a weak equivalence in S q A-mod(M*). 
Therefore, the result follows from the two out of three property for weak equiva- 
lences. 

(2J): This follows immediately from lemma [5.5.611 □ 

Theorem 3.5.66. Fix q G Z. Let A be a cofibrant ring spectrum in SptyA'f*, 
which is also cofibrant in R c o Spt T ./V(*, and let M be an arbitrary A-module. Then 
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the solid arrows in the following commutative diagram: 
(85) 



c?(«Vh q ) 



V 

■ M ■ 



> R m M 



induce a natural equivalence between the functors: 



UR„ 



Rc, SH^S) 



(86) 



R c « ff SH(A-mod) 



uwr 



S q SH(A-mod) 



PROOF. Clearly, it is enough to prove that the maps W { 



m,C™M 
9+1 ' 



C, (CT ) and C q( R m) are a11 weak equivalences in S«Spt£.M*. 

Lemma [3.4. II implies that 1 is cofibrant in S°Spt^/A*, and proposition 13 . 3 . 6T1 
implies that A is also cofibrant in S^Sptfi.M*. 

Now, proposition 13.5.501 implies that W^™! is a fibrant replacement functor in 

S q A-mod(A4*), then using lemma l3.5.61l we get that W™^ q M is a weak equivalence 
in S q Spt%M*. 

By construction S'^Spt^.M, is a right Bousfield localization with respect to 
£<q+iSptp.M*, and on the other hand, £< 9 +iSpt;p.M» is a left Bousfield localiza- 
tion with respect to Spt^.M*. Hence, [7, proposition 3.1.5] implies that it suffices 
to show that the remaining maps C q ' 9 , C^(C™' M ) and Cf(R^) are weak 
equivalences in Spt^AI*. We will show that this is the case. 

Since A is cofibrant in R c o Sptfi.M*, proposition 13.5.2(71 implies that C™M 

qi SptyjM*, and C q q is by definition a weak equivalence in 
R-Cl SptyAI*; therefore [3 theorem 3.2.13(2)] implies that C^ C<! M is a weak 
equivalence in Spt^A^*, since C^C^M is also cofibrant in R c « . Spt£.M». 

Since CfC^M and C^M are both cofibrant in R c « Sptf .M* by construction, 



is cofibrant in i? 



using theorem 3.2.13(2) in [7] we get that if C^(C q n,M ) is a weak equivalence in 
R c i ^Spt^M*, then it is also a weak equivalence in Spt^.M*. But it is clear that 

C^ ,Cq M and C^' M are both weak equivalences in R c i Sptfi.M*, then by the two 
out of three property of weak equivalences, it is enough to check that the map 
(jm,M j g a wea ]j equivalence in R c i Spty.M*. Applying lemma ET.5.18l we get that 
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(jrn,M j g a wea j c equivalence in R c i Spt^A-l*, since C™ ,M is by construction a 
weak equivalence in R c i^A-mo<l(Ai*). 

Since C^M and C^R m M are both cofibrant in Spt^Al, by construction, 

using theorem 3.2.13(2) in [7] again, we get that if Cf(R^) is a weak equivalence 
in Rqi Spt T .M* then it is also a weak equivalence in Spt^.M*. But it is clear that 
C^ M and C^' RmM are both weak equivalences in R c q Spt T M.*, then by the two 
out of three property of weak equivalences, it is enough to check that the map is 
a weak equivalence in Rqi Spty.M*. However, theorem 12.8.31 and definition 13.5.21 

imply that R^ is a weak equivalence in Spt^A4*, and by [3 proposition 3.1.5] we 
have that i?^f is a weak equivalence in i?^ Spt^Al*. This finishes the proof. □ 

Theorem 3.5.67. Fix q € Z. Let f : A —+ A' be a map between cofibrant ring 
spectra in Spt^.M*, which is compatible with the ring structures. Assume that one 
of the following conditions holds: 

(1) f is a weak equivalence in Sptfi.A/(*. 

(2) There exists p € Z such that A, A' are both L m (< p) -local in Spt^A^* 
and f is a weak equivalence in L <p Spt T .M*. 

(3) There exists p £ Z such that A, A' are both C^'^j-colocal in Spty.M* and f 
is a weak equivalence in Rc p ff Spt^A^* (equivalently in R C p^A-mod(Ai*) ). 

(4) A, A' are both cofibrant in i? c o^Sptf!.M* ; A' is also cofibrant in A-mod(A^*) 

and f is a weak equivalence in S^SptfiAl* . 

(5) A, A' are both cofibrant in S' Spt T A^*, A 1 is also cofibrant in ^4-mod(Al*) 
and f is a weak equivalence in S°Spt^A4^,. 

Then f induces a Quillen equivalence between the q-slice motivic stable model struc- 
tures of A and A' modules: 

{A' A A -, U, <p) : S q A-mod{M*) ^ S q A' -mod(M*) 

PROOF. JI]): This is iust proposition 13.5.601 

©: Since A and A' are L m (< p)-local in Spt^M*, 7, theorem 3.2.13(1)] 
implies that / is a weak equivalence in Spt^A'l*. Therefore the result follows from 
proposition 13.5.601 

©: Since A and A' are C^-colocal in Spt^-M*, using [71 theorem 3.2.13(2)] 

we have that / is a weak equivalence in Sptfi.A/(*. Thus, the result follows from 
proposition 13.5.601 

(f4]): Proposition ^ . 3 .6 Tl implies that A and A' are both cofibrant in S , °Sptfi.A/!*, 
therefore the result follows from proposition 13.5. 65l 

||SJ|: This is iust proposition [5.5.651 □ 

3.6. Applications 

In this section we will describe some of the consequences that follow from the 
compatibility of the slice filtration with the smash product of symmetric T-spectra 
in the sense of theorems 13.4.51 and 13.4. 1 31 as well as those that follow from the 
compatibility between the slice filtration on the categories of symmetric T-spectra 
and A-modulcs in the sense of propositions 13.5. 151 13.5.331 13.5.571 and theorems 
[3~021I3~041 13"5^S1 I33E7I 
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Proposition 3.6.1. The model categories R c o Spty.A4* and S°Spt^M* are 
both symmetric monoidal (with respect to the smash product of symmetric T -spectra) 
model categories in the sense of Hovey (see definition ]! . 7.7]) . 

Proof. Follows directly from lemma [3.4.11 together with theorems 13.4.51 and 
l3"4~T51 □ 

Theorem 3.6.2. The triangulated categories SH^ (S) , R c o SVP{S) andS°SH T '(S) 
inherit a natural symmetric monoidal structure from the smash product of symmet- 
ric T -spectra. The symmetric monoidal structure is defined as follows: 

(1) 

- A L - : SH S {S) x SH S (S) >• SH S {S) 

(X, Y) i Q^X A QyX 



(2) 



(3) 



(X, Y) I C$X A c s r 



A - : R c o f SH^(S) x R c o ff SH^(S) ^ R c o f SH^(S) 



— a l — : s°sn^(s) x s°sn^(s) ^ s°sn^(S) 

(X, Y) I P^X A P S Y 

Proof. Follows directly from propositions 12 . 6 . 28l and l3~. 6 . 1 1 together with the- 
orem 11.7.151 □ 

Proposition 3.6.3. The following exact functors between triangulated cate- 
gories are both strong symmetric monoidal: 

C S : R^S-H^iS) » S^SH^iS) 

C S : R c o SH S (S) ^ SH*(S) 



PROOF. Propositions ^ . 6 . 28l and l3 .6 . ll imply that Spt^(5'm|s)jv, s , R c o Spt^M* 

and S Spt^M* are all symmetric monoidal model categories in the sense of Hovey. 
Now, using proposition 13 .3 . 6"T1 and thcorem l3.3.9l we have that the following adjunc- 
tions 



{id, id, ip) : R c o ff Spt%M* S°Spt%M 



(id,id,tp) : R c c Spt^M* *Spt%(Sm\ s ) 



Nis 



■"eff 

are both symmetric monoidal Quillen adunctions (see definition 1 1 . 7. 1 if . The result 
then follows immediately from theorem 4.3.3 in |10j . □ 

COROLLARY 3.6.4. The following exact functors between triangulated categories 
are both lax symmetric monoidal: 

i? s : SH S (S) R c o f ST?{S) 

Wf : S°SH S (S) R c o SH^iS) 
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Proof. By proposition 13.3.181 and corollary 13.3.621 we have the following ad- 
junctions 

(C s ,i? s ,^) : R c o f SH s (S) ^SH S (S) 

(C S , Wf , V ) : R c o ff SH*(S) ^ S^SH^iS) 

Using proposition 13.6.31 we have that the left adjoints for i?s and Wf' are both 
strong symmetric monoidal. Finally by standard results in category theory we get 
that the right adjoints i?£ and Wj are both lax symmetric monoidal (see [151 
theorem 1.5]). □ 

Proposition 3.6.5. Fix q G Z. Then the smash product of symmetric T -spectra 
induces the following Quillen adjunctions of two variables: 

(1) Rc'i ff Spt^A4^ is a R c o^Spt^A4^ -model category in the sense of Hovey 
(see definition \1.7.1Hfy . 

(2) SiSpt^M* is a S°Spt^M^,-model category in the sense of Hovey. 

(3) Spt^yw, is a R c o Spt^Mx-model category in the sense of Hovey. 

(4) S'Spt^M, is a R c o Spty.M* -model category in the sense of Hovey. 

Proof, {l}: Follows immediately from lemma l3.4.1l and theorem 13.4.51 
{2J : Follows immediately from lemma 13.4.11 and theorem 13.4.131 
([3]) : Follows from proposition 12.6.281 and theorem 13.3.91 which imply that the 
following composition is a Quillen adjunction of two variables: 

R c o f Spt^M, x Spt^M, {ldM) Spt^TW* x Spt^M* 

— A— 

Spt^M* 

(01 : Follows from proposition 13.3.611 and theorem 13.4.131 which imply that the 
following composition is a Quillen adjunction of two variables: 

R c o f Spt%M* x S^Spt^M* {ld ' ld) , S°$p4M* x S*S&%M* 

— A— 

□ 

Theorem 3.6.6. Fix q € Z. Then the smash product of symmetric T-spectra 
induces the following natural module structures (see definition ] 1 . 7. 1\ ) : 

(1) The triangulated category Rqi ^STiP(S) has a natural structure of R c o ^SUp 
module, defined as follows: 

- A L - : R c o f SH^(S) x i? c|//l SH s (5) » R c , f SH s (S) 

(X, Y) I CfX A CfY 
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(2) The triangulated category S q Sli^(S) has a natural structure of S°STi Y '(S)- 
module, defined as follows: 

— A L — : S°SH*(S) x S q SH s (S) > S q SH s (S) 

(X, Y) I ^ P^X A PfY 

(3) The triangulated category Slip (S) has a natural structure of R c a SH? (S) 



module, defined as follows: 

- A L - : R c o f Sr?(S) x SH^(S) ^ SH S (S) 

(X, Y) I - C'^X A Q s r 

ategory S ( 
module, defined as follows: 



(4) The triangulated category S q SH (S) has a natural structure of Rqo SH (S)- 



- A L - : R c o f Sn^(S) x S"Sn^(S) ^ SiSH^iS) 

(X, Y) I ^ CfX A PfY 

Proof. Follows directly from lemma [3. 4. 11 proposition 13 .6 . 5l and [101 theorem 
4.3.4]. □ 

Theorem 3.6.7. Fixp^qG'Z. Then the smash product of symmetric T- spectra 
induces the following adjunctions of two variables (see definition \1.7.2\ ): 

(1) We have the following adjunction of two variables, which is also a bilinear 
pairing: 

- A L - : R C p jf SH s (S) x R c ^ f SH s (S) ^ R c p+«SH*(S) 

(X, Y) I ^ C*X A CfY 

(2) We have the following adjunction of two variables, which is also a bilinear 
pairing: 

— A L — : SPSH E (S) x S q SH s (S) ^ SP +q SH s (S) 

(X, Y) I ^ P^X A PfY 

PROOF. (1]): By theorem 13.4.51 we have that 

- A - : R C p ff SptTM* x Rc^Svt^M* s- R c p+ t Spt^M* 

is a Quillen bifunctor. Then proposition 1 1 . 7. 14l implies that 

- A L - : R C p jf SH s (S) x R clf SU^{S) ^ R c , P pSH^(S) 

(X, Y) I ^ CfX A CfY 

is an adjunction of two variables. Finally, since the coproduct of two cofibrant ob- 
jects is always cofibrant, and XA(Y ]J Z) is canonically isomorphic in Sptfi {Sm\s)Nis 
to (X A Y) ]J(X A Z), we get that the pairing - A L - is bilinear. 
([2]): By theorem 13.4. 131 we have that 

- A - : S p Spt%M* x S^Spt^-M* S p+q Spt^M^ 



3.6. APPLICATIONS 



231 



is a Quillen bifunctor. Then proposition 1 1 . 7. 14l implies that 

- A L - : SPSH S (S) x SiSH s (S) *- Sp + ^SH s {S) 

(X, Y) I ^ P^X A PfY 



is an adjunction of two variables. Finally, since the coproduct of two cofibrant ob- 
jects is always cofibrant and XA(Y ]J Z) is canonically isomorphic in Sptf^Smls^is 
to (X A Y) ]J(X A Z), we get that the pairing - A L - is bilinear. □ 



Proposition 3.6.8. Fix p,q € Z, and let X, Y be two arbitrary symmetric 
T '-spectra. 

(1) There exists a natural bilinear isomorphism in SH?(S): 

X,Y 

CfX A CfY ^ Cf +q (C'fX A CfY) 

(2) There exists a natural bilinear map in R cP +qS7i (S): 

X,Y 

CfR^X A CfR^Y R S (X A Y) 

(3) There exists a natural bilinear isomorphism in S p+q STt 12 (S): 

m x ' Y 

CfX A CfY > Cf +q (CfX A CfY) 

(4) There exists a natural bilinear map in R CP + q S7i S (S): 



CfW^X A CfWf +1 Y W * +q+1 (X A Y) 

Proof. |T]): Theorems 13.4.51 and 13.3.91 imply that we have the following com- 
mutative diagram of Quillen bifunctors: 

R c p Spt^M, x R c « Spi^M* 



iJ p+,Spt|M, s> Spt^M* 

iff id x 

Using [101 theorem 1.3.7] we get the natural isomorphism mi, which is bilinear 
since the functors Cf, Cf, Cf +q are all exact and the smash product is bilinear. 
(HJ): By proposition 13 .3 . 151 we have the following adjunctions: 

(Cf, Rz,<p) : R clf SrF(S) > S7f(S) 

(Cf,R^, V ) : R cl SH S (S) ^SH^iS) 
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Let e p , e q denote the respective counits, and let rh 2 ' be the following composition 
in Sn^(S): 

C£ +q (CfRxX A CfR s Y) — 5-J CfRzX A CfR^Y 



X AY 

Then using the adjunction between Cp +q and i?s considered above, we define m 2 ' 

X Y 

as the adjoint of rh 2 : . The naturality of 7772 follows from: 

(1) the naturality of mi 

(2) the naturality of the fibrant replacement functor, and 

(3) the naturality of the counits e p and e q . 
Finally we have that 7772 is bilinear since: 

(1) to 1 is bilinear 

(2) the functors Cp, Cf, Cp +q and i?s are all exact, and 

(3) the smash product is bilinear. 

|3]):Thcorcm 13.4.51 and proposition 13.3.611 imply that we have the following 
commutative diagram of Quillcn bifunctors: 

R c p Spt|.M* x R c i Spt^.M* 




R c „+ ? Spt%M* »- SP+iSpt%M* 

eff id 1 

Using [lOi theorem 1.3.7] we get the natural isomorphism 7773, which is bilinear 
since the functors Cp, C?, C? +q are all exact and the smash product is bilinear. 
([4}: By corollary 13. 3. 621 we have the following adjunctions: 

(Cf, Wf +1 , V ) : R^SH^iS) > <?*SW S (<?) 

(Cf,Wf +1 ,<p) : R clf SH*{S) ^ SiSH s (S) 

X Y 

Let e p , e q denote the respective counits, and let tt7 4 ' be the following composition 
in S«5W E (S): 

C* +q (CfW* +1 X A CfW^Y) — U- CfW* +1 X A CfW? +1 Y 



X AY 

Then using the adjunction between Cp +q and Wp +q+1 considered above, we define 

X Y • • X Y 

to 4 : as the adjoint of rh 4 ' . The naturality of 7714 follows from: 

(1) the naturality of 7773 

(2) the naturality of the fibrant replacement functors, and 

(3) the naturality of the counits e p and e q . 
Finally we have that 7774 is bilinear since: 
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(1) ni3 is bilinear 

(2) the functors C?, Cf, Cf +q , W p+1 , Wf +l and W p+q+1 are all exact, and 

(3) the smash product is bilinear. 



□ 



Theorem 3.6.9. Fix p, g£Z. Then the smash product of symmetric T -spectra 
induces the following natural pairings (external products) : 

(1) For every couple of symmetric T -spectra X, Y we have the following nat- 
ural map in SH (S) : 



ffXAffY- 



C^R^X A CfRvY 



Hy,X,Hy.y 



Cp+q( m 2 



■ff +q {XAY) 



C* +q Rz(XAY) 



C p+q {C p R^X A C q RsY) 



(see proposition \3.6.8\) which induces a bilinear natural transformation 
between the functors: 



SH^iS) x SH^(S) 
(X,Y)l 



■*5H E (5) 

ffX A ffY 



SH^(S) x 5W S (5) 
(X,Y)i 



-*sh e (s) 

ff +q {XAY) 
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(2) For every couple of symmetric T -spectra X, Y we have the following nat- 
ural map in SH (S): 



s^X A s^Y 



Sp % q (XAY) 



Cp +q W^ +q+1 Cf +q Rj;(X A Y) 



C£ +q (C^ +1 C^RvX A C^W^C^RzY) 




C p+q W p+q+1 C p+q (C p Ry,X A C q RtX) 



(see proposition \3.6.8\) which induces a bilinear natural transformation 
between the following functors: 



SH^(S) x SH^(S) 
(X,Y)i 



(X,Y)i 



sfX A s^Y 
sf +q (XAY) 



PROOF. |T]): Follows immediately from (P) and ([2]) in proposition 13.6.81 

([2]): Follows immediately from g]), Q and © in proposition 13.6.81 □ 

Theorem 3.6.10. Fix p,q G Z. Then the pairings U p q and U p q constructed 
in theorem \ 3.6.9\ are compatible with the natural transformations p and 7r s (see 
propositions \ 3. 3. 2$$ Bj) and \3.3.~6f}\) in the following sense: 

(1) For every couple of symmetric T -spectra X , Y ; the following diagram is 
commutative in STL (S): 



ff +1 X A ffY ■ 



ff +q+1 {XAY) 



Pp+q+1 



ffX A ffY 



ff +q {XAY) 
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(2) For every couple of symmetric X '-spectra X , Y; the following diagram is 
commutative in STL (S): 



fpX A f q+ iX - 

U p.g+i 



idAp 



ffX A ffY 



XAY 
Pp+q+1 



ff +q {XAY) 



(3) For every couple of symmetric T -spectra X , Y ; the following diagram is 
commutative in STiP(S): 



ffXAffY- 



p 

u 



ft +q (XAY) 



s^XAs^Y 



• s* +q {X A Y) 



Proof. {I}: This follows from the following commutative diagram of left 
Quillen (bi)functors, together with the construction of the external pairing U c given 
in theorem !3.6.9[fTj) and the construction of the natural transformation p given in 
proposition I3.3.24[ f3|) : 



# C p+iSpty.M* x R c <, SptfM, 



idxid 



Spt^X, 



id 



R C p+ q +iSpt T M.* 



id 



R C p+ q SptrM> 



([2]): This follows from the following commutative diagram of left Quillen (bi)functors, 
together with the construction of the external pairing U c given in theorem !3.6.9t fTj) 
and the construction of the natural transformation p given in proposition 13 . 3 . 2~ill3"] ) : 



R C p ff Spt^M* x R^+tSptrM^ 



idxid 



R C p ff SptrM* x R c * Spt^.M» 



Spt^M, 



R(JP + q+l Sptrp/A* 




Spt^X, 



([3]): This follows from the following commutative diagram of left Quillen (bi)functors, 
together with the construction of the external pairings U c , U s given in theorem 
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l3.6.9tf T|)-([2|) and the construction of the natural transformation 7r s given in propo- 
sition [3731191 

SptyX* x SptyX* — *- Spt^M* 



id x id 



i d 



R C p f S^M* x R c ^ ff Spt^M* — ^-s- R C p+«Spt%M* 



id x id 



■id 



a 



Definition 3.6.11. Consider the following functors: 

/ s : SH S (S) > SH S (S) 

X l >■ ® qe z 

s s : SH S (S) Sn^(S) 

X I >• © 9 ez s g X 

Proposition 3.6.12. (1) The functor / s : SH^(S) -> 5W S (5) is an 
exact functor. 

(2) The functor s s : STiP(S) — * STiP(S) is an exact functor. 

Proof. (fl]):Theoreiri l3.3.22[f3")) implies that all the functors ff are exact. There- 
fore / s = ®q£zff is also an exact functor, since the coproduct of a collection of 
distinguished triangles is a distinguished triangle. 

(|2"j):Theorem l3.3.6"51 f3")) implies that all the functors are exact. Therefore s s = 
(B q £zs^ is also an exact functor, since the coproduct of a collection of distinguished 
triangles is a distinguished triangle. □ 

Theorem 3.6.13. Fix q s Z. Let X be a ring spectrum in S"H (S) and let M 
be an X-module. 

(1) The (—1)- connective cover of X , f^X (see theorem \3.3.2%\[ 3~\)) also has 
the structure of a ring spectrum in SUp (S) . 

(2) The (q—1 )- connective cover of ' M , f^M is a module in STL (S) over the 
(—1)- connective cover of X , f^X. 

(3) The coproduct of all the connective covers of X , f^X has the structure of 
a graded ring spectrum in STiP (S) . 

(4) The coproduct of all the connective covers of M , f M is a graded module 
in SJi (S) over the graded ring / S X . 

(5) The zero slice of X , s^X (see theorem ] 3. 3. 68^ ) ) also has the structure 
of a ring spectrum in STiP(S). 

(6) The q-slice of M, s^M is a module in STt (S) over the zero slice of X, 

S ° X - ' " 

(7) The coproduct of all the slices of X , s^X has the structure of a graded 

ring spectrum in S7i (S). 
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(8) The coproduct of all the slices of M, s s M is a graded module in SH^(S) 
over the graded ring s^X . 

Proof. We have that |T]) and ([5]) follow immediately from proposition 13.6.31 
and corollary |3.6.4l On the other hand, |J2]), ([3]) and (|4|) follow directly from theorem 
l3~6T9lfT|) . Finally ©, and © follow directly from theorem ESS© . □ 

Theorem 3.6.14. Fix geZ, and let X be an arbitrary symmetric T -spectrum. 

(1) The (—1)- connective cover of the sphere spectrum, f^l has the structure 
of a ring spectrum in STiP(S). 

(2) The (q — l)-connective cover of X , f^X is a module in SH?(S) over the 
(—1) -connective cover of the sphere spectrum, f^l. 

(3) The coproduct of all the connective covers of the sphere spectrum, / s l has 
the structure of a graded ring spectrum in STL (S) . 

(4) The coproduct of all the connective covers of X , f^X is a graded module 
in STL (S) over the graded ring 

(5) The zero slice of the sphere spectrum, Sq 1 has the structure of a ring 
spectrum in STL (S). 

(6) The q-slice of X, s^X is a module in STiP(S) over the zero slice of the 
sphere spectrum, Sg 1. 

(7) The coproduct of all the slices of the sphere spectrum, s s l has the structure 
of a graded ring spectrum in STL (S). 

(8) The coproduct of all the slices of X , s^X is a graded module in STL (S) 
over the graded ring s s l. 

Proof. It is clear that the sphere spectrum 1 is a ring spectrum in STL^(S), 
and by construction we have that every symmetric T-spectrum X is a module in 
STiP(S) over the sphere spectrum. 

The result then follows immediately from theorem !3.6.13l □ 

Using the slice filtration, it is possible to construct a spectral sequence which 
is an analogue of the classical Atiyah-Hirzebruch spectral sequence in algebraic 
topology. 

Definition 3.6.15 (Motivic Atiyah-Hirzebruch Spectral Sequence). Let X, Y 
be a pair of symmetric T -spectra. Then the collection of distinguished triangles in 
SH S (S) (see theorem WTM and propositions \3. 3. 2$ B$, \3.3.69\) : 

p x 7r s,x er E " x 

generates an exact couple (D^ q (Y; X), (Y; X)), where: 

(1) D^ = [Y,^°f^X]% t , and 

(2) E^(Y;X) = [Y,^+"' s^X]% t . 

The compatibility of the slice filtration with the smash product of symmetric 
T-spectra implies that the smash product of symmetric T-spectra induces a pairing 
of spectral sequences: 

Theorem 3.6.16. Let X, X' , Y , Y' be symmetrict T-spectra. Then the smash 
product of symmetric T-spectra induces the following natural external pairings in 
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the motivic Atiyah-Hirzebruch spectral sequence: 

EP>i(Y; X) ® (Y'; X') ^''+«' (Y A Y'\ X A X') 

(a, (3) I a — (3 

where a : Y —> J3^ q ' a s^X , [3 : Y' —> T, P n +q ' a s^,X' and a (3 is the following 
composition (see theorem VS. 6. ) : 

Y AY' Z p T +q '°s*X A t£ + *> s$X' 



T^ p ' +q+q ' ,0 SpX A SpiX 



pP + p' + q + q' ,0 



XP T +p'+i+«':° s z +p , X AX' 

PROOF. Using the naturality of the external pairings Up ? , (see theorem 
I3.6.9[) and theorem 13.6.101 the result follows immediately from the work of Massey 
[17j together with [3l proposition 14.3]. □ 

Definition 3.6.17. Fix q G Z. Let A be a cofibrant ring spectrum with unit in 
Spt^TW*. 

(1) Let /I™ denote the following composition of exact functors between trian- 
gulated categories (see vrovosition \3. 5. T3~\) 



SH{A-mod) 



■ SH{A-mo&) 





R c « SH(A-mod) 

(2) Let s< 9 denote the following composition of exact functors between trian- 
gulated categories (see vrovosition \3.5.3~T}) 



SH{A-mod) 



■ SH(A-mod) 



L <q SH(A-mod) 

(3) Let s™ denote the following composition of exact functors between trian- 
gulated categories (see vrovositions \3.5.13\ and \3.5.54\ ) 



SH(A-mod) 



■ SH(A-mod) 



Rc* SH{A-mod) S q Sn(A-mod) R c * SH(A-mod) 
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Remark 3.6.18. Notice that the following two theorems \3. 6.19\ and \3. 6.2ty) 
are much stronger than theorem \ 3.6.13\ since the module structures in the latter 
are defined just up to homotopy (i.e. they make sense in STi^(S)), whereas the 
module structures in the first case are strict (i.e. they are defined in the model 
category Spt^M^,). 

Theorem 3.6.19. Fix q G Z. Let A be a cofibrant ring spectrum with unit in 

(1) If A is cofibrant in R c o Spt^A^*, then the functor f'F o UR m (see theo- 
rems \3.3.22\ and \3~KJ\) 

SW(A-mod) i^S- SH* (S) S7f (S) 

factors through SH.(A-mod) (see definition \3. 6. 1 7| f7P ) 

SH(A-mod) SH^iS) 
l 

/, m l f? 

V T 

5H(A-mod)-^5H E (5) 

i.e. for every A-module M, its (q — l)-connective cover f^(M) inherits a 
natural strict structure of A-module in Spt^yVf*. 

(2) If A is cofibrant in S°Spt T M*, then the functor s^ q oU R m (see theorems 
\3.3.45\ and \3~5^\ ) 

SH{A-mod) -^3- 5W E (5) — ^ SH^(S) 
factors through SH,(A -mod) (see definition \3. 6. 1 7| |^ ) 

SH{A-mod)^^SH^(S) 

l 



5 <, l 
V 



•5, 



SH(A-mod) SH S (S) 



i.e. for every A-module M, s< ? (M) inherits a natural strict structure of 
A-module in Spt^.M*. 
(3) If A is cofibrant in RQO^Spt T A4*, then the functor s E o UR m (see theo- 
rems \3.3.68\ and \3~5^ 

SH(A-mod) SH S (S) — ^ SH S (S) 

factors through SH.(A-mod) (see definition \3 . 6. 1 7| [3p ) 

SH(A-mod) SH S (S) 
I 

C l 
y 

SH(A-mod) SH*{S) 
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i.e. for every A-module M, its q-slice s^(M) inherits a natural strict 
structure of A-module in Spt|i.A/(*. 

PROOF. |T]): By construction (see theorem l3.3.22|) the functor f q is defined as 
the following composition 



sn s (s) » sn s (s) 




R ch SH^(S) 



Since we are assuming that A is cofibrant in R c o Spt^.M* (equivalently C^fi- 

colocal in Spt^A^*), the result follows directly from diagram (|b7|) in proposition 
13.5. 151 and theorem [3X2! 

((2]): By construction (see theorem I3.3.45[) the functor s^ q is defined as the 
following composition 



SH^(S) SH S (S) 




L <q S7f{S) 



Since we are assuming that A is cofibrant in S a Spt^A4 st , the result follows directly 
from theorem 13.5.441 and diagram (|76p in proposition 13.5.331 

([3]): By construction (see theorem I3.3.68[) the functor is defined as the 
following composition 



■SHT(S) 



R c -, sn^(s) — 



S q SH^{S) 



.R cls sn^{s) 



Since we are assuming that A is cofibrant in R c o Spt^M* (equivalently C^'Ji- 

colocal in Spt^A^*), the result is a consequence of diagram (|67[) in proposition 
13.5. 15i theorem 13.5.661 diagram ((84)) in proposition 13.5.571 and theorem 13.5.221 □ 



Theorem 3.6.20. Fix q 6 Z. Let A be a cofibrant ring spectrum with unit in 
Spt^.M* . Consider the following composition of exact functors between triangulated 
categories (see vrovosition VS. 3.181 corollarv \3.3.62\ theorem \3.5.56\ and vrovositions 
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(87) 



Be 



R clf sn^{s) 



Aap„ 



S q SH(A-mod) 



SH(A-mod) 
i? c <! SH(A-mod) 



Furthermore, assume that A is cofibrant in R c o^Spt^M^, and the unit map u : 

1 — ► A is a weak equivalence in S ,0 Spt|i.A/(* . Then u induces a natural equivalence 
between (see theorem ] 3. 3. 6 8)) and the functor defined above in diagram i.e. 
for every symmetric T -spectrum X, its q-slice s^(X) is equipped with a natural 
strict structure of A-module in Spt|i.M». 

Proof. The functor (see theorem I3.3.68|) is defined as the following com- 
position 



SH^(S) 



Re* SH^(S) 



S"SH S (S) 



By hypothesis A is cofibrant in R c o^Spt T M*, and lemma [3.4.11 implies that 1 

is also cofibrant in i? c o Sptfi.A'f*. Since the unit map u : 1 — > A is assumed to 

be a weak equivalence in 5 Spt^A^*, it follows from theorem I3.5.67l( 4| that the 
adjunction 

{A A -, U, (p) : S'Sptf M. -> S^-mod(M*) 

is a Quillen equivalence. Therefore the functor is naturally isomorphic to the 
following composition 



at 



S«SH?(S) 



5«5W(A-mod) 



C7W" 



S7&{S) 



Ra* SW-{S) 



M',7 



s q sn s (S) 



Now, proposition I3.3.6T1 implies that A is cofibrant in S°Spty.M*, therefore using 
diagram (|84|) in proposition 13. 5. 57"! we get that the functor becomes naturally 
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isomorphic to the following composition 
SH S {S) 



R cls SH^{S) 



5«5H E (5) 



S q SH(A-mod) 



W" 



sn^(s) 

"of 
R c « f SH*(S) 

UR m 

R c « SH(A-mod) 



Finally, since A is cofibrant in i? c o Spt T .M* we can apply theorem 13 . 5 . 221 and we 
get that s E is naturally isomorphic to the following composition 



SH^(S) 

Rt 



Rc, SH^S) 



aap„ — 



S"SH(A-mod) 



IV" 



5W E (5) 



URm 

SH(A-mod) 



■ R c t SH(A-mod) 



This finishes the proof. 



□ 



Lemma 3.6.21. Fix q G Z. Let g : X —>Y be a map between cofibrant spectra 



in Spt^A^*. 

(1) We have that X is cofibrant in Rqi ^Spt^M.^ if and only if the natural 
map 0^ ,x : f^(X) — > X (see vrovosition \ 3.3.23\) is an isomorphism in 
SH S (S). 

(2) The map g is a weak equivalence in Rqq Spt T .M* if and only if the 
induced map ff{g) ■ ff(X) — > ff(Y) is a weak equivalence in Spt^M*- 

(3) If X = s^(X) in S7i^(S), then X is cofibrant in Spt^.M* and 
X = ff(X)mSH s (S). 

(4) Furthermore, assume that X, Y are both cofibrant in i? C 9^SptyA / l*. 

Then g is a weak equivalence in S q Spt^M.^ if and only if the induced 
map s^(g) : s^(X) — > (Y) is a weak equivalence in Spt T A4*,. 

PROOF. ([I}: Proposition 13.3.251 implies that the natural map 9^ is just the 
counit of the adjunction (see proposition 13.3. 18|) 

(Cf,R s ,<p) ■ Rc° f SH s (S) SH S (S) 
Consider the following diagram in Spt^M* 



X 



RvX 



C q R^X 
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By construction (see definition 13. 3. 2p R x is always a weak equivalence in Spt T .M*; 
therefore, 9^' x is an isomorphism in STiP(S) if and only if C^ ,RsX is a weak 
equivalence in Spt^A^*. 

On the other hand, X is cofibrant in Spt^.M* and by construction R x is 
a trivial cofibration in Sptfi^M* (see definition I3.3.2p . hence we get that R x is 
cofibrant in Sptfi.M*. Therefore [Tj proposition 3.2.2] implies that X is cofibrant 
in R c i Spty-M* if and only if R^X is cofibrant in R c « Spt T .M* 

Finally, is a cofibrant replacement functor in R c «i ^Spt^A'f* (see definition 
I3.3.10|) . Hence, [3 theorem 3.2. f 3(2)] and [3 proposition 3.2.2] imply that Cf' R * x 
is a weak equivalence in Spt^A^* if and only if R-^X is cofibrant in RQi^Spt^Ai^. 

©: By construction, we have that = C^oi? s (see theorem l3.3.2"2")) . Consider 
the following commutative diagram in R c i^Spt^M.^ 



X 



Y 



RxX — ¥U i? E y 



Proposition 13 . 3 . 1 T1 and definition 13 .3 . f 01 imply that all the vertical arrows are weak 
equivalences in Rqq Spt^A4*. Hence, using the two out of three property for weak 

equivalences we get that the top row is a weak equivalence in Rfji^Spt^M* if and 
only if the bottom row is a weak equivalence in Rc q ff Spt^.M*. 

On the other hand, by construction CfR^X, C^RyX are both cofibrant in 
R c « Spt^M* (see definition EXTU]); thus, theorem 3.2.13(2)] and [3 proposi- 
tion 3.1.5] imply that C^Rs(g) is a weak equivalence in R c i ^ Spt^M.* if and only 
if C^Rs(g) is a weak equivalence in Spt^.M*. 

By ([!} above, it suffices to show that X is cofibrant in .Rp^Sptfi.M*. 

Since we are assuming that X is cofibrant in SptfiA'f* and X = s^(X) in <S7i s (>!?), 
[3 proposition 3.2.2] implies that it is enough to check that s^(X) is cofibrant in 
Rci , Spt^Al*. 

However, by definition = o W^ +1 o C'f o i? E (see theorem [3. 3.681) . and by 
construction is a cofibrant replacement functor in R c i^Spt^Ma, (see definition 
I3.3.10p . Therefore, s^(X) is always cofibrant in R c i^Spt^Ai^,, as we wanted. 
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((4|): By construction, we have that = Cf o W^ +1 o Cf o ife (see theorem 
I3.3.68|) . Consider the following commutative diagram in 




C q RsX 



CfRste) 



ir 



W q+1 U q He (9) 



q-f-l « ^ 



CfWf + iC q R^X ■ 



We claim that CfR^(g) is a weak equivalence in S^SptyVW* if and only if sf(g) is a 
weak equivalence in Spt^.M*. In effect, corollary 13.3.551 implies that C q z R^(g) is a 
weak equivalence in S q Sipt T M.* if and only if W^^C^ Rs{g) is a weak equivalence 
in i? c <j^Sptp.A4*. But is by construction a cofibrant replacement functor in 
R c « Spt^TW* (see definition EXTO]); thus, Wf +1 CfR^{g) is a weak equivalence in 
R c i Spt T A4* if and only if s^(g) is a weak equivalence in R c i Spt^A4*. Finally, 



since s q (X), s q (Y) are always cofibrant in R c i Spt T .M*, we have that [7J theo- 
rem 3.2.13(2)] and [TJ proposition 3.1.5] imply that s^(g) is a weak equivalence in 
Rc q n SptyjVf* if and only if (<?) is a weak equivalence in Sptfi.A/(*. 

Now, the two out of three property for weak equivalences implies that it is 
enough to show that the maps R x , R^, C q U ' RsX and C^' flsY are all weak equiva- 
lences in S q Spt^M„. But S q Spt%M* is a right Bousfield localization with respect 
to L <g+ iSptyA^*, and similarly L <<3+ iSptf;.M* is a left Bousfield localization with 
respect to SptyA4*; thus, [7J proposition 3.1.5] implies that it is enough to check 
that R x , R Y , C^' RsX and Cf> RsY are weak equivalences in Spt^Al*. 

By construction the maps R x , R^ are trivial cofibrations in Spt^VW* (see 
definition 13. 3. 2[) ; hence, they are in particular weak equivalences in Spt^A'l*, and 
Ry.X, R^Y are both cofibrant in Spt^A^* since we are assuming that X and Y 
are cofibrant in Spt^.M*. Now [7] proposition 3.2.2] implies that R-^X and RtX 
are also cofibrant in R c i Spt^.M*, since by hypothesis X, Y are both cofibrant in 

R c « SptyA*!*. Therefore, [7J theorem 3.2.13(2)] and 7, proposition 3.1.5] imply 
that C^ RsX and C^' RsY are weak equivalences in Spt^A^*, if and only if they 
are weak equivalences in R c i^Spt^A4^,, but this is clear since is a cofibrant 
replacement functor in R c i Spt^A^* (see definition 13.3. 10p . □ 



The next theorem proves a conjecture of M. Levine [161 corollary 11.1.3]. 



3.6. APPLICATIONS 
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Theorem 3.6.22. Fix q £ Z. Lei HZ denote the motivic Eilenberg-MacLane 
spectrum in Spt^Al* (see |16l example 8.2.2(2)],), and assume that the base scheme 
is a perfect field k. Then for every symmetric T -spectrum X in STL (k): 

• The q-slice of X, s^X has a natural structure of HZ-module in Spt|i.A/(*, 
i.e. s^X is in a natural way an object in the motivic stable homotopy 
category of HZ-modules STi{HZ-mo&) . 

Proof. The work of M. Levine (see |16| theorem 10.5.1]) implies that Sq (u) 
is a weak equivalence in Spt^.M*, where u denotes the unit map u : 1 — > HZ for 
the commutative ring spectrum HZ in Spt T .A/(». 

On the other hand, theorem 12.8.151 proposition 12.8.161 and lemma 13.4. 1[ imply 
that we can assume that HZ is cofibrant in Spt|i.A/(*. 

Furthermore, lemma 10.4.1 in [16] implies that s^(HZ) ^ HZ in SH^(S); 
hence by lemma I5.6.21[| 3l we get that HZ is cofibrant in i? c o^Spt|iyV/f*. On the 

other hand, lemma [3.4.11 implies that 1 is also cofibrant in i? c <o^Sptfi./Vf *. 

Therefore, lemma I3.6.21t |4|) implies that u : 1 — > HZ is a weak equivalence in 
5°Spty7W*. Thus, the result follows immediately from theorem 13.6.201 □ 

The motivic stable model category of £fZ-modules has been studied in detail 
by Rondigs and Ostvaer (see [22]), as a consequence of their work we get that the 
slices may be interpreted as motives in the sense of Voevodsky. 

Theorem 3.6.23. Let k be a field of characteristic zero. Then for every q G Z 
and for every symmetric T -spectrum X in S7iP{k): 

• The q-slice of X, s^X is a big motive (see |24j . [221 section 2.3]) in the 
sense of Voevodsky . 

Proof. The work of Rondigs and Ostvaer in [22) . shows in particular that over 
a field of characteristic zero, the motivic stable homotopy category ^^(-ffZ-mod) of 
modules over the motivic Eilenberg-MacLane spectrum HZ is equivalent to Voevod- 
sky 's big category of motives DM^, where the equivalence preserves the monoidal 
and triangulated structures (see |22i theorem 1.1]). 

Therefore, the result is an immediate consequence of theorem 13.6.221 □ 
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